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The case of a system (e.g., a one-dimensional reaction coordinate) coupled to a “bath’ of
many harmenic oscillators is treated by quantum mechanical basis set methods. By choosing
the basis set for the bath to incorporate the coupling explicitly, it is shown how the bath can
then be eliminated to obtain an effective Hamiltonian matrix for only the system. Numerical
calculations are carried out which show that, even in the zeroth version of the approach, the
effect on the system (e.g., the tunneling splitting in a double-well potential) of coupling to the
bath is described well, even when the effect is extremely large.

I. INTRODUCTION

The model of a system, consisting of a few interesting
degrees of freedom, coupled to a bath of many (less interest-
ing) degrees of freedom, is ubiquitous in chemistry and
physics. It is obviously a common situation in statistical me-
chanics, where the bath may consist of 10 degrees of free-
dom, but it is alse a very relevant and useful point of view in
the field of reaction dynamics where the bath may consist of
relatively few (e.g., 2-10) degrees of freedom, though still
too many to be able to treat the complete system plus bath
without approximation.

The specific system—~bath model that has concerned this
group in recent years arises from the reaction path (or reac-
tion surface) Hamiltonian' description of a reactive process
in a polyatomic molecular system. The reaction coordinate
(or coordinates) constitute the system, and the remaining
degrees of freedom, which are locally harmonic vibrations
perpendicular to the reaction path (or reaction surface), are
the bath. In this paper, though, we consider the simpler gen-
eric system-—bath model that has been considered by many
workers, which is characterized by the Hamiltonian

Hp.sPQ) =2 ¢ Vo) + 3 f_fc_+im@292
S 2m ' ° = lam 2 TF
- 3G fi (). (1.1)
k .

The system here is the reaction coordinate s. The potential
Vo(5) has the topology of the chemical process being de-
scribed; an intramolecular H-atom transfer process, for ex-
ample, would be characterized by a double-well potential
function. The bath consists of harmonic oscillators, which
are linearly coupled to the system.

The universal strategy for dealing with a system—bath
situation is to find some way, exact or approximate, to elimi-
nate the bath and then to deal accurately with the system.
Feynman path integral” methodology is one very attractive
way for doing this that our group,* and many others,* have
used. The most powerful feature of this approach is that the
path integral over the bath degrees of freedom can be per-
formed analytically, so that one is left with a path integral for
only one degree of freedom which must be performed nu-
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merically. For the case of real time dynamics (i.e., the propa-
gatore = "¥'/*)_however, numerical (i.e., Monte Carlo) path
integration is poorly behaved, even for only one degree of
freedom. Although some progress has been made in this re-
gard,>*” the prognosis is not very encouraging. ( For evalu-
ating the Boltzmann operator ¢ %9, on the other hand,
Monte Carlo path integration®® is quite feasible and very
attractive.}

If one were dealing only with the quantum mechanics of
aone {or two) degree of freedom systemn, then much simpler
than evaluating a path integral would be to diagonalize a
matrix representation of the Hamiltonian in a basis set. This
has been seen,” for example, in evaluating quantum mechan-
ical reactive flux correlation functions. This is because, as a
rule of thumb, basis sets for molecular problems typically
require 10-20 basis functions per degree of freedom; it is thus
relatively trivial to deal with one or two degrees of freedom
by straightforward matrix diagonalization, but not so for
more than three degrees of freedom.

The best of all possible strategies, therefore, would be to
use the path integral methodology to eliminate bath degrees
of freedom, and then to solve the quantum mechanics of the
low-dimensional system by basis set methods. Unfortunate-
ly, this seems not to be possible; once the bath modes have
been dealt with by path integration, the quantum mechanics
for the system does not correspond to a local Schrddinger
equation, so that one is forced to deal with it also by path
integral methods.

The purpose of this paper is to describe progress we have
made using basis set methods to deal with system~bath prob-
lems. As with the path integral approach, we first take ac-
count of the bath degrees of freedom and eliminate them
from the problem, and then deal accurately with the system.
Unlike the path integral approach, though, these basis set
methods are unable to incorporate the effects of the bath
exactly. How well they are able to do so must thus be tested,
and we consider some analytic and numerical examples in
the paper. The results are very encouraging that relatively
simple basis sets can account for the effect of the bath on the
system quite accurately. Once the bath degrees of freedom
have been eliminated, the quantum mechanics for the system
is dealt with simply by diagonalizing a Hamiltonian matrix
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whose dimension is only that of the basis set for the system
degrees of freedom (i.e., a2 small matrix).

In concluding this Introduction, we note somewhat
ironically that at the practical level quantum mechanics of-
ten seem to degenerate to the question of what is a good basis
set. This seems to have long been the case in quantum chem-
istry {i.e., electromic structure } and will perhaps be the situa-
tion also in quantum descriptions of chemical dynamics. In
this regard we note the recent interesting work by Hamilton
and Light'® on basis sets for molecular vibrational problems.

{l. LINEARLY SHIFTED OSCILLATOR BASIS

The Hamiltonian under consideration is that in Eq.
(1.1). To motivate the choice of basis set below, consider
first a self-consistent field (SCF) approximation to the wave
function,

P(5,Q) =y () [] 4 (Ci)- (2.1)
k

Taking the diagonal matrix element of the Hamiltonian with
respect to y {s) gives the following effective Hamiltonian for
the Q@ degrees of freedom:

HQEJdSX(S)H/}_’(S)
L T G
=const + > {——+ —maw; @i — ¥ fi 02 Qi |-
3 m 2

(2.2)
Equation (2.2) is recognized to be the Hamiltonian for a set

Hovin = Fran [ GG + 3 e[ (e + Lo +

YAl
2
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where
2

_7
T m
and Fis the Franck—Condon factor between oscillator basis
functions,

Frum =11 [ 40.8,, (00 = 2016, 0 = 21). 26)
k

Were it necessary to diagonalize this entire matrix, then
nothing has been accomplished. As a zeroth order approxi-
mation, therefore, we choose the part of the Hamiltonian
matrix that is diagonal in the bath gquantum numbers n; i.e.,

H®, =8, H" (2.7a)

where H}, =H,, ,,. From Eq. (2.5) one sees that this zeroth

I

order effective system Hamiltonian (ESH) is

H, + Vols),

of uncoupled, linearly displaced harmonic oscillators, the ei-
genfunctions of which are

H ¢"k (Qk - Z’k )
k
with
A = x| S ) /mar, (2.3)
where ¢, is the standard harmonic oscillator eigenfunction
with frequency @, and vibrational quantum number n, .
We are not interested at the moment in making an SCF

approximation, but the above discussion suggests the follow-
ing basis set for the complete system—bath Hamiltonian,

?, (5,0)={5,Qli,m)

= X O] &, (Ce — 43D, (2.4a)

where

w = Gl el )/ max. (2.4b)
Using the shifted oscillator basis functions in Eq. (2.4) takes
some account of the coupling directly in the basis set. The
amount of the shift for the & th oscillator, A | , is proportional
to the expectation value of the force f, (s) with respect to
basis function y; (5) and is thus different for different values
of i. The basis { Yi {s)} for the system is unspecified at pres-
ent.

It is straightforward to construct the matrix representa-
tton of the Hamiltonian ¢(1.1) in the basis (2.4), and one
obtains

mae?

—/I}:)L}c}

#i 226 _ ¢y _
+; 2mas [()(’r yomwidy — {ye | /i |I1)]

(2.5)
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+ Ly lxs) 2"JL/IL—?(AL+AL)

><<Xr|ﬁ|x,-)]-}, (2.7b)

where
Fi,=F

We will discuss later how the off-diagonal matrix ele-
ments in the bath can be included perturbatively to obtainan
ESH to higher order, but the present discussion will deal
with the zeroth approximation, Eq. (2.7).

By neglecting off-diagonal matrix elements in the bath
quantum numbers, the only remaining step is to diagonalize
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the ESH, Eq. {2.7), whose dimension is the number of {v:}
basis functions. It should be emphasized, though, that the
effect of the coupling between system and bath has nor been
neglected by this approximation because the coupling func-
tions { £, ()} enter via the quantities A « (y,] /i [v:);
these parameters enter the ESH most importantly via the
Franck-Condon factors in Eq. (2.7). For the ground state of
the bath, n = 0, for example, the Franck-Condon factor is

miay,

Fo, —exp| — 5 2k (4 — ALy

[

(2.8)

which shows that the coupling functions £, (s) enter the
ESH nonlinearly.

Another obvious, but important feature of the ESH of
Eq. (2.7) is that a linear transformation of the basis {;t’ 1,

X:'_'Zl/jUj.i!
7

does not lead to a unitary transformation of the Hamiltonian
matrix; i.e., with Eq. (2.9a) one does »ot have

(2.9a)

He, ~S UL H: U, (2.96)
AP

This is because the ESH involves the basis functions {y, },
via the parameters A § [Eq. (2.4b}], in a nonlinear fashion.
The eigenvaiues of the ESH are thus not invariant to a linear
transformation of the {y, } basis, and this raises the question
of which kind of basis {y, } gives the best approximation to
the true eigenvalues of the complete system-bath Hamilto-
nan.

It is our intuitive feeling that the shifted oscillator basis
of Eg. (2.4} will do the best job of describing the effect of the
bath on the zeroth order effective system Hamiltonian, Eq.
(2.8), if the {y, } basis is chosen to be one that is localized in
coordinate space. The floating Gaussian basis,

i/4
o= (2) o] 00

over some grid of {s, } values, as used recently by Hamilton
and Light'? is an example of what we mean by a localized
basis. In contrast, the eigenfunctions of the potential ¥, (s),
which one might have guessed to be the best {, {(5)} basis,
will typically be delocalized, and in our view the shifted os-
cillator basis then does not do as good as a job of describing
the effect of the bath in the zeroth order ESH.

To illustrate the validity of this point of view we consid-
er the two-state approximation for a symmetric double well
potential ¥, {s); cf. Fig. 1. With the specific choice

Je(8) =¢5, (2.11)

this becomes the model considered by Harris and Silbey,"'
and a number of others.* The phenomenon to be described is
the effect of the coupling, Eq. {2.11), on the tunneling split-
ting of the two lowest vibration levels. In the two-state ap-
proximation, and with the zeroth order ESH of Eq. (2.8)
(with n = 0), this splitting is given by the usual expression

AF = [(ng—H?1)2+4(H',]2)2]”2. (2.12)
With the localized basis, Eq. (2.10) with y,(s) located at

s, = —aandy, (s) ats, = + a, it is quite straightforward
to show that Eq. (2.12) gives

(2.10)

5.0
—g- 0.0
S
8 .
~
o)
= 504
-10.0 T T T 1
-0.8 ~-04 0.0 0.4 0.8
s, A
FIG. 1. The double well potential ¥ {s).
AE=AE,F?,, (2.13)

where AE, = 2{y, |H, |y, is the splitting that would result
if there were no coupling to the bath (¢, = 0}, the Franck-
Condon factor is

13 2 Ci
Fi, exp[ a E;:’ P ],
and nonorthogonality has been neglected. This is essentially
the correct result, as obtained by other workers*!'; the
Franck—Condon factor “renormalizes” the tunneling inte-
gral.

If, on the other hand, one chooses the two-state basis to
be the delocalized functions y, (s) and y, (s) [which are
better approximations to the eigenfunctions of the potential
VO [S ) ]s

(2.14)

¥i(8) 4 y.(5)

¥, (5) = (2.15a)
’ V2
PAG R L L (2.15b)
2
then one can easily show that Eq. (2.14) gives
AE = AE,; (2.16)

i.e., in this case the zeroth order ESH shows no effect of the
coupling on the tunneling splitting, which is incorrect.
This example illustrates very dramatically that the
eigenvalues of the zeroth order effective system Hamilto-
nian, Eq. (2.8), are not invariant to a linear transformation
of the {y, } basis, and furthermore that the effect of coupling
to the bath is best described by the zeroth order ESH if the
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{x:} basis is chosen to be localized. Thus, one should not
choose the basis {y,} to try to diagonalize the potential

V, (5}, for the zeroth order ESH then does not do a good job -

of incorporating the effect of coupling to the bath. By choos-
ing a localized basis the effective system Hamiltonian matrix
H??. is very nondiagonal, but the effect of coupling to the
bath is described well. One then diagonalizes H ;.

The situation is somewhat reminiscent of the path inte-
gral methedology.”™ Here one makes progress by doing the
path integral over the harmonic bath first, and then after-
wards solving the quantum mechanics (i.e., doing the path
integral) for the system degree of freedom. The analogy with
the present basis set methodology is that one does not choose
the basis {y; } to try to diagonalize the 5 degree of freedom
first, but rather chooses it so that when n=n’ matrix ele-
ments are neglected the effect of coupling to the bath is de-
scribed well by the zeroth order ESH. With this choice of the
{y:} basis, the effective system Hamiltonian matrix H }; is
then diagonalized.

Iil. APPLICATION OF THE SHIFTED OSCILLATOR
BASIS: A NUMERICAL EXAMPLE

To test the above ideas more fully, we have carried out
numerical calculations for the model discussed in Sec. II,
i.e., tunneling splitting in a symmetric double well potential.
The specific form of the potential is

3.1

with the constants chosen so that the barrier height is 7.8
keal/mol and the minima are located at s = =+ 0.53 A; the
mass is chosen to be that of a hydrogen atom. These values
correspond roughly to the double-well potential for H-atom
transfer in malonaldehyde:

H
S B
| =
C C
NG N
|

C
}
H

2 4
Ve(8) = — i@y s + icp 5%,

(3.2)

that we have treated earlier by other means.'?

We considered two types of coupling: {i) Linear cou-
pling, i.e., f; (s) = c,s5, which breaks the even symmetry of
the double-well potential {one may think of such a coupling
as applying in the case of malonaldehyde for a C-O stretch),
and (ii) quadratic coupling, i.e., fi (s) = ¢, s*, which pre-
serves the symmetry. (The O-O wag in malonaldehyde is an
example of this type of mode. )}

As the coupling is turned on, the two wells move away
from one another and their depth increases, i.e., the height of
the barrier increases. As a consequence, the tunneling split-
ting drops off very rapidly as a function of the coupling
strength. Furthermore, the potential shows a singularity
(i.e., an infinitely deep well) above some value of the cou-
pling constant in the case of the quadratic coupling, and
therefore becomes unphysical. For these reasons, we have
incorporated the term '

s 0P

T 2mol

(3.3)

in the potential.” The addition of this term guarantees that
the height of the barrier remains constant with increasing
coupling constant. The only effect of the coupling is then to
change the shape of the double well, i.¢., to shift the location
of the minima. Contour plots of the double well potential
surface are shown in Figs. 2(a), 2(b), and 2(c) for the cases
of no coupling, linear coupling, and gquadratic coupling, re-
spectively. '

Only one oscillator is used for these calculations, 50 in
addition to diagonalizing the zeroth order effective system

'Hamiltonian, Eq. (2.8), itis possible to diagonalize the com-

plete system-bath Hamiltonian, Eq. (2.5), to obtain the ex-
act result. To illustrate the applicability of the method, we
considered two extreme cases: a fast (o ~3000cm ') and a
slow (@~ 300 cm—') bath.

The case of the fast harmonic bath is very easy to deal
with, as one would expect: The potential along the Q coordi-
nate is narrow and very steep and the one-dimensional eigen-
values lie far apart from one another. The ESH with n =0
would then be very efficient in describing the lowest doublet
of the double well, and indeed this is the case. The exact
result isalready obtained by including the 7 = 1 excited state
of the Q oscillator. Figures 3(a) and 3(b) show the tunnel-
ing splitting, referenced to the value with no coupling, as a
function of the coupling constant ¢. The linearity of the
curves in Fig. 3(a) (linear coupling} is an illustration of the
approximate result given by Eq. (2.14), and the decrease of
the splitting is a consequence of the increase (with respect to
the uncoupled case) in the distance between the two minima.
The slight increase of the tunneling splitting in Fig. 3(b) is a
result of the higher curvature of the wells, which shifts the

" eigenvalues higher up with respect to the barrier.

The case of the low frequency bath, however, is consid-
erably more challenging because the @ eigenstates are now
closely packed and interact strongly. As many as five excited
states were required for the tunneling splittings to converge
to two significant figures at large couplings. The damping of
the splitting is much greater here, since a much larger
amplitude is involved with significant probability within the
broader harmonic potential. The results from the ESH with
n = 0 are not as good as in the case of fast Q motion. They
can be optimized by varying the width of the Gaussians, a
nonlinear parameter. The optimum width is larger here than
in the high frequency case, as expected intuitively.

The optimized zeroth order version of this calculation is
correct to within a factor of 4, even when the coupling is so
strong as to have altered the splitting by two orders of magni-
tude [cf. Fig. 4(a)]. This is quite encouraging, particularly
80 when one notes that if the zeroth order Hamiltonian, Eq.
(2.7), were used without the oscillator basis being shifted,
the splitting would be independent of the coupling. Thus, the
shifted oscillator basis, even at the zeroth order level, does a
reasonably good job of describing the effect of coupling of
the bath on the system.

Furthermore, it is relatively simple to go beyond the
zeroth level of the theory and include off-diagonal coupling
in the ESH, without much more computational effort. The
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{a}

(b)

FIG. 2. Contour plots of the potential surface ¥,(5)
+ e’ {Q - fis)/ma ¥ for @ =298 em~'. (a) No coupling, ie,
Jftsy = 0. (b} Linear coupling, i.e., f{s) = cx, with ¢ = 0.093 mdyn/ﬁ, (3]
Quadratic coupling, i.e., fls) = s, withe = 0.24 mdyn/AZ. The numbers
labeling the curves indicate the height of the potential surface in keal/mol.
It can be seen that the barrier height remains constant, while the minima are
shifted from the zero-couphing location.

{a) -
060
exact results
_____________ E£SH with n=0
-0.02 |
o
o
o
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L
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............. ESH witht n=0
0.02
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0.00 - ! 1 1 )
0.0 1.0 20 30 4.0
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FIG. 3. Tunneling splitting for the lowest doublet in the case of fast & mo-
tion (@ = 2980 cm ~'} vs the square of the coupling constant ¢. {a} Linear
coupling. (b) Quadratic coupling. The results with the ESH, n = { have
been optimized variationally. AE, is the tunneling splitting at ¢ = 0.

methodology for this is known variably as Van Vieck pertur-
bation theory,'* Lowdin partitioning theory,' or the Fesh-
bach optical potential® (in scattering theory). For the pres-
ent situation, this gives the effective system Hamiltonian
matrix, through second order in the off-diagonal bath cou-
pling, as
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H:‘ P = H::.:' + Z, 2 Hx"n,x"n’

XAE Ay |Ye) —HY o) ' Hi - (3.4

The first term of Eq. (3.3) is the zeroth order ESH ma-
trix considered so far, and the second term the approximate
(second order perturbation theory) contribution from non-
diagonal coupling (n's:m) in the bath. [The notation
(M. ..)~"is shorthand for the (/",i"") element of the in-
verse of the matrix (M- .. ).}

The results of the application of this method are very
satisfactory. In the high frequency case, the splittings ob-
tained this way are essentially indistinguishable from the ex-
act ones. The second order low frequency results, although
still different from the exact ones, nevertheless represent an
appreciable improvement over the zeroth order ESH results.
It is worth emphasizing that this approximation is particu-
larly good, especially for low couplings, and is easily mana-
geable, because it does not increase the size of the matrix to
be diagonalized. However, since no variational principle
holds here, there is no criterion for the quality of the results
and optimization is not possible.

IV. VIBRATIONAL ADIABATIC BASIS AND SCF
CALCULATION

As mentioned above, the idea underlying the construe-
tion of the shifted oscillator basis is that the matrix element
of the coupling function f, (s) with respect to the s-basis
function y, represents the average force felt at s = s5,. If the
Gaussians are peaked around s, as is the case in the high
frequency limit, then

Ol Sl =fi (s},

which represents the instantaneous force at 5,. Since the ba-
sis functions y; (s} are localized to the regions s=s;, the re-
placement of £, (5,) by f; (s) would not make a significant
difference. This suggests the vibrationally adiabatic basis for
the coupled oscillators,

(4.1}

¥ (5Q) = x, ()]] s, (Qk x (32} )

% meary,
The matrix elements of the Hamiltonian with respect to this
basis do not invelve any Franck-Condon factors and the
eigenvalues are thus invariant to any linear transformation
of the basis functions. The vibrationally adiabatic basis has
been tested and found to be very similar to the basis dis-
cussed above in the limit of high frequencies.

On the other hand, the more demanding case is the low
frequency well, as shown above. One may suggest adopting
an SCF scheme, as motivated in Sec. I, i.e., average over the
fast s motion and solve iteratively. We tested this idea vs the
ones mentioned above, and the results are shown in Fig.
4(a).

" In order to apply the analytic SCF scheme, we expand
the s eigenfunctions in terms of Gaussian basis functions:

X:(5) =3 cyx; (5),
J

where the coefficients ¢; are to be determined. The matrix
elements of the effective SCF Hamiltonian are

(0}
: —  exact resuffs
............. ESH with n=0
o —  __ SCF+2X20
. 2nd order pert. th
. 10"}
g E " -
<} [
10 0
r \ .\,
_ \
10‘3 X ] L ! \ ]
0.000 D002 0OD4 D006 0008 0010
¢, (maynA)?
(bl
¢l
P,
<

— _ exact resulls
............. E5H with n=0
. — Zndorder pert. theory

! L I L L }

0.000 0012 0024 0035 0048 0.060
¢, (mdyn/A")

F1G. 4. Tunneling splittings for the lowest doublet in the case of slow ¢
motion (@ = 298 em ™) vs the square of the coupling constant ¢. (a) Lin-
ear coupling. (b) Quadratic coupling. Note the much faster damping of the
tunneling splittings compared to the high frequency case of Fig. 3.
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| v
HET = (g, 1, ly,) — | el
k mwk
el 13 Ix,-)]
XS C Cy s 1 fe ) + XL X2l
_;j 1 J(IJ !-/;(JXJ) mei

For the SCF scheme to succeed in the case of linear
coupling, the initial coefficients must not represent a sym-
metric function, otherwise the odd symmetry of the coupling
force would give (X, | £, |X,) = 0. Oneiteration is enough to
break the even symmetry of the uncoupled problem, so that
the eigenfunctions after each iteration are asymmetric. Start-
ing from a left (or right) localized function, we obtain a left
{or right) localized sclution. The method converges within
10-20 iterations, and the SCF limit is reached with ~ 25
Gaussians. The left and the right solution consist a pair of
degenerate eigenfunctions at the SCF level, and one must
perform a 2X 2 configuration interaction (CI) calculation
to obtain tunneling splittings. Since the calculation of the
splittings for the lowest doublet involves only the ground
state SCF solution, which is the one that was optimized, the
resitlts are expected to be good. Figure 4(a) shows that the
SCF splittings are somewhat worse than the zeroth order
ESH splittings at high couplings, but they are substantially
better at low couplings. However, the results obtained by
second order perturbation theory are by far the best ones
obtained within this tevel of computational effort, so that the
SCF scheme does not constitute any improvement.

On the other hand, the SCF results are less promising in
the case of quadratic coupling, where their disagreement
from the exact calculations is large. This is to be expected,
since both of the g and u solutions are involved in the calcula-
tion of the tunneling splitting, while only the lowest (g}
wave function has been optirnized.

V. CONCLUDING REMARKS

We conclude that the shifted oscillator basis presented
in 8ec. II, even in its zeroth order version, does a very good
job of describing the effect on a reaction coordinate of cou-
pling to a harmonic bath, even when the effect of the cou-
pling is quite large. (For this to be true, however, it is neces-
sary that a localized basis set be used for the reaction
coordinate.) The numerical examples treated in this paper
utilized only one mode for the harmonic bath—so as to be
able to compare with exact values—but it should be clear

that the methods of Secs. I and III are readily applicable
with little additional effort to the case of many harmonic
modes in the bath. Indeed, this was the motivation for their
development.
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