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A new method is described for the Monte Carlo evaluation of integrals of the form [, dx exp[iS(x)] that occur in the Feynman
path integral representation of the time evolution operator, exp( — iH#/#). The method is general, strictly Monte Carlo based {and
thus applicable to high dimensionality ), and has the desirable feature that the stationary phase (i.e. semiclassical} approximation
to the integral is obtained in its worst limit. Application 10 a non-triviat test case {the Airy integral) illustrates these features.

1. Introduction

There is considerable interest in developing Monte
Carlo methods for the evaluation of the Feynman
path integral representation [1] of the time e¢volu-
tion operator exp( —iH/#), or propagator. A path
integral representatton of the propagator is desirable
since it often allows one to integrate out “bath”
degrees of freedom without approximation [§, pp.
68-71, 343-354], and Monte Carlo methods appear
to be necessary if one is 10 deal with systems of more
than two or three degrees of freedom. Such methods
exist, and have been used with considerable success,
for evaluating the Beoltzmann operator (i.e. the
treaginary time propagator), exp( —fH), and thus
equilibrium statistical mechanical properties of
complex systems [2-7]. One needs the real time
propagator, however, in order to describe quantum
dynamics. We have in mind, in particular, cvalua-
tion of the reactive flux correlation function [8] for
chemical reactions.

The obvious difficulty in evaluating the path inte-
gral expression for exp(-—ilf/#h), compared to
exp{ —BH}, is that the exponent of the integrand is
imaginary rather than real, so that the integrand is
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not positive definite, thus invalidating normal Monte
Carlo methods. Though some progress [8-13] has
been made in circumventing this problem, there is
as yet no generally satisfactory solution.

The purpose of this paper is to present a new
approach to the Monte Carlo evaluation of integrals
of the type occurring in the path integral expression
for the time evolution operator. The method is quite
general, and has the highly desirable feature that it
incorporates the stationary phase approximation, i.e.
the semiclassical limit of the path integral, as its worst
limit, Section 2 develops the method, and section 3
illustrates the method by application 10 a simple but
non-trivial example.

2. The method

For simplicity of presentation, we consider the
generic one-dimensional integral

K= J dx exp[iS(x)] ; (1)

the multidimensional generalization, which is the
form of real time path integrals, will be noted below.
Following Filinov [ 14], one inserts unity in the form
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oo

1= J. dxg /Bi2n exp[ — $B{x~x,)?] (2)

—

into the integrand of eq. (1) and interchanges the
order of integratton:

o

K= I dx, /B/2x

— G

X J- dx exp[iS(x) — 1 B{x—x3)°} . (3)

Since the Gaussian factor ensures that values of x
near x; dominate the integral over x, S{x)} is
expanded about x; through quadratic terms

S(x) 2 85(x0) +8 (xo }(x~ x0)
48" (xe)(x—x0)7 (4)
and the integral over x then evaluated:

K=K(B)
= [ dxy expliSCx)] [1-i8"(x)B] -

xexp[ — 38" (x0)*/[B—i5"(xo)] . (5)

At this point we depart from Filinov's procedure
and note that ¢q. (2) is true if B is complex, and is
approximately true even if B is a function of x,, i.e.
we allow B— B(x,), and then make the specific choice

Bixp)=i8"{xg) e ', {6)
where ¢ is a constant. Eq. (5) then becomes
K=K(c)

x

= J. dx exp[iS().‘)] [l +iﬁ'S"(_)(”|-'_‘

xexpf — LeS7 (%), (7)

where we have re-labeled the integration variable x,,
as simply x,
The Monte Carlo prescription for evaluating K(¢)
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of eq. (7) is to choose the (unnormalized) sampling
function P(x) as

P(x)=exp[ - 365" (x)’], (8)

so that the Monte Carlo approximation to the inte-
gral is then

K(c):( J. de(x})

X3 expliS(x0) [1+ieS" (x)]"? 9)

where the & values x; are chosen at random from the
distribution P(x). The Metropolis algorithm [15],
the stochastic dynamics algorithm [16], etc., are
standard ways of doing this. The error in eq. (9)
decreases with increasing ¥ as ¥~ '/2,

Eqgs. (7)-(9) essentially define the method we are
proposing, and we now discuss some of its charac-
teristics. Quite generally, one sees that P{x) of eq.
{8) weights the stationary phase regions of the inte-
grand, i.e. regions where S'{x) =0, if these exist, or
in any event, regions where |5 (x)| is smallest. These
are clearly the correct regions to be sampled in any
integration procedure, and this important feature was
first incorporated in Doll’s “stationary phase Montc
Carlo™ method [17].

Egs. (7)and (8) are, in fact, quite similar to cer-
tain versions of Doll's expressions, though they dif-
fer 1n some significant (and advantageous) aspects.
More explicitly, note the limits of large and small ¢,
For large ¢, P{x) becomes a narrow Gaussian about
stationary phase poinis xsp, s0 that the Monte Carlo
statistics are excellent. Furthermore, it is simple
arithmetic to show that in this limit eq. (7) gives

]imK(c): Y exp[iSase)] [2R1/S" (xep)]'7

e

(10)

which one recognizes as the standard stationary phase
approximation { 18} to the integral X,

Conversely, in the limit ¢—0 onc sces that K{¢) of
eq. {7) reverts to the original integral K, eq. (1), bul
in this limit the Monte Carlo statistics are poor
because P(x), eq. (8), becomes infinitely broad. For
the case that S(x) is a guadratic function of x, it is

11
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easy to show that K{c) = K identically for ail values
of c.

In summary, as ¢—oo the Monte Carlo statistics of
eq. (9) are excellent but K{c) approaches the sta-
tionary phase approximation to K rather than the
correct value; as ¢—0, K{¢) approaches the correct
value of the integral K but the Monte Carlo statistics
become poor. If S(x) happens to be a quadratic
function of x, then K{¢)} =K identically for all values
of ¢. In practical situations, therefore, one should vary
the value of ¢, taking it as small as Monte Carlo sta-
tistics allow, knowing always that the worst limit,
c—co, gives the stationary phase approximation.

Finally, we note the multidimensional generali-
zation of egs. (1} and (7):

K= deexp[iS{'x}], (11)

K(c)= j dx exp[iS(x)][det(1 +ic-S; (x))]'72

Xexp[ — 38 (x)-¢-S, (x}], (12)

where S, {x)=0a5/0x, S,(x)=0"S/dx 0x, and ¢ is a
constant matrix. One may choose ¢=¢ 1, or in any
way desired.

3. Example: the Airy function

Since the method of section 2 is exact for qua-
dratic functions S(x), a non-trivial test requires a
more complicated phase function. The integral rep-
resentation of the Airy function [19]

| 17 _
Al(-z):ﬂ J.dxexp[l(xz—é_\"‘)] {13)

is of the form of eq. (1) with S(x)=xz—{x*, and
this integral has the generic behavior of coalescing
stationary phase points in the limit z—0.

For z | the stationary phase (i.e. semiclassical,
WKB) approximation to Ai{ —z)

sin(im+3z¥%)

b2 10
m

All=-z) = ;

(14)
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Fig. 1. The percentage error (¢f. eq. (15)) piven by eqs. (7}-(9}
for the Airy integral, eq. (13), for z=1, as a function of the con-
stant ¢. The widih of the shaded curve shows the Monie Carlo
statistical error for MN=5000. The stationary phase limit, c—ac,
is 4.6% for this case.

is extremely accurate [ 19], so that here the method
of section 2 will be accurate and efficient for a wide
range of values of the constant ¢. To provide a chal-
lenge to the method, therefore, we consider small
values of z.

Figs. 1-4 show the percentage error,

(approximate) — (exact)

100 {exact}

; (15)

given by eq. {9) for the Airy integral, eq. (13), for
z=1,0.5, 0, and —0.5, respectively, as a function of
the parameter ¢. In each case the shaded region of
the curve denotes the Monte Carlo statistical error
for N =5000; the reader can obtain results for dif-
ferent values of N simply by scaling the width of the
curves by {5000/N) "% e.g., the results correspond-

s =05
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Fig. 2. Same as fig. 1 except for z 0.5, The stationary phase limit,
¢c—ao, 15 20%.
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Fig. 3. Same as fig. | except for z=0. Here the stationary phase
limit 1s divergent.

tng to N=1000 are obtained by expanding the width
of the shaded curves by \/gx 2.2

For z=1 (fig. 1) the stationary phase approxi-
mation is still quite good {better than 5%), so there
is a wide range of ¢ for which the Moante Carlo result,
eq. {9), is accurate and efficient (i.e. a small statis-
tical error). Smaller z is more of a challenge, but even
for z=0 - where the stationary phase result, eq. (14),
diverges — there is a significant range of ¢ for which
eq. {9) is both accurate and efficient. For z <0 there
are no (real) points of stationary phase, yet eq. (9)
still provides usefully accurate results ( = 10%) when
¢ is large enough to have acceptable statistical error.
If one distorted the integration path from the real x
axis — a trick that has already been shown to be very
useful in Monte Carlo path integration [12,13] — then
much more accurate results could be obtained for
z<f{})

Finally, fig. 5 shows similar results for z=1 using
Filinov’s original expression. eq. (5}, as a function

z- =03

o -

7 lrror

Fig. 4. Same as fig. | excepl for -= — (.5, There are no {real)
slalignary phase points in this case.
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Fig. 5. Same as fig. 1 (also z=1), for the original Filinov method,
eq. {5), using the real part of the exponent to define the sampling
function P{x) rather than eq. (8).

of the constant B~'. (Here one divides the complex
exponent — 318 (x )/ [B—1S"{x,)] into real and
imaginary parts and uses the real part to define the
Monte Carlo sampling function.) The results are
essentially the same as shown in fig. § for all values
of z tested and behave not nearly so well as those dis-
cussed above. One can show analytically that the sta-
tionary phase approximation is not abtained in the
limit B~' > o (or any other limit); in fact, K(B) -0
as B~ '—aoo, i.e. — 100% error, The modified Filinov
expression, eq. {7}, is thus clearly superior.

4. Concluding remarks

We betieve that the method described in section 2
has essentially all the desirable properties one is
looking for in 2 Monte Carlo algorithm for such inte-
grals. The example treated in section 3 illustrates
these features in a most encouraging fashion. Appli-
cation to real time path integrals is straightforward,
and this work 1s in progress.
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