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By exploiting the momentum space boundedness of wavefunctions an effective system-specific real-time propagator is con-
structed, which is localized and devoid of fast oscillations. Numerical examples are presented, which show that this effective
propagator can be used successfully for studying the dynamics of quantum systems with the standard Monte Carlo path integra-
tion methodology.

1. Introduction

In recent years, Feynman path integration [1] has found extensive use in the study of equilibrium statistical
mechanical properties. Discretization of the integration variables on a grid converts the path integral into ma-
trix multiplication [2], an iterative scheme which is very efficient for systems of only a few degrees of freedom.
Many-body problems cannot be deait with the above technique, though, as the size of the coordinate grid grows
exponentially with the number of degrees of freedom. Monte Carlo methods [3], which are specifically de-
signed to handle multidimensional integrals, provide an ¢fficient tool in that case and have been successfully
used in statistical mechanical calculations.

However, the above methodology is much less straightforward to apply for studying dynamical properties.
Although the path integral formalism for the real time propagator, exp( —iHt/#), is identical to that for the
Boltzmann operator, exp{ — H), the standard coordinate representation of the former is highly oscillatory.
Matrix multiplication is then inappropriate as a propagation scheme. There exist numerical techniques that
propagate a wavefunction on a grid using the fast Fourier transform (FFT) method [4-6], and which are very
efficient for problems of only a few degrees of freedom. For multidimensional systemns, though, Monte Carlo
path integration provides the only known alternative. Unfortunately, ordinary importance sampling methods
cannot be used to evaluate the rapidly oscillatory integrals encountered in dynamical calculations. Approximate
techniques for performing integration of oscillatory integrands by using the existing Monte Carlo methodology
have recently been developed [7-9]. These methods introduce a weighting function which is constructed to
sample primarily about the stationary phase points of the integrand, and they show promise for studying the
real-time dynamics of chemical systems.

The purpose of this paper is to describe a new approach to real-time path integration. It is shown that the
highly oscillatory behavior of the short-time propagator in its standard {coordinate) representation can be
eliminated if the properties of the wavefunction are properly exploited. An effective system-specific real-time
propagator is obtained, which is localized and devoid of rapid oscillations. This effective propagator is thus
well suited for straightforward Monte Carlo path integration. The method is strictly quanturn mechanical and
yet very easy to implement. Another attractive feature of this approach is that its convergence characteristics
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are determined from the Fourier spectrum of the wavefunction in a simple and straightforward way.

Section 2 describes the idea and constructs the new effective propagator. Some numerical examples which
illustrate the properties of this propagator are presented in section 3, and conclusions regarding the possible
applications of the method appear in section 4.

2, The effective propagator

Suppose we wish to propagate an initial state | ¥(0) > for a short time ¢ by performing a single-step path
integral. The procedure is expressed formally by inserting a compleie set of position eigenstates between the
time evolution operator and the initial state ket:

x| #(1)5 = J- dx’ {xlexp(—iHt/h} | x") (x| ¥(0)) . (1)

This is the traditional idea which, when used repeatedly, leads to the notion of an “integral over all paths”.
Unfortunately, the coordinate matrix element of the propagator in the previous equation is a rapidly oscillatory
function of x' — behaving as exp[ (i/#){(m/2t)(x—x')*] through leading order — and thus numerical inte-
gration of eq. (1) is a demanding task, particularly so if ¢ is srnall. Since all known approximations to the
coordinate representation of the propagator are only valid for short time, the problems associated with the
numerical evaluation of a path integral become apparent.

However, it is clear that the highly oscillatory character of the propagator in the previous equation comes
from the large momentum components that are present in the Fourier spectrum of the laiter,

(xlexp(—iHt/m)|py = | de Cxlexp(~iHt/A) x> Cx' Ip) @

Noting that the propagator in eq. {1) multiplies the wavefunction (x'| ¥(0)>, whose Fourier transform has
a finite range (typically decaying exponentially with the momentum ), we define an effective propagator as

Pmax

(x)exp(—iHt/f) |x' Yerr = j dp{x|exp(—iHt/2h) [p> {plexp(—iH/2h) | x') . (3)

— Pmax

In this, prex 1S 2 cutoff momentum value, specified by the momentum space initial wavefunction according to
the desired accuracy. Wavefunctions usually spread in position space under propagation, which makes their
Fourier transform a narrower function as the time progresses. Convergence is easily tested by increasing the
cutoff value pe,,,. The finite momentum cutoff is also introduced numerically in the FFT algorithm [4,5]; in
this paper, though, we use this feature to obtain an analytic expression for the coordinate representation of the
propagator. In light of the above argument, this effective propagator is expected to exhibit smooth behavior
for finite values of p.,.

There are many ways of obtaining the mixed representation propagator {x|exp(—iHt/#)|p)> that appears
in eq. {3) to lowest order in the time 7. An approach that can be made more accurate in a simple and systematic
way is to view the x—p propagator as a time-¢volved plane wave, whose short-time evolution is well approx-
imated by an exponential power series in time. The procedure for determining the coefficients of this series
for a general wavefuncticn is outlined in the appendix. Assuming a one-dimensional Cartesian Hamiltonian
of the form

H=p*2m+V(x), (4)
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the result for the propagation of a plane wave (i.e. the mixed propagator) through order ¢ is

/2 . 2
(x)exp(—iHt/A) |p> =(Flﬁ) exp{% I:px* (;—m + V(x}):]} ) (5)

Higher-order terms are easy to obtain, and the multidimensional generalization is straightforward. The second
factor in eq. {3) is easily obtained from eq. {5) by invoking time reversal symmetry arguments, t.¢. by re-
placing ¢ by —¢ and complex conjugating.

It is useful to obtain an explicit formula for the effective propagator, and for this purpose we integrate ¢q.
(3) analytically. The integration is possible because the exponent of the mixed propagator {¢f. eq. (5)) is gua-
dratic in p. (This is actually true up to order 73.} The result is

152 )
<x|cxp(viHr!ﬁ)IX’>eff=(ﬁ) exp[%(g (X—X’)z-%t[V(XHV(X')])]ﬁmm(x—x';pm;r) (6a)

with £ .o given by

fs‘momh(x_x’; Pmax; !)

1 ie \'"* im\'"” it
-3l o) et () [ (5)

where erf{z) is the error function of complex argument [10],

172

im\'"
pmax_(m) (x_x’)]} 1 {6b)

erf(z)= ﬁ J. exp{ —x?) dx.

a

The first factor in eq. (6a) is recognized as the standard expression for the coordinate representation of the
propagator, which is obtained by using the Trotter product rule. The part involving the error functions (the
smoothing factor), though, is the new result of this section. It is this part of the effective propagator that smooths
out the oscillations present in the kinetic energy part of the Trotter propagator. It is easy to check that eg. (6a)
reduces to the standard Trotter form of the short-time propagator if pp,.—co:

172 .
Jim <x|exp(—mr/f:)|x’>m=(ﬁ) exp[% (-2’3’; (x—x')2 =4[ V(x)+ V(x')])] . (7)

To establish the properties of this effective propagator, it is useful to distinguish between two cases:
(a) For points x' sufficiently far from x, such that

(m/Ox=x" | Pmex and {(m/At)'?|x—x'| >0 {8a)

(the classically inaccessible region), one can use the asymptotic properties of the error function [10} to show
that the smoothing factor of eq. (6) is proportional to

i, . 1 lﬂ ryd : i
Jomoown (X =X"3 Pmax; ) o - exp(— 79; %) )sm[pmax(x—x YA, {8b)

The exponential factor of the above equation cancels the fast oscillations that arise from the kinetic energy part
ofeq. {(6). The only oscillations that remain are of constant wavelength, and the effective propagator is damped
as {(x—x")~! with increasing separation of the coordinate points. These features are very useful for the purpose
of numerical integration, and are illustrated in fig. 1.

{b) For x' near x, i.e. if
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Fig. 1. Comparison of the effective propagator, eq. (6}, to the standard propagator, eq. (7}, for two different values of cutoff momentum
Pmax- Plotted is the real part of the propagator with x' =0 as a function of x (in atomic units), for the double-well potential of eq. {11}.
The time step is equal to 1/40 of the period that corresponds to the harmonic potential at the minimum. Solid line: effective propagator.,
eq. (7}, with cutoff momentum value p,..,. Dotted line: standard propagator, eq. (8). {a) py..= 12 atomic units; this is the value which
was used in the first application of section 3, (D) ppa.=48 atomic units.

(m/t) | X—X"| <Pmax (9a)
(the classically accessibie region), one can only use the asymptotic behavior of the error function if
(t/Am)  Pra 1. (9b)

This is the case with large time increment ¢, large momentum cutoff p_,,, or small . Then the smoothing factor
approaches unity and the effective propagator behaves like the standard short time propagator. If one were to
integrate eq. (6) over x’ in order to propagate a wavefunction, stationary phase points would occur whenever

(m/)(x—x")==4V"{x"), (9¢)

i.e. on the classical path. {(Points x' that satisfy eq. (9c) but do #nor lie within the range dictated by eq. (9a)
are to be ignored. Phrased in different words, this fact states that classical paths of momentum higher that p,,.,
are not allowed in the present situation. )

Fig. 1 shows the real part of the effective propagator, eq. (6), with x' =0, for the case of a double-well po-
tential (see section 3) with a typical time step and for two different cutoff values p,,.. For fig. la, p.... was
chosen based on the momentum distribution of the initial state that was used in the first numerical example
of section 3. In fig. 1b, a much larger value of p,,,, was used. The behavior described above is clearly seen.
The standard Trotter propagator, eq. (7), is also shown in the same figures for comparison. It is interesting
to point out that the asympiotic property, eq. (8a), is satisfied faster for shorter ¢. This means that the above
behavior is approached for relatively small separations x—x' if the time increment is small.

Consider now using the effective propagator, eq. (6), to evaluate a path integral by Monte Carlo methods.
Since the damping of the integrand at large separation is built in the propagator, one can multiply and divide
the integrand by a function

F(x,x )=(A/n)" " exp[ —A{x—x")], (10)

which is to be used as the sampling function. The parameter A is chosen such that eq. {10) resembles the true
{x—x'}"" behavior of the integrand as closely as possible over a fixed interval which is determined to be im-
portant in the integration. Since this weighting function is normalized, one need not calculate normalization
integrals numerically [8].

Comparison of the method proposed here with stationary phase based Monte Carlo schemes [7-9] is ap-
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propriate at this point. When the standard highly oscillatory expression, eq. {7), is used as the short-time prop-
agator in a path integral, a/f conceivable paths that connect the given initial and final points contribute with
the same absolute weight (probability) but different phases. The numerical value of the integral is then the
result of enormous cancellation, with the dominant contributions coming from the stationary phase regions of
the integrand, which correspond to classical paths. If, on the other hand, the effective short-time propagator
of eq. (6) is used instead, then phase cancellation is a relatively unimportant issue in determining the nu-
merical value of the result. The reason for this is that different paths are weighted differently and give rise to
slowly varying phases in the present case. Thus, short paths tend to dominate, as they enter the path integral
with relatively large probability, while paths involving steps of large momentum contribute with much smaller
absolute weight. Classical paths of the latter type (i.e. of high kinetic energy ) have essentially zero contribution,
and short classical paths are not treated more favorably than other short paths. Stated more explicitly, in the
present method one sums over al/l paths that are allowed by the momentum range of the wavefunction. This
is feasible, provided that the effective propagator is not rapidly oscillatory in the region where it has significant
amplitude. The fact that it is not necessary to exclude non-classical-like paths from the summation means that
quantum effects are fully accounted for when the effective propagator of eq. (6} is used.

It is also of interest to point cut a remote connection of the present approach with the partial averaging tech-
nique of ref. [11]. According to the partial averaging method, one tries to include paths of high-frequency
Fourier components in order to obtain a more accurate short-time propagator, In the approach taken here,
though, one eliminates all large momentum components from the effective propagator, knowing that their con-
tribution is exponentially small when the propagator is multiplied by a wavefunction with a bound Fourier
spectrum,

The efficiency of the scheme suggested above depends heavily on how smoothly the effective propagator be-
haves in the “classically accessible region™. It is not hard to show that the generic behavior of the effective
propagator is that indicated in fig. la, i.e. the “asymptotic region™ where the propagator is damped has been
reached by the time only one or so phase oscillation has been completed, as long as the problem belongs to the
quantum regime (small quantum numbers). To illustrate this we examine the #—0 limit of the effective prop-
agator when the quantum number of the state is held fixed, noting that in that limit the cutoff momentum p,,.,
also vanishes. (This is so because the phase space volume Ax Ap occupied by a quantum state is {for one degree
of freedom ) proportional to Planck’s constant. (Here Ax and Ap can be defined as the distance between clas-
sical turning points in position and in momentum space, respectively.) Typically (e.g. for a harmonic po-
tential) Axocfi'/2 and Apact'/2, which implies that po..cc#'/2.) It then follows that for time increment smaller
than the period corresponding to the shortest time scale of the problem, the change in the action through the
entire *‘classically accessible region™ of eq. {9a) (beyond which the effective propagator is damped) is only
of order #.

We thus anticipate the effective propagator of eq. {6) to be most useful in situations where quantum effects
are large. Such cases are intimately connected with the existence of coalescing or complex stationary phase
points of the integrand and tend to render stationary phase based approximations inaccurate. In the opposite
limit, where classical mechanics plays the principal role in determining the dynamics (e.g. with highly excited
states or with very harmenic-like potentials), semiclassical approximations are already quite accurate; in such
cases calculation of quantumn corrections using stationary phase Monte Carlo methods should be an easier task
than attempting to obtain the full quantum solution directly according to the method described in this section,
which is not biased toward sampling near classical paths.

Finally, we point out that the analytic integration of eq. (3) can be performed as easily with the propagator
of eq. (5) including terms up to order £°. This results in more accurate expressions, and also brings derivatives
of the potential in the arguments of eq. (6). The resulting propagator can then be used for evaluation of a path
integral using Metropolis sampling techniques.
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3. Numerical applications

In this section we present several numerical calculations that illustrate the features of the effective propagator
discussed in section 2 and s usefulness for evaluating path integrals by Monte Carlo methods.

The most important property of the effective propagator is that it is localized and relatively smooth. To dem-
onstrate this we first use it to propagate a wavefunction according to the matrix multiplication scheme [2],
Specifically, a vector containing the values of the wavefunction at selected grid points is generated at each time
step; this vector is then multiplied by the propagator matrix, to yield the wavefunction vector at the next time
increment. This is equivalent to doing a path integral but has the advantage of being free of statistical error,
thus permitting unambiguous assessment of the accuracy of the method,

For the first application, a Gaussian wavepacket is propagated in a one-dimensional symmetric double-weil
potential of the form

V(x)=—basx?+icex?, (11)

with the parameters chosen such that the mass is that of a hydrogen atom and the barrier height is approxi-
mately 4 kcal/mol. The initial Gaussian wavepacket is centered at one minimum of the double well and has
a width equal to that of the ground state of the local harmonic approximation to the potential. The duration
of the tunneling process corresponds to many vibrational periods. Wavefunction was propagated for a full tun-
neling period using the effective propagator of section 2 with the time step equal to about 1/40 of the harmonic
vibrational period and the results were compared to those of numerically exact calculations performed by stan-
dard basis set methods. (Such short time step was necessary in order to obtain results of the accuracy men-
ticned below for time as long as a full tunneling period.) A grid of only 25 points was used to span the x co-
ordinate. Had we used the standard coordinate propagator instead of the effective propagator of section 2,
hundreds of points would have been necessary to'construct an adequate propagation matrix, The coordinate
matrix element of the propagater that was used in the calculation with x* =0 is shown in fig, la. Fig. 2 shows
the survival probability (the time autocorrelation function squared) as a function of time. The agreement of
the results obtained by using the effective propagator scheme with the exact ones is seen to be excellent at all
times. In fact, the results converged to three decimal figures, and arbitrary precision can be achieved by ad-
justing the cutoff value of the momentum range used in the calculation.
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Fig. 2. The survival probability, P{t)=|(¥(0)|exp(—iHt/

#)}W(0)> |2, for a Gaussian which starts out as an eigenstate of o2 02 5, A =

the local harmonic approximation 1o the double-well potential

{eq. (11)) about one minimum. The points show results ob- Fig. 3. Contour plot of the two-dimensional potential that de-
tained by propagating the wavefunction according to the matrix scribes the dynamics of energy flow between the CH stretch and
multiplication scheme, with time step equal to that used in fig, 1. the CCH in-plane wag in benzene (cf. eq. {12}). The numbers
Exact results, obtained by a basis set calculation, are indicated by labeling the curves indicate the height of the potential surface in
the solid line for comparison. kcal/mol.
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The second example invalves a two-dimensional model that describes the dynamics of energy transfer be-
tween the CH stretch and the CCH in-plane wag in benzene, For quantum numbers v=4-8, where broad spec-
tra are observed experimentally, the process takes place via a Fenmi-resonance-type interaction [12] and the

local-mode picture is appropriate. Our model potential has the form
Vs, @Q)=D[l—exp(—as}P+impowiexp(—cs)Q*. (1)

Here s represents the CH stretch coordinate and { the CCH in-plane wag, with the parameters chosen to fit
those of ref. [12]. A contour plot of the potential is shown in fig. 3.

In order to test the ability of the present method to accurately describe the dynamics of energy flow, we
propagate an initial state which is an eigenstate of the uncoupled (¢=0) Hamiltonian with four quanta in the
CH oscillator. Fig. 4 shows the survival probability as a function of time and compares with exact results ob-
tained by a basis set calculation.

Finally, we present a path integral calculation of the survival probability for a Gaussian wavepacket in a one-
dimensional Morse potential,

Vixy=D[exp(—2ax)—-2exp(—ax)], (13)

with 2=0.164 and «=0.9374 in atomic units (see also ref. [6]}, using the Monte Carlo integration scheme.
The parameters are chosen to correspond roughly to the vibrational motion of H,, i.e. the well depth is 4.46
eV and the harmonic frequency at the minimum is 3910 cm~'. The initial wavepacket is displaced by —0.1
A from the equilibrium position and has width which corresponds to the ground state of the harmonic ap-
proximation to the potential. The calculation was performed with a time step equal to about 1/10 of the vi-
brational period, with 100000 Monte Carlo points per integration variable. The computational details are as
described in ref. [8], except that in the present case a sampling function of the type given by eq. (10) was
used and thus the normalization integral [8] was obtained analytically. Fig. 5 shows the survival probability
as given by the Monte Carlo calculation with the effective propagator of section 2 and compares with the exact
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Fig. 5. The survival probability for a wavefunction in a Morse

t, fs

Fig. 4. The survival probability for a wavefunction in the poten-
tial of fig. 3 (eq. (12}). The initial state is an eigenstate of the
uncoupled (¢=0) Hamiltonian, with four energy quanta in the
CH coordinate. The points show results oblained by propagating
the wavefunction according to the matrix multiplication scheme.
Exact results, obtained by a basis set calculation, are indicated by
the solid line for comparison.

potential. The initial state is a Gaussian wavepacket which is dis-
placed by —0.1 A from the cquilibrium position and has width
equal 1o that of the eigenstate of the harmoni¢ approximation at
the potential minimum. The points show results obtained by a
Mente Carlo calculation using a time step equal to about 1/10 of
the vibrational peried with 100000 Monte Carle points per in-
tegration variable. The Monte Carle statistical error bars are
smaller than or equal to the size of the points. The solid line shows
the exact result, obtained by a basis set calculation.
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results. It is seen that accurate results with reasonably small statistical error can be obtained, while an extremely
simple Monte Carlo algorithm was used.

4. Discussion and concluding remarks

The analysis of section 2, along with the numerical calculations of section 3, shows that the effective prop-
agator defined in section 2 possesses the desirable properties of localization and smooth behavior which are
essential to numerical evaluation of a path integral. The most important feature is that the calculation can be
arranged to give the desired accuracy by properly adjusting the cutoff value of momentum explored by the
wavefunction of interest. Furthermore, the fact that the sampling function for the Monte Carlo calculation has
an extremely simple form results in considerable savings, as it is analytically normalizable (a fact important
in real time dynamics), and also eliminates the need for search of stationary phase points of the integrand,
which is usually a demanding task. We therefore believe that the effective propagator will prove useful for
studying the dynamics of multidimensional quantum systems by path integral methods.

Furthermore, we suggest that the effective propagator should also find utility in the calculation of correlation
functions,

C(t)=Tr[exp(iHt*/#)4 exp(—iHt./R) B, (14)

where A and 5 are quantum mechanical operators, and f =¢— ii#f, with §=1/kT. (By setting both 4 and 8
equal to the flux operator,

| " " n -
F= 5"}; [§{S—SO)P5 +p55(5'—3{])] 4 (15)

one obtains the flux correlation function [13], whose time integral yields the rate of a reactive process. In eq.
(15) s is the reaction coordinate and s, its value at the dividing surface, i.e. the surface through which the flux
1s measured.}

To evaluate eq. (14} in a path integral fashion, one must be able to compute the complex time propagator,
Expressing the latter as

(x| exp{ —~iHL./h) x> = IM"(Xlexp(me/ﬁ) [x* 5 {x" |lexp(—BH) | x> (16)

allows one 10 think of the problem in a way similar to eq. (1). Specifically, the coordinate matrix ¢lement of
the Boltzmann operator that appears in eq. (16) effectively plays the role of a wavefunction [14] and thus
defines a momentum cutoff value. Low temperature (large 8) should be easier to deal with, as only low energy
states are populated in that case, The calculation should be rather similar to the time propagation of wave-
functions treated in this paper, but numerical tests are necessary in order to assess the actual feasibility and
usefulness of the method for studying non-equilibrium properties of complex systems,

Finally we wish to émphasize that the method suggested in this paper should be more difficult to implement
for studying long-time dynamics, as is true of all path integral methods. (By “long time™ we mean time much
longer than the shortest time scale that appears in the problem, i.e. time for which many (e.g. hundreds of )
time slices will be required 1o vield convergent results,) Apart from reasons pertaining to the dimensionality
of the integral itself, which increases with the time, additional problems often arise. These are usually associated
with the existence of multiple classical paths that connect the given endpoints. Stationary phase-based methods
must explicitly search for these classical paths, and this is a non-trivial task. Use of the effective non-oscillatory
propagator scheme excludes paths of large momentum steps but samples all paths of momentum smaller than
the cutoff value. While the method does so in a very efficient way, i.e. by circumventing the problem of highly
oscillatory behavior that would arise if the standard propagator were used, it is still expected that the statistical
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error will grow with time, since larger fluctuations from the straight line path will then be included. The staging
algorithm [15] is ideally suited for dealing with such problems, and we believe that it will help to extend the
range of applicability of the effective propagator technique described in this paper to problems requiring much
longer time propagation,
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Appendix

Here we describe a simple recursive procedure for obtaining analytically the short-time evolution of a wave-
function in a Hamiltonian of the form

H=p?/2m+V{x).

The procedure is similar to the exponential power series expansion of the propagator presented in ref. [16].
We assume that the propagated wavefunction can be written as a single exponential, i.e.

ix, t)y=exp[iW(x, 1) /h] {A.la)
and expand the exponent in a power series in time:

Wix,t)= Y W,(x)1". {A.1D)

(Note that the above assumption is nof always valid, e.g. eq. {(A.1) cannot describe the evolution of a wave-
packet near a turning point, where the resulting wavefunction is composed of an incident plus a reflected wave.)
Substituting eq. {A.1) inte the time-dependent Schrédinger equation and equating like powers of ¢ yields the
following recursion relations which determine the expansion coefficients W,(x):

i 1
W, ==V+ —VW,— — z .
1 + Im o m (YH,)*, {A.2a)
w _L(ivzw L Z VW, - VW, ) nzl {A.2b)
”+!_H+1 2m n_zmk=0 k n—k | = L 4 -

where W is given by the logarithm of the initial wavefunction:
Wy=—if1n ¥(0) . (A.2¢)

Application to the time evolution of a plane wave (see section 2) is straightforward.
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