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A new gquantum mechanical time propagation method is described, which is best suited for studying the dynamics of a system
strongly coupled to a bath, The method makes use of the time-dependent self-consistent field (TDSCF) idea and thus scales
linearly with the number of degrees of freedom, bul explicitly incorporates in the wave function two-bedy correlations between
strongly coupled modes. Test applications on a three-degree-of-freedom reaction-path-type model show the method to be ex-
tremely accurate over a variety of conditions and with very strong coupling, even in cases where the traditional TDSCF approach
is compietely incapable of describing the dynamics.

1. Introduction

In recent years, much effort has been devoted toward developing numerical techniques for calculating the
time evolution of many-body quantum systems. The difficulty in studying the evolution of a quantum me-
chanical systemn (as opposed to that of a classical one) arises because of the non-local character of the Schré-
dinger equation, Brute-force fully-quantum basis set or grid-based calculations require storage space and com-
putational effort that grows exponentially with the number of coupled degrees of freedom involved. The most
efficient time-dependent grid method, the split propagator fast Fourier transform (FFT) technique [1], re-
quires computer time that scales almost lincarly with the number of grid points, which in 1urn grows expo-
nentially with the dimensionality of the system.

Path integral methods [2] appear in principle as the most attractive approach, because they reduce the prob-
lem to the evaluation of an integral whose dimension grows /inearly with the number of degrees of freedom.
Monte Carlo integration algorithms [3] are specifically designed for computing high-dimensional integrals of
smooth functions; thus, importance sampling techniques are ideally suited for calculating path integrals in im-
aginary time (which corresponds 1o inverse temperature ), and therefore for studying finite temperature equi-
librium properties of large systems. However, straightforward generalization of these techniques to the study
of real time dynamics is not possible, because of the rapidly oscillatory nature of the time evolution operator.
A number of methods for dealing with this problem have been developed in the past three years [4-6]. The
success of test calculations performed with these Monte Carlo path integral methods is encouraging, but further
refinement of the techniques will be necessary before they can be successfully used 1o simulate dynamical prop-
erties of many-particle systems,

On the other hand, a wide variety of approximate quantum, semiclassical, or mixed quantum-classicai prop-
agation schemes are known. Unfortunately, computational efficiency and numerical accuracy are properties
which are hard to satisfy simultaneously when dealing with large systems that involve strong interactions, Gaus-
sian wave packet techniques {77 are sufficientiy accurate and easy to use for short time propagation; however,
the simplest version of the wave packet propagation method is not capable of obtaining longer time dyndmical
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information, and curing its shortcomings requires substantial increase in complexity [8].

The time-dependent self-consistent field (TDSCF) approximation [9-15] appears to be a very attractive
candidate as a propagation technique for a variety of problems. The method maintains full mode separability
and thus scales linearly with the number of degrees of freedom, whilc it allows the flow of energy between
coupled modes through the introduction of time-dependent mean field potentials. The TDSCF scheme is gen-
erally successful when the coupling terms in the Hamiltonian are small, and/or when only average properties
are to be calculated; for example, it is often used to study energy transfer rates in molecules with weak bonds
such as van der Waals complexes. However, the TDSCF approximation is known to fail completely when the
dynamics depends on the specific character of the interaction potential [12]. To make the method applicable
in these more demanding cases, the TDSCF approximation has been generalized [12,13] to include multiple
configurations {MC-TDSCF), which are usually chosen on the basis of physical intuition. Even though the
MC-TDSCF treatment succeeds in remedying the basic limitation of the single configuration TDSCF, it is not
capable of producing quantitatively accurate results (at least with a small number of physically relevant con-
figurations ) when the coupling terms in the Hamiltonian are strong [12].

The purpose of this paper is to present another approximate mean field propagation scheme, best suited for
(but not limited to} system-bath problems, which is capable of achieving high accuracy while requiring com-
putational effort and storage that grow linear!y with the number of degrees of freedom. Unlike standard TDSCF,
which requires the wave function to be fully separable at all times, the present approach explicitly includes in
the wave function two-body correlations between strongly coupled modes.

The basic formalism, as well as some numerical techniques appropriate for selving the differential equations
that result, are described in section 2. In section 3 the method is applied to a strongly coupled three-degree-
of-freedom model reaction-path-type Hamiltonian. Numerical examples presented in that section illustrate the
quantitative features of the approach. Finally, some concluding remarks and suggestions for interesting future
applications of this technique are given in section 4,

2, TDSCF equations with two-body correlations for a system coupled to a bath
2. 1. Formalism

Consider a system consisting of one physically important coordinate s, which is strongly coupled to N bath
degrees of freedom {{J,}. We assume that the bath degrees of freedom do not interact directly {or interact weakly)
with one another. Such systems occur in many areas of chemistry and physics, both in gas phase and in con-
densed matter systems. An important class of such problems are chemical processes that involve large am-
plitude motion in polyatomic molecules, which can be studied using the reaction path Hamiltonian formalism
[16]. According to the latter, s represents the reaction coordinate, i.e. the coordinate along the steepest descent
path that connects the saddie point of the potential energy surface with the minima, and {() are orthogonal
locally harmonic vibrational degrees of freedom which are linearly coupled to the reaction coordinate,

The method proposed in this paper is no1 restricted to a quadratic bath; we will therefore consider a more
genera) Cartestan system—bath Hamiltenian of the form

N N
H(s, Q)=H,(s)+ k§1 H(Q+ kglﬁc(s) 2:(0:) (la)
where
p?
Hc{5)=2r-n+V0{S}, (1b)
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2

HAQO= 315 +1(Q), k=L, (1e)
m

and we have suppressed the momentum dependence of the Hamiltonians. For simplicity of notation we con-
sider the case of only two bath degrees of freedom, N=2, below. The multidimensional generalization of the
method is straightforward and is given at the end of this section.

The basic limitation of the standard TDSCF approach arises essentially because the bath responds to the
average force exerted on it by the system, rather than a force that is different for different values of the reaction
coordinate. To eliminate this problem, we introduce the following TDSCF-type ansatz for the time-dependent

wave function, which explicitly incorporates system-bath correlation:

P(s, O, Qs ) =01 (5. Qs 1) Bals s t) . (2)

The advantage of allowing the wave function to have this particular form, over the conventional fully separable
TDSCF function, should already be clear. Even when the initial wave function is fully separable, one expects
the system—bath separability assumption to break down afier a short time propagation when the system is strongly
coupled 1o the bath. Incorporating time-dependent system—bath correlation explicitly in the wave function al-
lows the effect of the coupling to be quantitatively accounted for, resulting in a dramatic improvement in ac-
curacy over traditional TDSCF. On the other hand, bath-bath correlation is induced only indirectly as the time
progresses through coupling of the bath to the reaction coordinate, and is thercfore a higher order effect. Thus,
the omission in ¢q. (2) of cxplicit correlation between different bath modes is not expected to constitute a
severe approximation, The validity of these points 1s very clearly demonstrated by the numerical calculations
presented in section 3.

To proceed, we wish to obtain self-consistent equations that govern the evolution of ¢, and ¢,. By substituting
eq. {2) in the time-dependent Schrédinger equation

% e, (3}

i o =

multiplying on the left by ¢%(s, Q2; ¢) and integrating over (J,, we obiain the following differential equation

for ¢, (s, Q; 1):

iho (s, Qv; 1) =H) ols, Q1) 00 (5, Q15 1) {4a)
where
Hiands, Qi) ={0: 16255 (5, ) [ B2 | HI6:)2(5, Q13 1) —i1AC @2 |92 32(5 )] . (3a)

Herg the subscript 2 indicates that integration over.(J, alone is to be performed; for example,
(@2 |H|p23,(5,0,: )= j d@, ¢3(s, O 1Y H(s, O, Q1) #2(5, 053 1) .

Similarly, the evolution of ¢,(s, {(; ¢) is found to be determined by the equation

1#9:(5, Qo3 ) =My e, Qa3 1) $2(5, Oo3 1) (4b)
where
Hy (s, Qb 1)Y= | & STHE O [ | H @y >0 (s, Gy ) 1A, |'§5| »i{s )] . (5b)

The existence of the time derivative terms in the effective Hamiltonians appears 1o complicate the numerical
evaluation of the latier. Notice, however, that by multiplying eq. (da} on the left by (s, (,; {) and integrating
over {J,, we obtain
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i,z,(<¢1|;z>.>. 4 <¢2|¢2>2) (H> L (6)

P10 (B2l9:>2) (D1 (6101<210252

where {f),; denotes the Hamiltonian averaged over the bath coordinates,
Hyals 0= [ a0 [ 40: 0705, 013 1) 9365, 023 ) H(s, 01, 0) Br(s. 015 1) 035, @si 1) - (1)

Making the symmetric choice

(il >y _ o <Oaldds 1 <Hdy 8)
{Oilen > (219202 241 >1{D2192)2

allows these terms to be easily calculated and guarantees that the effective Hamiltonians shall remain Her-
mitian at all times. The time evolution of the initial state is thus obtained by integrating the coupled differential
equations for ¢, and qf,‘»z.

Egs. (4}, with the effective Hamiltonians given by egs. (5), conserve the normalization of the total wave
function, as well as the mean energy. The norm conservation can be easily shown by writing

ih

%ODIG)): J.dv(<¢| 16151 < @212 52+ (B |91 >1 (P2 1612 >, + complex conjugate)

= J.(ic [(i%)~"{H>,;+ complex conjugate] =0,

where use was made of eq. (6) as well as of the hermiticity of the Hamiltonian. The energy conservation prop-
erty can be established in a similar fashion. Finally, because eqs. {(4) fully incorporate the correlation effects
due to direct system—bath coupling, the above equations are exact if only one of the bath moedes is coupled to
the reaction coordinate.

All equations derived above are straightforward 1o generalize to the case where the bath consists of N degrees
of freedom. Thus, eqs. (2), (4) and (5) become

(5, 0: )= T 0uls, Qi ). 9
146,(s, Qui 1) = Hyen(s, Qi 1) 80c(5, Qs 1) (10}

Hyew(s, Qi 1) =(knk j dQ 0% (5, Qs 1) 04 (5, On; f))

i . . ey N JdQe ¢35, Qi 1) G (5, Qi 1)
x 1, 60 0100, 000 His 01 Q) 005, 0 —in 3, (BTG 0 D
and the time derivative terms are easily obtained according to
I [dQy B1(s, Qui 1) Buls, Qs 1) _ ! o JdQe 63 (5, Qs D H(s, Qo On) 61 (5, Qi1 1) (12)

JAQe 035 Qe ) 0uls. Qs 1)~ N T8 JdQy 8% (5, Qs ) 01 (5, Qi+ )

The evolution of each function ¢.{s, Q. 1) 1s therefore governed by the average of the Hamiltonian over all
other bath modes @, k' # k. No averaging over the strongly coupled system coordinate is performed, The time
propagation is performed by integrating numerically N two-dimensional coupled differential equations of the
form of eq. (10), with the effective Hamiltonians given by eq. (11).
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2.2. Numerical procedure

Perhaps the most straightforward scheme for propagating a wave function according to the 1dea described
in section 2.1 is to discretize each ¢, on a two-dimensional grid, evaluate the right-hand side of eq. (10) at
each grid point, and use some differential equation solver to integrate the resulting first-order coupled differ-
ential equations by one time step. The number of grid points required can be minimized by performing all
kinetic energy operations in the momentum represeniation, in which the kinetic energy operator is local. The
transformation between the position and the momentum representation is performed very efficiently with the
FFT algorithm. Evaluating the effective Hamiltonians reduces essentially to computing two-dimensional in-
tegrals, and scales linearly with &. Another alternative [12] is to expand each system-bath wave function ¢,
in a basis set with time-dependent coefficients, and integrate numerically the coupled differential equations
which determine the evolution of the expansion coefficients. Note that split propagator algorithms [1] cannot
be used for the time propagation, because the effective Hamiltonian operators involved mix position and mo-
mentum for the 5 degree of freedom in a non-additive sense,

The choice of the most appropriate differential equation integrator will generally depend on the particular
problem and involves a compromise between speed and numerical accuracy. The simple second-order differ-
encing (SOD) scheme [ 17} requires a single evaluation of the Hamiltonian (which is the most time-consuming
part of the calculation) per time step; the local error of the method per time step Af scales as At>, but the global
error grows as A¢2 and often becomes unacceptably large after a few hundred propagation sieps. Higher-order
predictor-corrector or extrapolation [ 18] based algorithms are usually accurate and efficient. A sixth-order
Gear integrator [19] (which requires two Hamiltonian operations per time step) with fourth-order Runge-
Kutta [20] initiation procedure was found quite satisfactory in terms of speed and precision.

3. Applications

We demonstrate the high accuracy of the method described in section 2 by applying it to a model three-
degree-of-freedom system-bath Hamiltonian,

H—£+V()+ ; P—E+l 0 -4 13

= om ols kz=:1 Im 1mwiQi—f(5)0 ). (13)
To provide a challenge to the method, we choose V45(s) to be a symmetric double well potential, in view of
the difficulty that the standard single-configuration TDSCF approximation has been found to face in that case
[12]. The parameters are taken.such that eq. {13) describes tunneling of a hydrogen atom between two equi-
librium configurations which for ¢,=c,=0 are separated by a distance of 1.1 A and by a barrier of 7.8 kcal/
mol. The two bath degrees of freedom represent normal-mode-type vibrations and are strongly coupled to the
reaction coordinate 5. Two different forms of the coupling functions, which give rise to different symmetry
properties of the global potential [21 ], are considered: (a) linear coupling, /;(5) = ¢,s, and (b} quadratic cou-
pling, fi(s) =",

In the calculations presented below the time evolution of the initial states was obtained with the method
described in section 2; each of the two-dimensional wave functions ¢, and ¢, was discretized on a two-di-
mensional grid, and the corresponding amplitudes were propagated according to eqs. (4) using a sixth-order
Gear integrator routine {see also section 2.2). To compare with exact calculations, the same initial states were
propagated using Feit and Fleck’s split propagator algorithm [ ]. The single configuration TDSCF scheme was
also tried and compared.

For the firsf example f(5) =c,5 and /5(5) =c,5?, with ¢,=0.1 and ¢,=0.05 in atomic units, while w, =w,=
3000 cm~', Fig. 1 shows contour plots of the corresponding potential energy surface. It is obvious from the
extent of the distortion of the potential from the uncoupled (¢, = ¢, =0) fully symmetric potential that the effect
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Fig. 1. Contour plots of the potential used in the first calculation of section 3 (cf. eq. (13) ). The parameters are given in the text. The
numbers labeling the curves indicate the height of 1the potential surface in kcal/mol. (a) Plot of the potential as a function of s and ¢ at
fixed J>=10. {b) Plet of the potential as a function of sand @, at fixed @, =0.
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Fig. 2. The survival probability, eq. {15}, as a function of lime,
for the first calculation discussed in section 3. The circles indi-
cate resulis obtained with the method presented in this paper.
Exact results are shown by the solid line. The dashed line shows
the survival probahility as calculated with the standard single
configuration TDSCF approach.
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Fig. 3. The survival probability, eq. (15), as a function of time,
for the second example discussed in section 3. The circles indi-
cate resilts obtained with the method presented in this paper.
Exact results are shown by the solid line. The dashed line shows
the survival probabilily as calculated with the standard singie
configuration TDSCF approach.

of the coupling on the dynamics should be very significant. The initial wave function is chosen to be a three-

dimensional Gaussian of the form

D(s, O, Qs W =wo sy () wa(Ga)

(14)

centered at the saddle point (s=0,=(,=0) of the potential; v, and ¥, have widths equal to the widths of
the lowest energy eigenstates of the harmonic @, and @, potentials, respectively, while the s function y, is
chosen to resemble the ground state of the guadratic fit to V), about either one of the two potential minima.

Fig. 2 shows the survival probability,

P()=[{P) 190} *,

546

(15)



Volume 169, number 6 CHEMICAL PHYSICS LETTERS 22 June 1990

as a function of the time 7, as obtained with the present method, and compares with the exact results. The
agreement is seen to be excellent (error <0.5%) at all times. Also shown is the survival probability as given
by the standard TDSCF approximation; this is seen to deviate considerably from curve showing the exact re-
sults, as anticipated.

In the second test calculation the double well is coupled linearly to both of the bath oscillators, which have
frequencies o, =300 cm™"' and w,= 1000 cm~!; the coupling constants are ¢; =0.006 and ¢,=0.02 atomic units.
Strongly coupled low frequency bath modes have been found {21] to affect the dynamics in a very dramatic
way, and most known approximations are unable to treat such problems successfully. The initial state has the
form of eq. (14) and uses the same y, and w, Gaussian functions as in the previous example; the s wave func-
tion g, though, is chosen as the ground state of the one-dimensional double well V. Thus, the initial state is
an eigenstate of the uncoupled potential, and any non-trivial time evolution results merely from system-bath
coupling.

In this case the standard TDSCF approximation breaks down completely, as it fails to obtain any time evo-
lution of the initial state. This is so because the average forces (/> and bath positions {{J,)> over the sym-
metric one-dimensional initial wave functions are zero, and therefore the effective potentials are independent
of the coupling. The coupling terms drop out from the TDSCF equations at subsequent times as well, as the
wave function remains an eigenstate of the uncoupled Hamiltonian and is thus symmetric at any time, On the
contrary, the method presented in this paper yields very accurate time evolution because it explicitly takes into
account the effects of direct system-bath coupling. The survival probability is shown in fig. 3, where it is also
compared with numerically exact results. The quantitative agreement (error <0.5%) shows the power of the
present approach; the TDSCF result is P(¢)=1 for any time, as explained above,

4. Concluding remarks

The idea described in this paper constitutes a major step forward in the direction of exploring the dynamics
of strongly coupled multidimensional systems. The method shoutd be most useful for problems that involve
strong coupling or one physically important coordinate to several “bath” degrees of freedom. The novel feature
of the present approach is that it is based on the time-dependent mean field idea and therefore requires nu-
merical effort which grows /inearfy with the number of degrees of freedom, while at the same time it explicitly
incorporates two-body correlation between strongly coupled modes, thus achieving very high accuracy.

Apart from direct use to study the time evolution of systems initially prepared in a non-stationary state, an
important application of the technique presented in section 2 involves calculation of reaction rates in poly-
atomic melecules according to the flux correlation function [22] formalism, and this work is in progress.
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