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We describe an exact quantum-mechanical methedology for calculating Bellzmann-averaged rate constanis for a system cou-
pled to a harmeonic bath of arbitrary dimensionality. Reactive flux correlation functions are cvaluated using the quasi-adiabatic
propagator path integral (QUAPIL) method. Extremely rapid convergence is achieved; i.c. exact results are obained with three to
five 1ime slices even at temperatures as low as 100 K, and 1he numerical effort required is essentially independent of the number
of bath degrees of freedom, Thus, the proposed method provides an accurate and efficient scheme for studying quantum effects
in the low-lemperature kinetics of condensed phase reactions.

1. Introduction

The dynamics of a systemn coupled 1o a harmonic bath presents a challenging problem of great importance
to condensed matter chemistry and physics and has been given a great deal of attention. Among many con-
ceivable theoretical approaches, Feynman's path integral method [ 1] appears very appealing because it allows
the harmonic bath degrees of freedom to be integrated out analytically without introducing approximations,
While this procedure reduces the dimensionality of the problem dramatically, it introduces interactions non-
local in time into the dynamics of the system so that the latter is no longer solvable by conventional one-di-
mensional techniques.

In this Letter, we consider the generic system-bath Hamiltonian,

H=H+H,— i}_g{f)g, (1a)

Here A, describes the anharmonic system,

. pl

H =" +V(5, (1b}
2,

and

- no . p?

flo= ¥ M. H=5-+imwiQ; (1¢)
=1

is the Hamiltonian for the # harmonic oscillators |} which are lincarly coupled to the system and which con-
stitutc the bath. Discretization of the propagator in coordinate space leads to the fellowing path integral
CXPTression:
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where A is the number of time slices and Ar=1/N. Usc of the conventional Trotter formula [2] (which is based
on parlitioning the Hamiltonian into kinetc and potential energy terms) to approximate the short time prop-
agators leads to analytic expressions valid over very small time increments. and therefore {for interesting values
ol the total time f) to a high-dimensional integral. even afier the bath coordinates in eq. (2) have been in-
tegrated out. Due to the non-local nature of the influence functional that ariscs from integrating cut the bath.
the remaining integrations over the A — 1 svstem coordinates must then be performed by global ( non-iterative)
metheds. For large-dimensional integrals. one must resort 1o Monte Carlo techniques | 3] which are not well
behaved in the case of real time due 10 the oscillatory character of the coordinate propagator.

Significant advances have been made during the last few vears in the development of Monte Carlo methods
lor evaluating real time path integrals [4-20]. Though fairly successful for sufficiently short time. the algo-
rithms developed converge extremely slowly if longer time information is sought. The convergence praoblem,
known as the “sign problem™, manifests itself as phase interference among cfassical paths in the semiclassical
propagator and 1s inherent in real time quantum dynamics.

A different approach to real time path integration has been proposed recently [19] and applied 10 model
multidimensional problems [20]. The basic idea is to use an improved (compared 10 the Trotter) splitting
of the 1ime evolulion operator, based on a physically meaningful reference Hamiltonian, If the dvnamics of
the reference system is qualitatively similar to that of the full Hamiltonian, the corresponding propagator will
be accurate for ime increments of considerable length. Use of such improved propagators in the path integral
is expected to converge rapidly in that case.

For the system-bath Hamiltonian of eq. (1) a quasi-adiabatic propagator has been proposed [5] and found
Lo allow rather large time steps [19,20]. The reference Hamiltonian involves the potential along the adiabatic
path and is constructed numerically in terms of the one-dimensional eigenstates of the former. while non-adi-
abauc cffects enter via Franck—-Condon factors for displaced bath oscillators. The harmonic bath is then in-
tegrated oul. leading to an influence functional that incorporates the non-adiabatic corrections 10 the dynamics
along the one-dimcensional adiabatic path. Our experience to date has shown that the number of time slices
required for convergence is usually very small, leading to efficient quadrature or stable Monte Carlo schemes
for evaluating the resulting path integral,

In this Letter, we present a path integral scheme for caleulating Boltzmann averaged reaction rate constants
for a rcaction coordinate coupled 10 a harmonic bath. The calculation is based on Miller's reactive flux cor-
relation function {21 ], whose time integral yiclds the rate coefficient. In section 2 this correlation function is
expressed in path integral form using quasi-adiabatic propagators and the bath is integrated out to yield an
influence functional. Section 3 describes a grid Monte Carlo scheme for perfarming the required integrations
over the sysiem path integral variables. Applications presented in section 4 demonstrate the excellent con-
vergence properties of the method. [t is shown that with parameters tvpical of proton transfer reactions in con-
densed matter the proposed methodology 1s capable of vielding highly accurate results even at temperatures
as low as 100 K, and that the numerical effort required 15 essentially independent of the number of bath degrees
of freedom coupled to the reaction coordinate. Some concluding remarks appear in section 3,

2. Quasi-adiabatic propagator representation of the flux—flux cerrelation function

The starting point for the calculation of the rate constant is the reactive flux correlation function formalism
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of Miller, Schwartz and Tromp [21]. According to the latter. the Bolizmann averaged rate coefficient is given
by the time integral of the flux—flux corrclation function

{I’

k=z-'_[("r{f)dr. (3)
8]

where Z denotes the canonical partition function of the reactants, ¢, is the conventional “plateau time™ [22,23],
and the correlation function is delined by

Ce(ty=Tr[Fexp(iflit/myFexp( —ifit /fY] . (4)
Here £ is the symmetrized flux operator

Fe

G(S)+ (5 5
;.ms[ﬂs() (3] (5)
and the “dividing surface™ through which the reactive flux is measured is locaied for notational simplicity as
5=0. Finally, f.=1—1A8/2 is a complex uime that arises from combining the time cvolution eperator with the
Boltzmann operator and ff=1/ks7.

Evaluailing the trace in eq. (4) in the coordinate representation gives

T L
_.[ _ 47 Qo (ESE B as”as)

ﬁ:
Cr({}: ')”12

X Qo (57 lexpGHIZ/N 5" 55" Texp(—iHt /TS 1Q0 ) limv oy v o - (6}
Evaluation of the derivatives by finite difference Ieads to the cxpression
. #? . .
Cil(t) = WRe[K(sFD,SFD,O.O:I ) — K0, 5p. 0. 5ppi &) HK(0.0,0. 550 4. ) — Kisen, 0,0, 002 ]
=g AFD
(7)

where $,., is a coordinate point sufficiently close to the dividing surface and

o

K50, 55 Sware Sanar i 1) = J d"Qx](Qu|<52,«-+1|exp(iﬁf:ﬁ?)|5:\'+l><5_.\'[el\p(—iﬁf'cfﬁ)[-?nHQ{O- (8)

—

The last two terms in ¢q. (7) combine to @ pure imaginary sum and thus need not be included. However.
retaining these two terms gives rise to a smoother integrand in the discretized path integral expression (see
below) and therefore enhances the statistics of the Monte Carlo sampling.

Next, the time ¢, is divided into ¥ time slices of length At and each short time evolution operator is factorized
using the quasi-adiabatic propagator splitting [19].

exp( — AL/ B) ~exp( — T At/ 2R) exp{ —iIT, At/h) exp(—iTT g At/ 2h) . (9a)

In the last equation . is the renormalized system Hamiltonian with #,(5) replaced by the potential along the
adiabatic path,

52

2p—+VU § Z

H{($, p,) = (9b)

Zm W;

and
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n
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=1

is the Hamiltenian for the # adiabatically displaced bath oscillators. Taking advantage of the fact that the shifted
bath Hamiltonian depends only parametrically on the system coordinate. eq. {8) takes the form

2N+

K(Sg, Sas Sva1a Sane 1 de) = J. dsy ... _[ dyw_, I dsyyze J. dssw 1 s lexp(iH AL /R) 151D
=N+

N
X T Cselexpl—iH AL/ ) [5_1 2T (S0, Sty s Snz 1y Shy Snars oo S2n41) (10)
oy
where
n
T(S0, 81, ey SNC 10 SN, St 1a oy Sonvi i } = H F(S0, 510 s Syt Sivs S 1y oo Samva1 ) s
i=1

L= I dQio < Qio |exp[iH}(Sona 1 ) AL/ 2R] exp [iH ) (s2n) AL/ H]...

X expliFj(sy42) AL/ A) exp[iH(sne1 ) ALE/20] expl —iH {(sy) At/ 28] exp = T (sn_ 1) AL/ R]...
X exp[ —iH;(s,) At /R exp[ —iH(sp) AL/ 27] | Q)0 > (11}

1s an influence functional which incorporates the multidimensional non-adiabatic corrections to the exact dy-
namics along the adiabatic path described by the system propagators of eq. {(10).

Eq. {(11) is formally identical to the influence function that occurs in the partition function for a forced
harmonic oscillator, except that here the time contour I” is complex (sec fig. 1), Using Feynman’s familiar
resull [24], the influence function becomes

Im 1,
— : Re 1, !
0 \ t
~ 8 fi
= fiy
= fy et |— i
—RB2 = o | el
v [ .
fN+2
—ﬁ i T T T It T T T T T AF | —
p b t I INer ez o3 Fanal fane2
t
Fig. 1. The time contour I for the path integral of eqs. { 10) and Fig. 2. Schematic plot of the time-dependem force f(s(¢}) ex-
(L. erted on a bath oscillater along the time contour I with the com-

plex propagation time ¢/, discretized in1o ¥ slices; fi=7(s(6)).
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where ¢, and ¢, are the carlicr and later, respectively, of the two times ¢ and ¢” in the positive direction of the
time contour [. The first factor in the last expression arises from the bath-independent adiabatic renormali-
zation terms of eq. (9¢) and !? is the partition function for the jth oscillator in the absence of coupling. Note
that due 10 the exact treaiment of the system propagator {as opposcd to a trapezoid rule discretization of the
action) the force fi(£ )=£(s(+}) exerted on the bath by the system 15 not a continuous function of time for
finite values of A: rather, this force changes by finite sieps that correspond 10 the coupling at various discrete
points of the system coordinate. A related graphical illustration is given in {ig. 2

Because of the step function structure of the time-dependent force, the integrals in eq. {12) can be evaluated
exactly to give

where
pelew, Aty =sin[aw( b, — 6 FABY/ 2] sin (@it — 1) /2 ) /sinh(hefif2)
O (e At Y =cos [ (it il —te o — b TIRBY/ 2] sin[co,{tey | — 1) /2]
xsinf{e {1, 4 =1, )/2)/sinh{fiw B/ 2), k=k {14)

and 1, is th¢ complex time that corresponds to point s, on the path (see fig. 1). Finally, if the coupling functions
have a simple analytic form. ¢.g.. if

Tmax

fAs)y= 3% hs”, {15)

r=[

the exponentials corresponding to the various bath oscillators can be combined to yvield a compact expression
for the 1otal influence functional:

" 2N+ 2M+ 1 rmar rmas
=711 Ij-}exp( Z Yy ¥ Z Aie e CALYSESE. ) (16a)
=1 A= A =0 r=0r=
where the coefficicnts are given by the relation
4 (At = Z g {00, Al h’r!" {16b)
Akl e _. ] (2R LD ”T fJ

Eq. {10}, with the influence functional given by eqs. {16), is the main result of this section, The path integral
is expressed in terms of system propagators that describe the exact dynamics along the adiabatic path, with an
influence functional that incorporates 1he effecis of coupling to the bath on the dynamics of the one-dimen-
sional system, These effects enter via Franck-Condon-type faciors, as is seen frem egs. {16). Notc that the
cocfficients 4., are independent of the integration variables s5;. and therefore can be computed and stored
at the beginning of the calculation, As a consequence, the numerical effort required to evaluate the path integral
expression, €q. (10). is essentially independent of the dimensionality of the bath.

Finally, the infinite # limil can be taken ecasily from eqgs. (16). In that limit the bath is described by a con-
tinuous spectral density which for bilinear coupling f;(s)=¢v is defined as
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J(ew) = g i -“-' S{w—c,) . (17)

J

It is easy to show that the influence functional is still given by an equation of the form of eq. {{6a),
) 2N+ 2N+
1=.’“exp(— -y ¥ B,\.,‘.-(Af(.}.s'ks,\.-), {18a)
Ly )

where /% is the partition function for the uncoupled bath and the cocfficients are obtained from integrals of
the bath spectral density:

2 '
B (Ar)y= p J dw”% Ctpr (e AL) . (18b)

Finally, the reactant partition function Z is given by identical expressions but with the time contour being
a straight line from 0 to —i4# along the imaginary time axis.

3. Exact system propagators and Monte Carlo sampling

The 2N —2 intcgrations that appear (n the path integral expression for the flux correlation function are per-
formed using Monte Carlo sampling. The one-dimensional propagator for the adiabatically rescaled system
Hamiltonian is computed numerically in terms of the eigenfunctions @, and eigenvalues E; of A and stored
as an M XM complex-valued matrix on an W-point grid that spans the s coordinate [19]:

(s expl —iHL ALY s = Y, D5 )P yexp(—iE AL /) . (19)

The Monte Carle random walk is performed o# « grid as described in ref. [19]. Specifically. the value of the
s coordinate 1s incremented by randomly selected multiples of the grid spacing As, rather than in 4 continuous
fashion,

The absolute value p of the integrand of eq. (7) with the various propagator terms given by eqs. (10) and
{16) is uscd as the (un-normalized) sampling function, thus,

Clt)=D, J' ds, ... J. dsy_ J‘ ASnpaen '[ [ D, 7 pUS10 e Sv_ps Snpas e S2n )]
KU s S e S 2e v S38) (20

where S is the sign of the real part of the inteprand and D, is 1he normalization integral, i.e. the integral of the
sampling function p. The normalization integral is calculated by a separate Monte Carlo procedure with the
absolute valuc o of one of the system propagator products as the sampling function,

D,=D, J ds, ... J dsw_; J S zen j dsan [ D7 a08), s Syt S an oo San})

p(gl-‘--‘ ‘ST‘_?"__I’S"\""'z""' .5'2_.\:] (21)
TS e S 1 Sadze oo San)

where
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2N+ k3

TSy e Sy Snvgze o San) = . [J | CsalexpQUi AL/ A) |5y 0 A]_l | {splexpl—UI AL ) |50 0]
c= Nt ] =1

and

So =58 =FrD- Svsl =Sy =0,

Finally. the second normalization integral that appears in cq. (21} involves the onc-dimensional system prop-
agator and is computed by matrix muitiplication [25]. The results presented in section 4 were obtained with
two million Monte Carlo passes for each integration variable and the calculation took up 10 several hours of
CPU 1ime on an iBM RISC 6000/350 workstation.

4. Application

We demonstrate the stability and convergence propertics of the methodology described in sections 2 and 3
by applying it to calculate reaction rate constanis for a model svmmetrie double well system coupled to a con-
linuous bath. This model combines a number of interesting effects, such as competition between coherent tun-
neling and dissipation typical of two-level systems [26]. and also allows thermally activated processes to take
place. Consequently, a number of interesting questions concerning the kinetics of such a model may be ad-
dressed by performing accurate multidimensional quantum calculations; for the sake of brevity, however, we
reserve those issues for another article, and present only a few sample calculations here that illustrate the tech-
nical advantages of our method.

The parameters of the one-dimensional double well are chosen such that the barrier height is approximately
7.8 keal/mol and the mass is that of a hydrogen atom. The coupling is bilinear and 1he spectral density of the
bath has the form

Jw)=nwtexp(—m/m.) . {22)

with ts,=50 cm ! and 5= 10% au, The cubic spectral density at low frequencies is typical of three-dimensional
solids.

In the absence of coupling to the bath, the system exhibits coherent tunneling oscillations and does not dis-
play rate dynamics. Accordingly. the flux—{lux correlation function does not decay 10 zero and no rale constant
can be extracted. Rate kinetics are observed at finite values of the coupling due 1o the dissipative role of the
bath and the flux—flux correlation function decays to zero at a certain plateau tme. such that its integral yields
the rale constant. Thus, the effect that we are calculating is entirely due to muitidimensional dissipation and
therefore this model provides a challenging test to our method.

Fig. 3 shows the flux-flux correlation function at 100 K, as obtained from the path cvaluation of eq. (7},
with the propagators given by egs. (10) and (18}, This low temperature. which corresponds 1o deep tunneling.
1s chosen 10 provide a challenge 1o our method. For &= 3 the integrals over the 23— 2 svstem variables were
calculated by the Mante Carlo scheme described in section 3, while direct quadrature was used for ¥<3. The
results are presented for various numbers of 1ime¢ slices and the Monte Carlo crror bars are indicated. These
error bars are not easily discernible in the figure, though, because they are smalicr than or equal to the size of
the markers.

It can be shown that the single-step quasi-adiabatic propagator yiclds the exact one-dimensional {coherent)
dynamics along the adiabatic path in this case, and thus the A= flux correlation function does not decay 10
zero. It is secn that the convergence of the correlation function with A is very rapid: the results are converged
10 about 10% alrcady at ¥ =3. and fully converged results are obtained with just five time slices. This very fast
convergence 1s due 1o the use of quasi-adiabatic propagators based on a physically meaningful reference Ham-
iltonian. Furthermore, the use of exact cigenstates 10 construct the one-dimensional system propagator results
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in an integrand which contains true dynamical information; thus, the sampling function is optimal, and min-
imal phase cancellation takes place, leading to small statistical error in the Monte Carlo results. Thus, we con-
clude that the methodology described in this Letter provides a powerful scheme for calculating reaction rate
constants in tunneling-dominated condensed matter systems exact/y, 1.c. without introducing any uncontrolled
Approximalions.

5. Concluding remarks

We have described an exact, fully quantum-mechanical methodology for calculating thermally averaged rate
constants for condensed phase reactions. The quasi-adiabatic propagator representation of the path integral
leads to convergence with large time steps and allows optimal Monte Carlo sampling. thus permitting eval-
uation of the resulting integral with small statistical ecror. The derived influence [unctional expressions in-
corparate non-adiabatic ctfects due to the multidimensional nature of the problem and are easily evaluated
both for a continuous and for a discrete bath. 1o the latier case the required numerical effort 1s essentially in-
dependent of the number of coupled bath degrees of freedom, and thus this methodelogy is convenient for
performing calculations in cases where the phonon spectrum and coupling functions are obtained numerically
from a normal mode analysis of a finite lattice cluster.

To our knowledge, the numerical application presented in section 4 represents the first exact treatment of
the rate kinetics in the case of a continuous coordinate coupled 1o a dissipative bath at low temperature. The
rapid convergence observed 1s very encouraging. We believe that the QUAPI methodology for rate constants
described 1n this Letier offers a very useful tool for answering a number of intriguing questions concerning
chemical reaction dynamics in the condensed phase, and we are in the process of investigating various such
questions.
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