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We use classical and quantum mechanical methods to calculate the site-to-site hopping rate of
hydrogen impurities in crystalline silicon over a wide range of temperatures. The calculations
employ a parameterized version of a potential surface calculated via density functional methods,
expanded through quadratic terms about a Cartesian reaction path with a flexible reference. The
hopping rate is obtained from the time integral of a flux correlation function which is evaluated
using classical molecular dynamics and real-time path integral techniques. The latter are based on
the quasiadiabatic propagator discretization and utilize a combination of discrete variable
representations and Monte Carlo sampling for the evaluation of the resulting multidimensional
integrals. Our results indicate that quantum mechanical tunneling plays a significant role in the
diffusion process even above room temperature. In addition, the calculated diffusion rate exhibits a
reverse isotope effect in the domain between activated and tunneling dynamics which arises from
the zero point energy of the hydrogen atom in the direction perpendicular to the line connecting two
stable minima. ©1998 American Institute of Physid$0021-960808)51616-9

I. INTRODUCTION The dynamical nature of hydrogen has proven more elu-

) ) . _ sive, and several different pathways have been
Understanding the behavior of semiconductor mate“al%uggeste&.g’“'lf’The calculations of Van de Wallg based

and the influence of environmental disturbances on theiE)n density functional theory, suggest the saddle point lies

properties is essential for advances in present-day technology. .. ihe ¢ sitésee Fig. 1 Calculated values of the activa-
and also for the design of molecular-level devices. One sucnOn barrier vary from 0.17 eV to 0.84 ¥ Given such

perturbation is the lattice impurity. In particular, whether in discrepancies it is not surprising little agreement exists re-

the construction or modification of semiconductors hydrOgerbarding the behavior of the diffusivity, especially at lower

s often, welco_me or not, a visitor to the Ia_tt|c_e. The mobility temperatured.Most theoretical studies of the hydrogen dy-
and amphoteric nature of hydrogen and its isotopes make |t_ . . .
amics have been based on classical trajectory

reactive with donors or acceptors, changing the electrical anglmulationé'g'mand are therefore restricted to high tempera-
optical properties of the semiconductor.

This article focuses on the dynamical aspects of hydrowres' Quantum mechanical treatments employing equilib-

gen impurities in crystalline silicon. Despite its apparent sim-"um path integral calculations of thermodynamic averages

. . . . _19 _
plicity, hydrogen has been difficult to observe as an isolatec?.nd distribution func’gori"'a]. have concluded that nonclas
impurity in this material. In particular, experimental mea- sical effects can be significant at low temperatures. And most

surements of its diffusivity show a sizable spread. At highrecently centroid path integral calculations showed signifi-

temperatures, experimental data by Van Wieringen ang§@nt thermally assisted tunneling effects below 10_60 K.
WarmoltZ indicated an Arrhenius dependence of the diffu-1owever, no dynamical calculations of the contribution of
sion coefficient corresponding to an apparent activation enduantum mechanical tunneling to the diffusion process of
ergy of 0.48 eV, while at lower temperatures deviations fromhydrogen have been reported.
this Arrhenius curve corresponding to rates that are smaller In the following we apply Feynman's path integral for-
by several orders of magnitude have been obsetv€dhis ~ Malism to the dynamics of hydrogen impurities in crystalline
unusual behavior has been attributed to the switching of th&ilicon. For this purpose we employ a Cartesian reaction path
diffusion mechanism to non-nearest-neighbor hops above @ecomposition of a parameterized potential energy sutface
characteristic temperatufe. about a flexible lattice geomefyto construct a system-bath

A number of electronic structure calculatidh®*predict ~ Hamiltonian, whose dynamics is treated via numerically ex-
the bond-centefB) site (the midpoint of a stretched Si-Si act path integral methods. In particular, we utilize the quasi-
bond as the minimum energy position for a hydrogen impu-adiabatic propagator path integral scheme developed earlier
rity. This assignment is in harmony with experimental elec-in our groug®?*to calculate rate constants for hydrogen
tron paramagnetic resonan@@PR) data’® Insertion of a hy- motion between adjacent stable sites. The results of the cal-
drogen impurity in a silicon bond is accompanied by culations are compared to those predicted via classical rate
significant lattice relaxation, where neighboring silicon at-theories and discussed in connection with experiments and
oms exhibit displacements of 0.4 A while nearest neighborsimulations performed on related systems. Our analysis im-
relax by 0.07 A2 plies significant tunneling contributions for both hydrogen
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FIG. 1. Silicon lattice atoms surrounding a hydrogen impurity at a st@le
site. The C and P sites are also shown, along with a sketch of the reaction
path.

and deuterium in crystalline silinon, as well as a weak in-
verse isotope effect originating from the zero point energy in
the direction orthogonal to the line connecting two stable
sites of the parameterized potential.

Section Il describes the potential energy surface t.hat we ~1'36 —0.9 -0.44 0.02 0.48
use and the system-bath decomposition. The path integral (b) (1101
methodology is reviewed in Sec. lll. Section IV presents the
classical and quantum mechanical simulation results for the
diffusion rates of hydrogen and deuterium in silicon and dis-
cusses the unusual isotope effect that we observe. Some con- -0.16
cluding remarks are given in Sec. V.

Il. POTENTIAL ENERGY SURFACE AND SYSTEM-
BATH DECOMPOSITION

Our calculations employ a single impurity atom embed-
ded within a 64-atom silicon lattice with periodic boundary —1.24 0
conditions. This configuration of crystalline silicon has ad- -1

.24 -0.62 0.0 0.62 1.24
equately reproduced the experimental phonon spectrum. We © (110

adopt a Cartesian coordinate system wherextdeection is
defined by the line connecting two silicon atoms in (h&0 tions; the unit is angstromé&a) Silicon lattice atoms relaxed at each position
direction and thez coordinate corresponds to tti@01) di- of the hydrogen atomb) Lattice relaxed with respect to the hydrogen fixed

FIG. 2. The parameterized potential surface in tb@l) and (110 direc-

rection at a B site(c) Lattice relaxed with respect to the hydrogen fixe@ # site.

Herrero and Ramirez have proposed convenient pa-
rameterization of the potential energy surface obtained by
Van de Walle using density functional thedA/Figure 2a) respectively. Note that the unrelaxed B site is not a potential
shows the parameterized potential energy surface as a fungiinimum. Indeed, lattice relaxation is quite significant,
tion of thex andz coordinates of the hydrogen atom with the amounting to a 0.3 A displacement of the silicon atoms ad-
lattice atoms relaxed to their equilibrium position at eachjacent to hydrogen as the latter is insertedhiB site.
fixed location of the hydrogen atom. Conjugate gradient To arrive at a Hamiltonian convenient for calculating
minimization was used to generate these surfat&me ob-  diffusion rates we employ a Cartesian reaction path decom-
serves a potential valley that connects the two stable B siteposition in which the coordinates of the silicon atoms along
The midpoint along this valley is a shallow minimum and with the y coordinate of the hydrogen atom are treated as
two saddle points located on either side of this minimum carharmonic degrees of freedom and denoted collectiveliRby
be identified. We refer to the former midpoint in the meta-The hydrogen-silicon potential is expanded through second
stable region of the potential as the P site. For comparisorgrder in these coordinates. Due to the sizable relaxation of
the potential surface calculated by Van de Walle has a singlthe silicon lattice, a quadratic expansion about a single equi-
saddle point halfway between the two stable sites and soméibrium geometry does not offer an adequate description of
what closer to the T site. Contour plots of the parameterizethe process. Instead, we employ the flexible bath reference
potential surface are also shown in Figgb)2and Zc) as  developed by Ruf and Millét where the potential expansion
functions of thex and z coordinates of hydrogen with the is about a reference configuratiéty(r) that depends para-
lattice atoms fixed at their equilibrium position correspond-metrically on the remaining coordinatess (xy,zy) of the
ing to the hydrogen occupying a stable B site and the P sitdyydrogen atom:
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In the spirit of the quasiadiabatic propagator reviewed in 0.0 \ .
the next section, our reference configuratig(r) is chosen 2 » 0 1 5
to minimize the overall potential energy at each value of the @ i
x andz coordinates of hydrogen. The first derivative terms in T
the above equation vanish. The parameterized potential with 4.0

all bath degrees of freedom relaxed with respect to each

location of the hydrogen atom is shown in Fig(aR 3.0 4
This potential is further simplified via a quadratic expansion
in the z coordinate along the one-dimensional path 2.0
=g(xH)/mef which minimizes the energy for a fixed
value ofx, . With this expansion, the potential of the refer- 1.0
ence configuration takes the form
0.0 T {
0 1

Vox 104 eV

V(r,Ro(r)=~Va4(Xy,2Z4) '

-2 -1 2
=Vo(Xy) (b) xp A
2 ) .
1 2 g(xy) FIG. 3. (a) Potential energy surface along the minimum energy tta
+§mH‘*’L(XH) Zy— My, (xp)2] first term in Eq.(2.2)) as a function of thex coordinate of the hydrogen
L atom. TheP site corresponds t&,=0. (b) Potential renormalized by the
(2.2a addition of the impurity’s zero point energy along thelirection (see Eq.
(2.2) as a function of thex coordinate of hydrogen.
where
Vo(Xn) = V(X ,9(Xn),Ro(XH,9(Xn))) (2.2b
and calculation we assume the modes and the corresponding
2 force constants of the oscillators associated with the motion
My, (Xy)2= V(1R r= gt (2.20 of the silicon lattice and thg cgordlnate of the hydrogen
H Jzy H=H atom are throughout the dynamical process the same as those

of the P site which corresponds to the system coordisate

's the (variablg force constant of the hydrogen atom in the =sp. Evaluating the reference configuration through lowest

direction perpendicular to the line connecting two stable

e . g order in the deviation from the one-dimensional minimum
minima. For a given value of the system coordinate we cal-

culate the one-dimensional potentid) using a ninth order energy patrg=g(s) makesR, a function of the system co-

o ) : . ordinate alone. With these assumptions the potential describ-
polynomial interpolation, allowing 56 silicon atoms as well .

as they andz coordinates of hydrogen to relax. The potential ing the bath degrees of freedom takes the form
V, along the one-dimensional pafy=g(xy)/myw? is il- L(R—Ry(5))-K-(R—Ry(S)), (2.3a
lustrated in Fig. 8). Herrero and Ramirez attribute the kinks _ _ )
to the inadequacy of the parameterized potential energy iWhereK is the force constant matrix at the P site,
the multidimensional region connecting the two minima. #V(r,R)
Such limitations are more pronounced in empirical potentials K=-———
for solids with considerable lattice relaxation accompanying IRIR
impurity motion. With the above approximation the lattice- . . L
independent term of the potential becomes a function of onlghe required second derivatives are calculated by T'n'te dif-
the x of the hydrogen coordinate, which we designate as th crence. We note the ab_ove treatment neglects dlrect_ cou-
system coordinats. For simplicity thez coordinate of hy- p!lng between ther coordmgte .Of hydrogen and. the lattice
drogen is denoted as dlspla_cements. Such coupling is deemed sufficiently weak.
The frequencyw, associated with the coordinate of _ It is useful to convert _to the mdependeqt mode represen-
the hydrogen atom varies by as much as a factor of fouFat'O.n of Eq._(2.36). For this purpose we defm_e the transfor-
along the minimum energy valleng(s)/mef, while mation matrixU and the normal mode coordinate vece@r
most of the remaining modes change by less than 10% fror‘ﬁUCh that
the B site to the saddle point region, the highest deviation
arising from the mode associated with thecoordinate of
hydrogen which undergoes a 20% variation. To simplify theand

(2.3b

Ry(sp)

K-U=U-A 2.4
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R—Ry(sp)=m~Y2.U.Q, (2.5 surface by the potentid¥y(s) along the minimum energy

_ path plus the adiabatic zero point energy in thdirection
where K=m~"2.K.m~"2 is the force constant matrix in (see, for example, Refs. 2729

mass-weighted coordinates, is the diagonal matrix of ei- )
genvaluesw? andm is a diagonal matrix that contains the ~ Vixn(S,0)—=Vad S)=Ver(S) + 2fiw, (S). (212
atomic masses. Writing

-1/2

Indeed, zero point vibration determines the effective barrier
R—Ry(S)=Rg(sp) —Ro(s)+m ¥2.U-Q (2.6)  the hydrogen atom experiences, such that @dl2 gives

] ) ] the relevant potential to the extent that the motion is confined

leads to the following lattice normal mode representation oty 3 narrow valley surrounding the minimum energy path.

the hydrogen-silicon potential: Deviations from this picture, known as “corner cutting,” are
n responsible for quantitative differences in the results of this
V(r,R)~V(5,0) + 2, (302Q7—fi(5)Q)), 2.7y simplified treatment from those based on the full two-
i=1 dimensional reaction surface.

where the reaction surface potential is given by the expres- | € vibrationally adiabatic system potential energyq,
sion is shown as a function of hydrogenss coordinate in Fig.

3(b). The apparent inversion of the potential energy in the
Vixn(S,0) =~ Vad(S,0) metastable region is due to the added zero point energy of
L the hydrogen atom along the direction. In the potential
+ 2(Ro(S) ~Ro(sp)) -K-(Ro(S) —Ro(Sp)) parameterization by Herrero and Ramirez, the frequency of
(2.8  the motion associated with tiecoordinate initially lowers
as the hydrogen moves away from the B site but rises as the
metastable region is approached, leading to an increase of the
f(s)=UT-m~Y2.K -(Ry(S) — Ry(Sp)) (2.9  barrier height in Fig. &). This feature deviates from the
results of Van de Wallest al'? in which the distance be-
is the couplingforce) vector. The forces;(s) are a measure tween the impurity and vertex silicon atom increases as the
of the interaction between lattice and systére., displace-  jmpurity moves from the B site to the region between the C
ments in the lattice as the impurity moyemd the source of and T sites. The resultant energy barrier we calculate is 0.34
dissipation which leads to rate dynamics. eV for the zeroth order system Hamiltonian. It is important
Due to its sizable variation along the reaction path, theo remember, due to the adiabatic treatment, the barrier for
frequency of the hydrogen impurity in tizedirection cannot  deuterium is~0.03 eV lower than the barrier for hydrogen
be treated as constant. By virtue of the quadratic expansiogiffusion. The value for the activation barrier is above the
of the potential characterizing the reference configurationdensity functional theory value of 0.2 eV obtained by Van de
Eq. (2.2), the z coordinate of the hydrogen atom acts as amyalle'? and below that inferred from the high temperature
additional bath oscillator whose frequency varies along th%xperiments of Van Wieringen and WarmoltGiven the
system coordinate. As a result, the potential of B8  wide variance between experiment and theory regarding bar-

and

takes the form riers we consider this value acceptable, in particular since the
1 g(s) |2 overall qualitative aspects of the hydrogen/deuterium dy-

Vixn(S,0) =Ve(S) +§me l(s)z( q- mz) , namics process are of the utmost concern. The parameterized
HPL (2.10 potential of Herrero and Ramirez captures the relevant po-

tential features adequately.
where the one-dimensional effective potential is

lll. RATE METHODOLOGY
Veir(8)=Vo(S) + 5(Ro(S) = Ro(Sp)) -K - (Rg(S) = Ro(Sp)). . . . .
(2.11) With the exception of very low temperatures, impurity
diffusion in solids is an incoherent process involving jumps
Because they, degree of freedom couples only to the systempenyveen stable sites. In this regime the diffusion process is
coordinates its effect on the dynamics can be captured viagegcribed by a rate equation. Below we focus at intermediate
an appropriate influence functional which is obtainable iNtemperatures dominated by incoherent hops to neighboring
closed form. The latter is given explicitly in the Appendix. potential minima. Effects of multiple hops become signifi-

We note that the quadratic expansion of ER.2) is not  cant ot high temperatures and have been the subject of other

essential to the methodology described in Sec. lll, as thg,qie
influence functional from a single anharmonic degree of free-  the calculated rate constant corresponds to one-
dom can still be calculated numericaffy. dimensional motion. To convert to diffusivit), the rate

It is interesting that a simplified one-dimensional treat-.ynstantk is multiplied by areal dimensioA, in this case
ment of the reaction surface can capture the main qualitativpength of path squared, a symmetry factordue to six

aspects of the diffusion process as well as providing insightquivalent B sites to which hydrogen can travel, and divided
into the unusual isotope effect that we observe. Taking adby twice the dimensionalitg=3 of the problen?®

vantage of the considerable mismatch between the local fre-
guencies of the hydrogen atom in tkeandz directions one WA

can consider replacing the quadratically expanded reaction :k%' @D
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It is useful to reference the rate with respect to classicalengths. For this reason it is best to place the dividing surface
transition state theofy (TST), which involves the ratio of at a saddle point in the classical calculation of the rate. If the
the patrtition function for the stable modes at the barrier topdynamics is treated quantum mechanically, zero point energy
to that of the reactant configuration. With the two- effects prevent such trapping, while faster convergence of
dimensional treatment of the reaction surface the TST exthe path integral is observed when the dividing surface is
pression takes the form placed at the P site.

-1

BB (3.23

=——>€ . .
ST 27B%w] A. Classical rate calculation

where Z is the classical partition function of the reactant ~ The transition state approximation ignores the possibility

well. Using the harmonic approximation to the reactant parfor recrossings of the dividing surface and therefore can only
tition function, Eq.(3.28 becomes overestimate the rate within the framework of classical me-

chanics. Classical dynamical effects are captured in the reac-

K _ @Wo w_ge*BEb (3.2 tive flux expression for the classical ratg, which gives the
ST 27 o) ' ' transmission factor in the forfh
In the above equation8=1/kgT is the inverse temperature 2&: : _
in units of the Boltzmann constand, is the frequency of the KC'_kTST fim ({O(x(1)))+ = {(X(1)))-) - @3

t—t
system potential at the stable poimf andw; are the fre- P

guencies at the reactant minimum afmverted barrier top,
respectively, andg, is the barrier height of the two-
dimensional potential defined in E.2), which is the same : ) ) : i :
as the barrier height of,. Here the effects of variable fre- trajectories which end in the product region at time
quency in thez coordinate enter through the ratio of frequen- We have calculated the classical transmission coefficient
cies at the two sites. In the results presented in the nex4Sing Monte Carlo molecular dynamics; n particular, we
section the reaction rate is referenced with respect to thfollowed a scheme developed by Zhaeigal™ utilizing the
more accurate TST expression, E§.2a, which is evalu- Boltzmann operator of the system-bath Hamiltonian at the
ated numerically. In the context of the simplified one- dividing surface as the sampling function.

dimensional approximation to thecoordinate of hydrogen We note that at the highest temperatures considered,
the TST expression reads where the rate is high, the classical correlation function ex-

hibits early exponential decay rather than a well-defined pla-

Here 6 is the conventional step function. In the above ex-
pression the transmission factor is obtained as the difference
between the fraction of initially reactive and non-reactive

gad _ @0 - g 3.2 teau. In these cases we include a small correction factor to
TST_Ee : (3.2 the rate given by the reactive flux formalism via the modifi-
cation
In that case all effects due to the varying frequency of hy-
. t
droger_1 enFer through the modified energy barEi@‘il of the Z*lf Ci(t') dt’ =k exp(—2kt). 3.4
potential given by Eq(2.12). The contribution of dynamical 0

and/or quantum mechanical effects is conveyed through the
transmission coefficient which is defined as the ratio of the
reaction rate divided by its appropriate classical TST valueB. Path integral methodology
Rigorous calculations of the rate constant require follow-
ing the dynamics by classical or quantum mechanical meth-r
ods. This task is most efficiently accomplished by evaluatingﬁ1

the reactive flux that crosses a fictitious dividing surface,. . :
. : tions. Here we adopt the formalism of Miller, Schwartz and
separating reactants from products. The main advantage 36.37 . 1n: )
r ~=fwhich expresses the rate constant in terms of the

the reactive flux formalism is that one need not follow the,. om.p, . .
: - . “time integral of a flux correlation function,

reaction from start to finish but only for a representative

“plateau” time t,. The system is placed at or near the k—Z‘lftpC 0 dt 3

saddle point of the potential surface with initial conditions N 0 «(1) dt, 3.9

selected from a statistical distribution and the ensuing dy- ) o i

namics followed for the time, chosen long compared to the where the correlation function is defined as

molecular time s_cales of_the systems but generally much Cf(t)=Tr(FeiH‘:””Fe*iH‘c”‘). (3.6)

shorter than the time required for transformation to products.

The use of an equilibrium correlation function to infer the In the last equatiotd is the Hamiltonian that characterizes

reaction rate rests on Onsager’s “regression hypothe¥is.” the reaction andr is the symmetrized flux operator,

In the present case, where the potential surfaces exhibit a
shallow minimum rather than a true saddle point at the mid- F
point between stable minima, placing the dividing surface at
that point decreases the efficiency of the classical calculatiowhich measures the quantum mechanical reactive flux
as trajectories can be trapped there for considerable timéarough a dividing surface that intersects the reaction coor-

Yamamota® as well as Miller and coworker$;*” have
esented fully quantum mechanical expressions for deter-
ining reaction rates by calculating flux correlation func-

= Z—mH[psﬁ(s—soH O(S—Sp) Psl, (3.7
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dinates at a points, and which separates reactants from Similar relations hold for the simplified one-dimensional
products. Finallyt.=t—i# 3/2 is a complex time that arises treatment but the potential of E¢3.12 is modified in that
from combining the time evolution operator with the Boltz- case to include the adiabatic zero point energy.

mann operator. EQ3.5) is the starting point for numerous Next, the time evolution operator for a complex time
rigorous or approximate calculations of quantum mechanicahcrementAt, is split symmetrically as the product

rate constants. _ _
Using the system-bath Hamiltonian developed in the last exp(—iHAt:/h)~exp(—i(H—Ho)Atc/2h)

section, the starting point for our calculation of the quantum X exp(—iH oAt /%)
mechanical flux correlation function is Feynman’s path inte- )
gral formulation of quantum mechanit&3® Approximating Xexp(—i(H—Hg)At/24) (3.139

the derivatives in E((3.7) using finite difference the expres-

| ' - 2 ; which can be evaluated in the coordinate representation to
sion for the flux correlation function is brought into the

give the quasi-adiabatic approximation to the short time

23
form propagator. Use of the latter to evaluate the complex time
72 evolution operators in Eq(3.9 leads to the following
Ci(t)= ZTRQK(SFD’SFD,O,O;IC) QUAPI representation of the terms entering the expression
MHSrp for the flux correlation function, E¢3.8):%
~K(OSrp,0rpite) + K(0,0,08¢0:tc) K(S1,Sn+1,SN+2:San+2;tc)
—K(s¢p,0,0,01c)], (3.9 - w oc
where s is a system coordinate point chosen sufficiently J,xdsz' o f,wdSNL dSu+g

close to the dividing surface to approximate derivatives and A2

- "4 s |eiodte/t|g,
K(S,S’,S”,Sm;tc)ZJ’ dqj dQ<q|<Q|<Sm|elHtc/fi|sn> f_x 32N+1k=1;[+3< k| | k l>

N+1

X(s'|e Htc/t|s . 3.9 -
< | | >|Q>|q> ( ) xkl:lz <Sk|e 'HOAtc/ﬁ|Sk_1>
Until recently, evaluation of path integral expressions
involving real time propagators was generally unstable due XF(51,S2, + -+ SN SN+11SN+2» - - - Son+2). (3.13D

to phase cancellatiolf. We have been able to obtain con- At=t /N i lex i ¢ i infl
verged results using the quasiadiabatic propagator path int rereat.=1c/N 1S a complex ime step and|Is an nfiuence

gral (QUAPI) methodology for rate constants developed re_tgnct:;)nalsthat lalmses frdqg] ényefgljratlng ?Ut t?e b?t.h As ”.‘eg'
cently in our groug?? This employs a one-dimensional 10"€d in Sec. Il, a modified influence functional is require

adiabatic reference to partition the time evolution operator¥0 mctlrl:de th.e;fficts of the E'mi dep(;:n??hnt oscnlgtor anfsmg'
The reference HamiltoniaH is constructed from the Car- rom the variable frequency treatment ot the reaction surtace:

tesian kinetic energy of the system plus the potential along F=Fpam{{®i,Ti})Fanami @, (S),9(s)). (3.14
the one-dimensional adiabatic path which minimizes the total

potential energy at fixed values of the system coordiffate. The first component of this expression, the harmonic influ-

This path is specified by the relations ence fl'Jnct'ionaI_, was given e>.<plicitly in Ref. 23. The second
factor is given in the Appendix.

_fi(s) _9(s) 31 The propagators involving the one-dimensional adiabatic

Qi= wiz o 4= myw” (3.10 referenceH, are evaluated exactly using basis set methods,
_ o such that the only approximation entering Eg§.13 is due

The resulting reference Hamiltonian takes the form to the factorization of the propagator into parts involving
2 N £ (g)? non-commuting operators. This factorization becomes exact

Ho:&jLVeﬁ(s)_ ‘(5)2 _ (3.113 in the limit of a high-frequency bqth. For finit_e frequepcy
2my i1 2w bath degrees of freedom the error introduced is proportional

to the nonadiabaticity of the Hamiltonian and the quasi-
adiabatic propagator becomes exact only in the limit of van-
" f(s)? 1 1 ishing time step. Thus, the role of the influence functional in
> ———==f(s)- A 1-f(s)==(Ro(S) —Rg(sp)) -K the quasi-adiabatic propagator path integral, BdL3), is to
=1 207 2 2 include multidimensional nonadiabatic corrections to the ex-
(Ro(S)—Ro(sp)) (3.11p  actdynamics along the adiabatic path; these corrections be-
come more accurate as the time slicing of the path integral
and thus the last term in E¢3.113 cancels the terms added becomes finer. Compared to conventional schemes for split-

to Eq. (2.8) via the system-bath decomposition. As a resultting the time-evolution operator which employ the bare ki-

Notice that by virtue of Eqs(2.4) and (2.9 we have

the reference Hamiltonian is simply netic energy as the reference, the QUAPI offers the advan-
2 tage of convergence with much larger time steps.
HOZ&_{_VO(S)_ (3.12 The (2N—2)-dimensional integral in the QUAPI repre-

2my sentation of the flux correlation function are evaluated via a
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combination of quadrature and Monte Carlo techniques. At 1.00
higher temperatures the oscillatory character of the integrand
necessitates the use of quadrature methods. Multidimen- 075 1
sional integration is made feasible via the use of system- 3 050 -
specific discrete variable representatBn®VR) of the in- %
fluence functionaf® For this purpose the system coordinate X 0.25
operators is diagonalized in the basis of eigenstates of the ©
reference Hamiltoniakl,, generating quasi-discrete position 0.00 1
states with eigenvalues that form the DVR grid. As the tem- 0.5 . .
perature is lowered, more time slices are necessary for accu- ' 0 20 40 elo 80
rate discretization of the path integral, rendering multidimen-
sional quadrature methods impractical. Fortunately, the @ 515
stronger damping associated with lower temperature leads to 2.0
smoother behavior of the integrand, making Monte Carlo
schemes applicabfé. 1.5 1
At temperatures above 400 K the calculations presented 3 10-
in the next section converged with=3 or 4 and employed N '
multidimensional quadrature with 16 and 32 DVR points per % 05
integral dimension for H and D respectively. In this tempera- ©
ture range most quantum paths contributing to the flux cor- 0.0 1
relation function are confined in the vicinity of the dividing
surface. For this reason several points near the edges of the 05 ' ' '
DVR grid can be neglected without significantly degrading 0 20 40 60 80
the accuracy of the results. For hydrogen, with the present (b) . fs
parameters we were able to reach convergence by treating 20
explicitly a subset of only four DVR points closest to the
dividing surface, leading to significant acceleration of the 1.5 +
path integral calculations. 5
At or below room temperature a finer discretization of w 1.0 1
the time contour was necessary, witl=14 . The resulting % 0.5 -
integrals were evaluated via a variant of the Monte Carlo Q
methodology developed by Topaler and MakrEnhanced 0.0 4
efficiency was achieved by performing the Monte Carlo ran-
dom walk on a multidimensional DVR grid of at most 64 05 ' ' '
0 20 40 60 80

points per dimension. Typically, the results shown in the

next section were obtained with 3610° Monte Carlo ) t.fs

pomts per integration Va”able_'_ ) ) FIG. 4. Quantum flux correlation function at different temperatures calcu-
Finally, the reactant partition functiod is calculated Jated via explicit treatment of the hydrogenmode. () T=850 K, (b)

using the above methods except the time contour is solel§y=298 K and(c) T=200 K. The error bars correspond to one standard
i i deviation of the Monte Carlo results and are representative of the errors at
imaginary. .

shorter and longer times.

IV. RESULTS - . .
crosses the dividing surface. These recrossings persist even

In this section we present our path integral results for theat the lowest temperatures considered, although their magni-
diffusion rate constant of hydrogen impurities in crystallinetude decreases with decreasing temperature.
silicon. In order to deduce the role of quantum mechanical The classical and quantum mechanical diffusion rates for
tunneling to the kinetics of hydrogen diffusion we comparehydrogen are shown in Fig. 5 and compared to the classical
the path integral results with those given by classical rat& ST estimate. These results are also given in Table | in terms
theory. We emphasize that the validity of our conclusions isof classical and quantum transmission coefficients expressed
intimately connected to the accuracy of the potential surfacevith respect to the appropriate two-dimensional or simplified
employed in the calculations, and the behaviors emergingdiabatic TST rate, Eq.3.2b or (3.20, respectively. The
from our work are to be understood primarily as qualitativerate is seen to vary by nearly ten orders of magnitude over
trends. the temperature range considered. The classical transmission

Figure 4 shows the quantum mechanical reactive flux agactor is considerably smaller than unity. By rescaling the
a function of time at the temperaturé€s-850 , 298 and 200 system-bath coupling coefficients we have verified that the
K as obtained via the procedure described in Secs. Il and llprocess corresponds to the spatial diffusiaverdampep
employing explicit treatment of the hydrogencoordinate  Kramers regimé?
dynamics. Significant recurrences are observed at the higher Quantum tunneling effects are quite significant in this
temperatures, which occur as the quantum reactive flux resystem, leading to a quantum transmission coefficient that
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FIG. 5. Hydrogen diffusion rate as a function of inverse temperature. Solid

line: transition state theory eStimate, Eﬁ.Zl’J) Dashed line: transition state FIG. 6. Comparison of hydrogen and deuterium diffusion rates at different
theory estimate for the one-dimensional adiabatic model. Solid Squaregemperatures. Solid line: quantum mechanical diffusion rate of hydrogen.
path integral results with explicit treatment of the hydrogenode. Hollow  Dashed line: classical diffusion rate of hydrogen. Solid squares: quantum
squares: path integral results for the one-dimensional adiabatic model. Homechanical diffusion rate of deuterium. Solid circles: classical diffusion rate
low circles: classical trajectory results employing the two-dimensional reacof deuterium.

tion surface. Solid diamond: Van Wieringen and Warmholtz result.

Jeaction path. In the parameterized potential of Herrero and

ture. Even at 298 K, tunneling effects are responsible for fRamirez the metastable ;tate lies 1.28 A above the vertex
threefold increase of the diffusion rate. However, no noticeSilicon compared to 1.47 A for a hydrogenaB site, result-

able flattening of the diffusion rate curve is found in theiNd in & higher transverse frequency in the barrier region

temperature range considered. We conclude hydrogen difffompared to that near a potential minimum, which increases
sion in this regime is an activated process with significanth® barrier heightct. Eq. (2.2). The larger mass of deute-

tunneling corrections and the expected crossover to the tulum leads to a smaller increase of the potential in the barrier
neling regime takes place at a temperature below 150 K. r€gion and thus in a lower activation energy. This decrease
We have also calculated the diffusion rate of deuteriun®f Parrier height counteracts the conventional mass effect on

in the same host. The results of these calculations are showHN€ling, resulting in a small inverse isotope effect. The
and compared to those obtained in the case of hydrogen #¢Sults of the one-dimensional approach are in qualitative
Fig. 6 and in Table II. The most striking feature of these datg29reement with those employing the two-dimensional reac-

are theincreaseof the quantum mechanical diffusion rate of tion surface, although the simplified one-dimensional treat-

deuterium relative to hydrogen at intermediate temperature§1€Nt appears to exaggerate the reverse isotope effect by ig-

In order to gain insight into the origin of this unusual effect, "0fing dynamical effects, namely departures from the

we present in Tables | and Il results obtained via the simplivibrationally adiabatic path, which oppose zero point energy

fied one-dimensional treatment of the impurity in which theconservation in the direction, diminishing the difference of

dynamics along the coordinate is included through its zero effective barriers. Finally, the classical calculations on the
point energy which is added adiabatically to the system poLwo-dimensional reaction surface ignore zero point effects
tential. The reverse isotope effect we observe is due to gnd therefore exhibit the conventional isotope effect. A simi-

. . 3 43
decrease of the effective barrier height in the case of deutd@" inverse isotope effect has been observed by [ickl
rium caused by the zero point energy of the impurity's for the diffusion of hydrogen/deuterium on a palladium sur-

coordinate when the latter is included adiabatically along thd@c€: If the variable frequency mode of hydrogen/

exceeds significantly the classical one below room temper

TABLE I. Classical and quantum mechanical diffusion rates for hydrogen afTABLE Il. Comparison of computed classical and quantum diffusivities for
various temperaturega) Two-dimensional treatment of the quadratically hydrogen and deuterium at various temperatu@st wo-dimensional treat-
expanded reaction surfacds) One-dimensional adiabatic treatment of the ment of the quadratically expanded reaction surfdbg.One-dimensional

impurity vibration in thez direction. adiabatic treatment of the impurity vibration in thedirection.
T (K) DYsr (cn?/s) P Kbt T (K) Dhm DH/D4 Do Do/Da
@ @
850 6.31E-4 0.229% 0.23 850 1.48E-4 1.080.1 1.30E-4 1.0£0.06
298 1.05E-6 0.166% 0.48-8% 298 5.03E-7%8% 3.05£0.52 5.84E%#10% 4.14-0.62
200 8.17E-9 0.1510% 0.82:23% 200 6.7E-%23% 5.40:1.8 8.7E-9E-%28% 8.3%-2.7
(b) (b)
850 1.12E-4 0.361% 0.52 850 5.89E-5 1.470.01 6.95E-5 1.660.01
450 1.91E-6 0.382% 0.90 450 1.72E-6 2.380.05 2.36E-6 2.1£0.04
298 2.33E-8 0.482% 1.57-5% 298 3.66E-&5% 3.93:0.03 5.34E-8&5% 2.60+0.18
200 3.90E-11 0.391% 3.84-8% 200 1.50E-16:8% 9.8+0.9 2.55E-16-8% 4.15-0.4

150 6.00E-14 0.382% 11.39%14% 150 6.83E-1314%  29.9-4.8 1.34E-1214%  8.34:1.3
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deuterium is neglected completely the calculated diffusivitiesand co-workers have also reported a reverse isotope effect
revert to the conventional isotope effect. for hydrogen motion on the P#il1) surface, in particular
Although we are not aware of any experimental data forsurface to subsurface transitiolidn that case, this effect is
the diffusion rate of deuterium in crystalline silicon, a similar a consequence of the constricted quantum motions of coor-
isotope effect has been observed by Stavola and Chéhg dinates orthogonal to the reaction coordinate leading to a
in the reorientation rate of hydrogen and deuterium in bororhigher free energy at the transition state relative to the reac-
complexes embedded in silicon lattices. We note, howevetant site for quantum motions which favors deuterium.
that the inverse isotope effect borne by our calculations Recent experimental and theoretical studies have re-
originates from delicate potential features and may be aported significant increase of silicon integrated circuit life-
artifact of parameterization of the hydrogen-silicon potentialtimes due to decreased desorption rates when the silicon sur-

surface, in particular in the metastable region. face is passivated by deuterium rather than hydrd§en.
While the hydrogen desorption process appears to proceed
V. CONCLUDING REMARKS primarily via an excited electronic state, coupling to phonons

nOand the quantum mechanical aspects of the process are likely
gto play a key role. Investigation of these effects via path
gﬂegral methods will be a subject of future work.

We have calculated the diffusion rate of hydrogen a
deuterium impurities in crystalline silicon using classical an
guantum mechanical methods. The present study has be
limited to single uncorrelated jumps which are dominant in
the temperature range considered. ACKNOWLEDGMENTS
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The calculations presented in this paper reveal signifi-

cant contributions of quantum mechanical phenomena to thEPPENDIX
site-to-site hopping rate of hydrogen in crystalline silicon.

These phenomena manifest themselves primarily as tunnel- Below we derive an expression for the influence func-
ing corrections to the classical rate which persist even aboviional arising from the variable frequencyoscillator (the z
room temperature. The crossover to tunneling dynamics oaoordinate of the hydrogen atgrim the reactive flux corre-
curs at a temperature below 150 K. In addition, zero poinfation function. The influence functional takes the f6fm
energy effects result in modification of the effective barrier

height, leading to a weak reverse isotope effect. While thd anharnk St - - - San+2) =Tre
slope of the rate in the Arrhenius plot is smaller for deute-
rium in the activated regime, we expect the crossover to

iH | (Son+2) ALY 125

x elHL(San+ DA/

tunneling-dominated dynamics to occur at a Iower tempera- eiH L (sn+3)ALE 1igiH | (S 2)Atg /2A
ture compared to that for hydrogen, below which the ordi-
nary isotope effect should be observed. However, it remains X @ LN+ DAL 2ig=TH L (SAL/A

to be verified that the potential features giving rise to these
effects are not artifacts of the electronic structure calculation . o .
and/or the parameterization_ where HL is the Hamiltonian for the hydl’og@ coordinate

Contrary to our resu'ts' Herr%does not observe a obtained in Sec. ”, which depends pal’ametrica”y on the
reverse isotope effect. However, the method employed iyalue of the system coordinate:

e_iHL(Sl)AtC/Zh’ (Al)

that work is approximate and hence may not capture the p2 1 q(s) 2
feature we observe due to the dynamics of zheoordinate  H, (q,pq;S) = me d +§mwf(s)(q—2) (A2)
relative to thex coordinate. My My, (S)

A reverse isotope effect has also been observed in eXBy evaluating the trace in the coordinate representation and
periments by Stavolat al** These authors attribute this ef- inserting complete sets of position states between each pair
fect to larger zero-point motions of hydrogen resulting inof exponentials Eq(A1) is brought into the form of a 19
greater lattice relaxations which in turn affect the rate. Doll+ 2-dimensional integral:

. * . *
F anhami= f dg;- - f dlon+ 2{ Oon+ o] €SN+ 2B 2 g3 (4 g€ Cane DA g oy

<QN+2|eiHi(SN+2)At:/2h|QN+1><CIN+1|e_iHi(sN”)At°/2h|QN>' - (e VAL gy o). (A3)
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Using the expression for the propagator of a displaced har¢A. van Wieringen and N. Warmoltz, Physi@3, 849 (1956.
monic oscillator® and performing the Gaussian integral 2s. J. Pearton, W. Corbett, and M. Stavdtydrogen in Crystalline Semi-

leads to the result
Fanham= 71 (detd) Y?Rexp(—iBT-A"1.B+C). (A4)
HereA is a (2N+2)X(2N+2) matrix with elements

Akk: 0ka+ Gk_lﬂk_l, kzl,. . ,2N+2,
_ _ imo, (S-1)
Ak,k*l_Ak*l,k_ Zﬁsinwi(skl)Atk_l k—1»
k=2,... N+2, (A5)
A __ imo, (Spn+2)
LANFZT 2hsinw, (Sons2)Atono
B is a 2N+ 2 -dimensional vector with elements
Bk: ’}/k0k+ yk,lﬁk,l, kzl, P ,2\l+2 (AG)
and
2N+2
c=2k2 A2Q O(cosw , (S)Aty). (A7)
=1

The various quantities entering the above equations are

6=+1, k=1,...N=-1,
k=0 or N+1,... N+2, (A8)
im
Qk:ﬁwi(sk)comwl(sk)Atk), (A9)
imo, (SN
N Fsine, (s9AL, - COL (WAL, (A10)
and
2N+2
R=T1 Wi, (A11)
k=1
where
g(sy)
M= * A12
“ My, (s0)? (A12)
My, (Sy) 12
Wie= 27hsinw, (s At (A13)
SOESZN+2! (A14)
and
Atc: k:Z,,N
At¥,  k=N+3,...,N+1
At= Al
t AtJ2, k=1 or N+1 (A15)
At:/Z, k=N+2 or N+ 2
Ato=Aton+2.
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