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Dynamics of reduced density matrices: Classical memory versus
guantum nonlocality
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The nonlocality in the path integral description of the reduced density matrix for a system
interacting with a classical harmonic bath can be eliminated through the introduction of auxiliary
variables, leading to Markovian equations. By contrast, the presence of an imaginary part in
quantum mechanical response functions appears to prohibit similar approaches, necessitating
explicit treatment of quantum nonlocality. @998 American Institute of Physics.
[S0021-960628)00630-9

I. INTRODUCTION particle of interest is augmented by an influence functional of

o . _ . _ system forward and backward paths which is nonlocal in
Many situations in chemistry and physics invite parti- ime3 This nonlocality, i.e., the effective range of the non-

tioning the degrees of freedom into a low-dimensional SyS1qca| influence functional interactions, is governed by the

tem (e.g., a reaction coordinatand a “bath” of uninterest- 5.0 autocorrelation function of the harmonic bath and pre-
ing degrees of freedom which interacts with the observablge s factorization of the path integral or, equivalently, con-

“OF‘ coordinate(or a higher d_|mer_1$|onal reqctlon surface interactions become delta functions of the time difference in
while orthogonal molecular vibrations constitute the bath. . A N

L he case of a strictly Ohmic dissipative ba#t infinite tem-
The system-bath decomposition is perhaps even more rel- . .
4 erature, such that one can recover the ordinary Langevin
evant in the case of condensed phase processes, where thé

large number of medium degrees of freedom prohibits eX_equatlon. Away from that limit the influence functional is

2 o i nonlocal. If the bath corresponds to a macroscopic environ-
plicit treatment. The goal of describing the evolution of a . . . .
system in the presence of the coupled bath is best acco nent characterized by a continuous spectrum its correlation
plished via reduced dimension approaches in which the un-unCtlon Qecays o zer(lyplcally_ as a power layy and thus_
interesting degrees of freedom are integrated out. In this cor’fhe effectlv_e_range of nonloc_al interactions is for all_practmal
text, the characteristics of the bath need to be specified onl urrp])qses f'n'lteh' BaEed on this gjéureﬁ_ahdtlaco?posmon ‘?f EL
to the extent that they affect the dynamics of the system. | ath integral has been propo which leads to quasi-

most theoretical descriptions the bath is modeled for simplicMarkovian dynamics for an appropriate multitime reduced
ity as a collection of harmonic oscillators. density matrix and thus to an iterative procedure. This

In spite of the dramatic simplification introduced scheme converges to the exact result as the corr_elatio'n time
through the elimination of the majority of participating de- treated ex_pll_C|tIy increases. By contrast, a Iow—dlrn_en5|_onal
grees of freedom, the dynamics in the reduced dimensioRath consisting of a few molecular normal modg ylbratlons
space of the system variables does not possess some of tfnot afford such treatment because of persisting recur-
appealing properties of the composite system-bath HamilleNces in its correlation function.
tonian. Perhaps the most obvious difference is the lack of ~This paper is concerned with the nature of memory ef-
energy conservation. Another distinct feature of reducedects in the quantum mechanics of reduced dimension quan-
equations of motion is the loss of the Markovian charactefities arising via elimination of a harmonic bath. Starting
which governs the dynamics of the composite problem. Iffom the path integral formulation of the reduced density
classical mechanics, Newton's differential equations are rematrix, in which the effects of the bath enter via a nonlocal
placed upon integrating out the bath by the generanzednfluence functional, we examine the character of the nonlo-
Langevin equatiomGLE).Z Similarly, the quantum mechani- cal interactions in the limit where the bath is treated classi-
cal Schrainger equation is replaced by expressions whichcally. We show that the classical limit of the influence func-
are nonlocal in tim& and Markovian descriptions are ob- tional achieves a convenient decomposition which leads to a
tained only by introducing approximatiofis. Markovian equation of motion for an augmented reduced

An attractive, completely quantum mechanical descrip-density matrix that includes auxiliary variables. This prop-
tion of the reduced density matrifi.e., the density matrix erty holdsexactly even though the characteristic correlation
averaged with respect to the harmonic bath obtained length of the bath is infinite. In this sense, memory effects
through Feynman’'s path integral formulation of time- arising from a classical bath are local, in contrast to those
dependent quantum mechani¢sAs a result of the interac- resulting from a bath of quantum mechanical nature.
tion with the environment, the path integral for the quantum  The next section develops these ideas and describes pro-
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cedures for classical memory elimination in the context ofHeres™ ands™ are system forward and backward paths with
the path integral expression for the reduced density matrixend pointss™(0)=s, , s*(t)=s" and s™(t)=s’ arising

Brief concluding remarks appear in the last section. from the path integral representation of the positive- and
negative-time evolution operators in E@.2), ®, is the ac-
Il. THEORY tion of the isolated system arfd is an influence functional

which contains the effects on the system due to its interac-

Throughout this article we restrict attention to the fol- . .
tion with the bath?

lowing system-bath Hamiltonian:

2 n 2
Ps PP 1 55 _ 1t t' _
H= 2m0+Vo(S)+j212—mj+§m;wjxj —¢sx. (2.1 F[s*,s™]=ex —%fodt'fo dt"(s*(t")—s™(t"))
Heres is the coordinate of the system of interest which is
coupled to a harmonic bath afdegrees of freedom; char- X(a(t'—t") st (t")—a* (t' —t")s™ (1))
acterized by the frequencies . The system-bath interaction
is chosen to be bilinear. (2.5

The object of interest is the reduced density matrix of the

quantum system, The functiona entering the exponent of the influence func-

i~ , o MU CHUB tional is the force autocorrelation function of the harmonic
(s"[p(1)]|s'y=Try(s"|e p(0)e s"). (2.2 path:

Here p(0) is the initial density operator of the composite

system and the trace is with respect to the bath. For a bath at 1"
a_\temperaturé'=1/k_B/5’, and if Fhe system and bath are ini- a(t' —t") = = (Cix; (1) e (1) 5
tially uncorrelated, i.e., assuming that i=1
_ 2
~ e A »d Ci 1ﬁ o
p(0)=p(0) 7 (2.3 ~ A mae coth Shw; cos wj(t’ —t")

whereZ is the canonical partition function, the reduced den-
sity matrix of the system can be brought into the following —i sin wj(t’—t”)). (2.6)
path integral form:

This function couples the two time integration variables in

<s”|7)(t)|s’>=f Ds*f Ds™ expi®o[s /%) Eqg.(2.5), such that the reduced density matrix does not obey
Markovian dynamics. Equation(®.4)—(2.6) are exact.
><exp(—i¢O[s’]/h)(s§|7)(t)|sg>F[s+,s*]. Finally, it is useful to express the path integral in dis-

crete time form. In the limiN—o Eqgs.(2.4) and(2.5) take
(2.4 the form

(U150 = [ dss [ dsi o [ dsi_ysile 0l _y) - (sile M0 g (s laolsy sy [0 s )

N k'

— _ 1 - _
><<SN_1|e|HoAt/f’z|3l\‘>exp( 5 2 E (s;,—sk,)(ak,k”slz,—a’k‘,k,,sk,,) , 2.7
k'=0 k=0

where for notational simplicity the reduced density matrix islimit #—0 (or, equivalently, in the infinite temperature

given as a function of the path end poirgg. Here At limit) the response function in E¢R.6) is purely real:
=t/N is the time step and,,» are coefficients that result

from discretization of the double integral in E(R.4). As c2

will be seen below, the nonlocality in time can be eliminated lim (Cix1(t")Cyxq (")) g= ! 5Coswy(t'—t"). (2.8

if the bath is treated classically. h—0 myw;
Consider first the case of a monochromatic bath (

=1) of massm, and frequencyw; coupled to the quantum Expanding the cosine of the time difference, the exponent of

mechanical system via the coupling coefficient In the the influence functional becomes
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C2
—1f dt’j dt”(coswit’ coswt”+sin wqt’ sin w t”)(s*(t")—s (")) (st (t")—s™ (1))
mlwlﬁ BJo

2

2m1w1ﬁ2,8[(f (s*(t")—s (t"))cosw t'dt
Due to the assumption of a monochromatic bath, the correlations in the classical influence functional span an infinite time
length. However, by virtue of the above factorization, evaluation of the path integral does not require explicit treatment of
nonlocal interactions; knowledge of the time-integrated weighted path difference determines its contribution to the path
integral. This fact implies Markovian dynamics for an appropriate function. For convenience we return to the discrete time
representation of the reduced density matrix, which using(E§) becomes

(2.9

2
ft(s+(t’)—s(t’)sin wlt’dt’)) )
0

(silpls) = | a5 [ as - [ asisile ™0 g3 (si e M5 )85 ol (55 €0 )

2 2
) (o) 1 1
X (sy_4|eHoAti s Yex ( M(Si =S )+ = No(se =55 )+ = An(Sh — Sy )
< N l| | N> 1w1fL ﬁ kz ( k k) 2 O( 0 O) 2 N( N N)
x < <N21 (55 =)+ 2 olS5 — 5, + 5 o ))2 (2.10
exg - ——— s; —s si—s st —s .
2m1w1ﬁ2,8 Hi( Sk ™S ) T 5 HolSo 5 Mn(Sy ~ Sy

where

A=coskw At and p=sin koAt

are coefficients arising from a trapezoid rule discretization of the integrals. We define the function

RrdSi1.02,02iNA0= [ 55 [ dsi o [ dsi (sl ale o) (s e Melsg (s loolsy)

2 N—-1
. . ci 1
X(sg €0t sy ). - '<5§—2|9|H°Atm|3§—1>exf{ —22( E NS =8¢ )+ 5\ o(So
MywifiB\ k
2 N—-1 2
—S5)+0q1| |ex L(E IOSE )+1M(S*—S’)+q (2.1
0 1 2mla)1ﬁ IB &4 k\ =k k 2 0\=0 0 2 ’ .

which yields upon integration the reduced density matrix: R_ (sy,q1,02;(N+1)At)

(sulPNADISG) = [ dsi_(sileHo2]si_y)(sxn - [ s w(sile oIS ) (s leMe )

1—|e'Hort/h|gy XRmd(Sn-1,01FAn(Sy —Sn )02

+ un(sy —sn);NAY). (2.13
X R

Sﬁfllz)\N(sl-\*l-

Note that, in spite of the introduction of two auxiliary vari-
ables, the integrations involved in E®.13 are the same as
those required to propagate the density matrix of the bare
system.

Examination of Eq(2.11) reveals that the functioR,; can Equationg(2.12 and(2.13 areexactlyequivalent to the

be propagated forward in time according to the integral reladiscretized path integral expression, E2.10. The only er-
tion ror entering these equations is associated with the use of a

21 _
SN),EMN(sg—sN);NAt . (212
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finite time step in the splitting of the system-bath time evo-Eq. (2.11) it exhibits Gaussian decay for any finite value of

lution operator. As a consequence, HG.12 with R,. the system-bath coupling. In the special case where the bath

propagated according to E(R.13 approaches the exact re- is not coupled to the system, tltg and g, variables are

sult with decreasing time step. redundant and Eq2.11) can be solved on any finite range
According to Eq(2.13, the functionR,,., defined as an for these variables.

extension of the reduced density matrix which depends on The above procedure can be extended to a dissipative

two auxiliary variables, obeys Markovian dynamics. The ap-bath characterized by a spectral density

parent time nonlocality of the influence functional in the full 2

path integral expression has been replaced by spatial nonlo- J(w)= 52 —— 50— w)) (2.19

cality in the new variables. In fact, the effective range of the i @]

auxiliary variables may be substantial, although by virtue ofby replacing the variableg; ,q, by functions:

m;w

R(Sy-1,01(®),0a(w);NAY) = f dsy f ds; - f dsy—o(si-ale MM sy_o) - (sy e Mo sy )(sg | polsg )
X(sq |eHoA s ). . (s _,|eMoAlh sy Yex —ifwdw\](w)cot 1ﬁwﬁ
0 1 N—2 N—1 21k 0 2

N-1 1
- 2rh
N-1

1 2
gl )\k(w)(s:—s[)+E)\O(w)(sg—sa)-i-ql(w)) ex
1 2
deJ(w)COU( ﬁw,@)(Z Mi( a))(Sk sk)+ )\O(w)( sg)+q2(w)) ,

(2.19

where classical mechanics, the position of the observable system
obeys the generalized Langevin equation which involves the
history of the trajectory weighted by the friction kernel. In
Propagation follows Eq2.13. the special case of a truly Ohmic bath the friction kernel
In the classical limit the bath response function becomes$ecomes a delta function and the equation of motion reverts
proportional to the friction kernek(t) entering the general- to the memoryless Langevin equation. However, it is known

M(w)=coskwAt and u,(w)=sinkwAt.

ized Langevin equation, that memory effects can be formally eliminated under certain
circumstances even if the memory kernel spans a nonzero
limy_ga(t)= 57— n(t). (2.19  time interval. This is accomplished by coupling the system to
'8 auxiliary classical variable¥:*®

In certain situations, further factorization of the dissipative  Similar conclusions hold for the memory interactions
influence functional is possible which redudedo a simple  originating from a classical bath coupled to a quantum me-
function. Consider, for example, a bath characterized by &hanical system. Even when the range of the nonlocal inter-

friction kernel of the type actions is very large, Markovian equations result for a bath
2 composed of a sum of single-frequency modes and also for
p(t)=1— - (2.17) baths characterized by appropriate spectral densities. Note

that Markovian evolution results for a reduced density matrix
which is augmented by spectator variables that are not inte-
a9rated over.

By contrast to this situation, the nonlocal interactions

for t<7. A procedure similar to that described for a mono-
chromatic bath leads again to iterative propagation for

fubr:ctlorllzi:]h?lt d?npﬁ? dfmc:ir: afsn;?llzngngbﬁ;gf %ux;I;]an; Va”'assomated with the imaginary part of the response function,
ables. Fnally, € ot a frozen ba (._) ) the re- which arise from a quantum mechanical bath, do not appear
sponse function .becomes |?éciepenQent .Of time as.the. ba{B be amenable to such treatment. Even in the case of a
Iosr?s |t:; d%ﬂi?:'ca! dchfarac_ rland |t$rat|ve quglamlcs IS classically memoryless, strictly Ohmic bath, reduction to a

achieved wi € aid ot a singie auxiliary vanabie. local equation is feasible only in the infinite-temperature

I1l. CONCLUDING REMARKS limit.
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