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Abstract

We examine the effects of frequency variation along the reaction path in intramolecular or lattice modes on the rate constant
for light atom transfer in the condensed phase. Accurate quantum mechanical calculations using the quasi-adiabatic propagator
path integral representation of the flux—flux auto-correlation function reveal significant variations in the reaction rate compared
with the constant frequency case. The vibrationally adiabatic approximation captures these effects rather faithfully if the
frequency of these modes is high, relative to that of the reaction coordinate. Significant deviations from the predictions of
the adiabatic approximation are observed when low variable frequency modes are involved. In such cases, the competition
between the decrease in the reactive flux accompanying a tightening or dilation of the reaction path valley and corner-cutting
effects arising from sharp curvature of the reaction path leads to positive or negative corrections to the predictions of the

adiabatic model© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The study of defect tunneling in/on solids has been

reaction path/harmonic bath descriptions of the
dynamics [11,12].
In the most interesting regime of moderate

the subject of numerous theoretical and experimental temperature, impurity diffusion takes place via inco-

studies [1-8]. One of the most commonly found
impurities is hydrogen; because of its light mass,
hydrogen exhibits significant quantum effects, and
its static and dynamical properties can have signifi-
cant implications for the electrical properties of the
material [9,10]. From a theoretical point of view, the
relatively high degree of order encountered in crystal-
line solids makes impurity diffusion an ideal candi-
date for application of theoretical models based on
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herent site-to-site hops, which can be described by a
rate equation. At the simplest level, the rate can be
estimated using the classical transition state approx-
imation [13], which can be cast into a variational
theory; see for example Ref. [2]. Although transition
state theory ignores re-crossing effects, it has been
shown to lead to fairly accurate predictions in the
regime characterized by over-damped dynamics.
More challenging is the inclusion of quantum effects.
Within a separable approximation, the classical reac-
tion rate is augmented by a correction factor for tunnel-
ing along the reaction path [14,15], while zero point
energy effects in orthogonal degrees of freedom are
incorporated adiabatically [16—18]. Multidimensional

0166-1280/99/$ - see front mattér 1999 Elsevier Science B.V. All rights reserved.

PIl: S0166-1280(98)00374-1



104 K.M. Forsythe, N. Makri / Journal of Molecular Structure (Theochem) 466 (1999) 103—-110

tunneling can be captured within the centroid density [23,29], have presented a fully quantum-mechanical
approximation [19,20], which involves path integral formalism of reaction rates. In the work of Miller et al.
calculations in imaginary time as well as by multi- [29], the rate constant is expressed in terms of the time
dimensional TST methods which incorporate tunneling integral of the flux—flux auto-correlation function:
using various semi-classical methods [21]. t

Fully quantum mechanical calculation of rate kg, = Z_lJ’ Ci(t)at @
constants is best achieved via the reactive flux corre- 0
lation function formalism [22,23]. For condensed where the correlation function is defined as:
phase systems, evaluating the flux requires quantum - 4
propagation for the multidimensional Hamiltonian, Ct(D) = Tf(Fe'thhFe*'thh) ¥4

which poses an extremely difficult problem. A tract- ) ) o
In the last equatiort] is the Hamiltonian that char-

able methodology has been developed in our group for ) ; ) .
processes that can be described in terms of a reaction®Cterizes the reaction aridlis the symmetrized flux

coordinate coupled to a multidimensional harmonic ©Perator:

bath [24,25]. This is based on a quasi-adiabatic propa-

gator partitioning of the Hamiltonian [26] to construct - 2m, [Psd(s — 50) + (s — )Py &)
accurate and smooth propagators which are employed ] .

to evaluate the path integral representation of the flux Which measures the quantum mechanical reactive flux
correlation function. This approach minimizes the through a dividing surface that intersects the reaction

phase cancellation problem and allows convergence coordinates at a points, separating reactants from

via a combination of Monte Carlo and discrete vari- Products. Finallyt =t —ihB/2 is a complex time
able representation techniques. that arises from combining the time evolution opera-

The present article is concerned with the effects of {or with the Boltzmann operator. Eq. (2) has been used
molecular and phonon vibrations on the reaction rate as the starting point for numerous rigorous or approx-
in the moderate temperature regime characterized byiMaté calculations of quantum mechanical rate

activated dynamics with quantum corrections. We constants. o
focus on the effects of frequency variation of such In the present context, the Hamiltonian is expressed

orthogonal modes along the reaction path, and the N térms of areaction coordinate coupled to a bath of

relation of these effects to simple adiabatic models. harmonic oscillators. Our expression is the Cartesian
These phenomena are very clearly illustrated via the r€action coordinate expansion [12,30] of the Hamilto-
diffusion of hydrogen and its isotopes in crystalline Nian and thus all coupling is incorporated within the

silicon which we examined in a recent publication potential energy; the particular form is referred to as
[27]. the diabatic system-bath Hamiltonian, in contrast to

Section 2 reviews the path integral methodology for the adiabatic reaction path Hamiltonian for which
evaluating the reactive flux correlation function in COUPling is present within the kinetic energy portion
harmonic environments and its recent extension to [11]- The bath of harmonic oscillators usually corre-
variable frequency baths. Section 3 presents resultsSPONds to the phonon vibrations of the solid, although
for a model double well system coupled to an ohmic @ few intramolecular modes or coordinates of the
bath, which includes variable frequency oscillators IMpUrity can also be incorporated into the bath.

and a comparison of the exact and adiabatic rate Here we allow one or more of the bath degrees of
constants. Section 4 concludes the work. freedom to have frequencies that vary along the reac-

tion path:
P opt 1 22
S (
2. Methodology H= mg +Vo(9) + m + 5 mais) Q
i=1
The kinetics of rare events are most effectively —£(9Q, @)

captured via the theory of reactive flux correlations.
Yamamoto [28], as well as Miller and coworkers Using this Hamiltonian, the starting point for our
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calculation of the quantum mechanical flux correla-
tion function is Feynman'’s path integral formulation
of quantum mechanics [31-33]. Approximating the
derivatives in Eq. (3), using a finite difference, the
expression for the flux correlation function is brought
into the form [25]:

G = Re[K(Sep. Sep, 0, 0; tc)

2m%éo
— K(0.56p, 0, 5¢p3 o) + K(0,0, 0, e o)
+ K(sp, 0,0,0:1o)] (5)

where s is a system coordinate point chosen sulffi-
ciently close to the dividing surface to approximate
derivatives and:

K(S, Sl, S”, S”/; tc)
- [ Qe s 9 ®

Until recently, evaluation of path integral expres-

105
product:

exp(—iHAt/h) = exp(—i(H — Hg)At./2h)
)
exp(—iHpAt/AR)exp(—i(H — Hg)At./2h)

which can be evaluated in the coordinate representa-
tion to give the quasi-adiabatic approximation to the
short time propagator. Use of the latter to evaluate the
complex time evolution operators in Eq. (6) leads [25]
to the following QUAPI representation of the terms,
entering the expression for the flux correlation func-
tion, Eq. (5) [25]:

K(St, Sn+1> Snv2s Soneos Be)

:J_ dszj_ dSNJ_ dSN+3

2N +2

[T (sle™* s

00
J dsn+1
- k=N+3

N+1

x [T (sl |s1)
k=2

sions involving real time propagators was generally X F(S1, s +v v SN> SN 1> SN2 -0 SIN42) (10
unstable due to phase cancellation [34]. We have been _ _
able to obtain converged results using the quasi-adia- Here,At; = t/N, a complex time step arfé is an

batic propagator path integral (QUAPI) methodology influence functional that arises from integrating out
for rate constants developed recently in our group the bath. As the harmonic bath degrees of freedom
[25,26]. This employs a one-dimensional adiabatic are not coupled to each other, the total influence func-
reference to partition the time evolution operator. tional factorizes:

The reference Hamiltoniay is constructed from

the Cartesian kinetic energy of the system plus the F = l_[F (St5 - SONT2)
potential along the one-dimensional adiabatic path, i=1

which minimizes the total potential energy at fixed

values of the system coordinate. This path is specified
by the relations:

(11

The influence functional arising from constant
frequency modes has been given in earlier work
[25]. For variable frequency oscillators, the influence
functional can still be evaluated analytically and the
result is detailed in Ref. [14].

The propagators involving the one-dimensional
adiabatic referencéd, are evaluated exactly using
basis set methods, such that the only approximation
entering Eq. (10) is due to the factorization of the
propagator into parts involving non-commuting
operators. This factorization becomes exact in the
limit of a high-frequency bath [26]. For finite
frequency bath degrees of freedom, the error intro-
duced is proportional to the non-adiabaticity of the

fi(s)

A= s

(")

The resulting reference Hamiltonian takes the form:

ps _i fi(9)

H = _—

®)

Next, the time evolution operator for a complex
time incrementAt. is split symmetrically as the
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Hamiltonian and the quasi-adiabatic propagator
becomes exact only in the limit of the vanishing
time step. Thus, the role of the influence functional
in the quasi-adiabatic propagator path integral [Eq.
(10)] is to include multidimensional nonadiabatic
corrections to the exact dynamics along the adiabatic
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reactant frequency i@, = 707 cm %, the imaginary
barrier frequency is, = 500 cmi %, the barrier height

is 2085cm’ and the tunneling splitting is
0.00107 cm™. If the variable frequency bath degrees
of freedom are treated according to the adiabatic
approximation, the double well is modified by the

path; these corrections become more accurate as theaddition of the zero point energies of these modes:

time slicing of the path integral becomes finer.
Compared with conventional schemes for splitting
the time-evolution operator, which employ the bare
kinetic energy as the reference, the QUAPI offers
the advantage of convergence with much larger time
steps.

The (2N — 2)-dimensional integral in the QUAPI
representation of the flux correlation function are
evaluated via a combination of quadrature and
Monte Carlo techniques. At higher temperatures, the
oscillatory character of the integrand necessitates the
use of quadrature methods. Multidimensional integra-
tion is made feasible via the use of system-specific
discrete variable representations [35] (DVR) of the
influence functional [36]. For this purpose, the system
coordinate operatos, is diagonalized in the basis of
eigenstates of the reference Hamiltoniblg, generat-
ing quasi-discrete position states with eigenvalues that
form the DVR grid. As the temperature is lowered,

more time slices are necessary for accurate discretiza-

tion of the path integral, rendering multidimensional
guadrature methods impractical. Fortunately, the
stronger damping associated with lower temperatures
leads to smoother behavior of the integrand, making
Monte Carlo schemes applicable [25].

3. Effect of variable frequency oscillators:
comparison with classical and adiabatic models

The dependence of the rate constant on temperature

and friction was investigated by Topaler and Makri in
the case of a generic ohmic bath of constant frequency
oscillators [37]. Here we focus on the effects of vari-
able frequency bath degrees of freedom. As in Ref.
[23], we restrict attention to symmetric processes and
model the reaction coordinate by a potential of the

form:
Vo(s) = —as + bs' (12)

with the coefficientsa and b defined such that the

h
Vad®) = Vo(9) + 5 > i(9) (13)

Here the sum is over all variable frequency modes.
Accordingly, the barrier height is increased by the
term:

AV = 14

1
Eﬁzi:Awi

where Aw; is the difference between the oscillator
frequency at the transition state and at the well mini-

We choose two types of coupling functions for the
variable frequency modes, which have the form:

fi(s =c¢s (159
or
fi(s) = ¢ (15b)

where, according to the deformation potential approx-
imation, the coupling coefficient of each mode is
proportional to its frequency. Although linear
coupling is often dominant, quadratic terms become
important if the lowest order linear part is zero due to
symmetry. In addition, the two types of coupling
given in Egs. (15a), (15b) represent simple models
of the odd and even coupling functions encountered
in symmetric isomerization reactions. All constant
frequency modes are coupled linearly according to
Eqg. (15a) to conform with the standard model of dissi-
pation. The variable frequency modes are character-
ized by symmetric functions of the type:

(9 = o + Aa)ief’\52

(16)
wherew? is the frequency of that mode at the well
minimum.

For the following comparison, we reference the
guantum rate constants to those obtained via classical
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Fig. 1. Quantum transmission coefficient as a function of variable
oscillator frequency dilation.

transition state theory [12,13]:
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21 n b
[Te
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wherea? is the bath frequency at the well minimum
and o is the bath frequency at the barrier top. The
quantum transmission coefficient is thes= Kyn/krsr.

All values for the quantum rate constants in the
results presented later were achieved with, at most,
24 DVR points and\ = 4. Error bars are estimated
from the convergence as a function Mfand/or the
Monte Carlo error. For all cases considered hereafter,
the temperature is 300 K, which for the parameters
considered is in the activated regime with significant
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Fig. 2. Quantum transmission coefficient at several values of the
friction. Solid circles: ohmic bath plus one variable oscillatsrg).
Hollow triangles: constant ohmic bath only.
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Fig. 3. Quantum transmission coefficient as a function of variable
oscillator frequency referenced with respect to basin frequency of
symmetric double well. Solid diamonds: adiabatic case. Hollow
triangles: exact calculation with weak coupling. Hollow squares:
exact calculation with strong linear coupling. Hollow circles:
exact calculations with strong quadratic coupling. Error incurred
is approximately 10% for all cases.

guantum corrections. We compare the exact results to
the vibrationally adiabatic approximation
[14,15,18,38].

Fig. 1 shows the effects on the quantum transmis-
sion coefficient in the case of a single variable oscil-
lator characterized by linear or quadratic coupling and
a frequencyw? = 3w for select values oAw;. In
qualitative agreement with the adiabatic approxima-
tion, a positive value oAw; leads to an increase of the
effective barrier, causing the rate to decrease almost
exponentially relative to the constant frequency case.
Fig. 2 shows the rate constant for several values of
friction; in the over-damped regime, the variable
frequency rate is seen to exhibit a decrease with fric-
tion which is qualitatively similar to that in the
constant frequency case [37].

Next we compare, in Fig. 3, the rate obtained from
the exact calculation in the cases where the variable
frequency mode is uncoupled or coupled linearly or
quadratically to that given by the adiabatic approxi-
mation. In this case, the coupling of the variable
frequency mode has been increased by a factor of
10 compared with that corresponding to the given
friction coefficient. Couplings much larger than
those of similar frequency phonons are characteristic
of intramolecular or nearest lattice atom vibrations.
As expected, the vibrationally adiabatic approxima-
tion is quite successful fan® > w,. However, sizable
differences are observed i < wy. It is seen that
adiabatic theory tends to overestimate the rate in the
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Table 1
Exact vs adiabatic transmission coefficients for system coupled to
oscillators with frequencies decreasing along reaction path

Aw; Number of variablew, xS Ko
-6d-3 1 3.43= 7% 2.78*+ 5%
-9d-4 10 11.87+ 11% 8.52+ 8%

case where coupling of the variable frequency mode
to the reaction coordinate is zero (or small), while
underestimating the rate in the case of strong linear
or quadratic coupling. To shed light onto this effect,
we present in Fig. 4 contour plots of the potential as a
function of the reaction coordinate and the variable
frequency mode with all other bath degrees of free-
dom set to zero. The tightening of the potential valley
near the transition state causes the reactive flux to be
small compared with that with a constant frequency
mode. This dynamical effect is ignored in the adia-
batic calculation, leading to an overestimation of the
rate in the case of zero or small coupling where the
reaction path is relatively straight. By contrast, large
coupling to the variable frequency mode leads to a
reaction path that is sharply curved, generating
‘corner cutting’ tunneling contributions (Fig. 3). The
latter compete with those due to the presence of a tight
bottleneck, eventually leading to an increase in the
rate above the value estimated by the adiabatic
approximation.

Finally, we consider a situation representative of a
cluster or a true lattice where multiple bath oscillators
may be present. Although the fractional frequency
change of each such oscillator may be quite small,
the collective effects of several variable frequency
oscillators can be very significant. This is the case
in many condensed phase systems where motion of
the impurity involves multi-atom displacement and
hence frequency change in several modes [39,40].
Unlike the case of intramolecular variable frequency
modes, dilution of the coupling over several lattice
modes is ordinarily weak and the distortion of the
concomitant bending of the reaction path is small.
As a consequence, the dominant effect on the rate
arises from the tightening of the reaction valley in

Fig. 4. Dilation effects of a single oscillator coupled to a symmetric
double well §andQ in atomic units). (a) Zero coupling. (b) Strong
linear coupling. (c) Strong quadratic coupling.
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the transition state region, implying that the adiabatic
approximation is most likely to overestimate the rate

modes of variable frequency is likely to be large,

introducing sharp turns to the reaction path. Corner
constant in the case of positive frequency dilation. If, cutting effects compete in this case with the saddle
however, the frequency of the bath oscillators point bottleneck effects described earlier, and the
decreases as the transition state is approached, theutcome of this interplay determines whether the
effects discussed earlier will be reversed. Table 1 adiabatic approximation overestimates or underesti-
shows the results for numerical calculations of the mates the rate.

rate for a single oscillator as well as a bath of 10 = The analysis presented in the present article will be
variable frequency oscillators withw; < 0. These useful in assessing the direction and magnitude of
results confirm the trend described in the preceding dynamical corrections to the predictions of the adia-
paragraph. batic approximation when accurate multidimensional
calculations are not available.

4, Conclusion

It is known that the presence of variable frequency
modes orthogonal to the reaction coordinate can have
significant implications for the rate of a reactive
process. Such effects are captured qualitatively in
the vibrationally adiabatic approximation. According
to the latter, the frequency variation of such modes
manifests itself as a change of the effective barrier
height, amounting to an exponential modification of
the rate. As expected, our calculations showed the
adiabatic model to be quantitatively accurate for
modes whose frequency is significantly larger than
that of the reaction coordinate.

Considerable deviations from the adiabatic approx-
imation emerge in the presence of slow modes of
variable frequency. Variable frequency modes are
coupled to the reaction coordinate and thus affect
the reaction rate even if the coupling functidifs),
is equal to zero. Multidimensional dynamical correc-
tions ignored in the adiabatic model can significantly
affect the rate. If the direct couplin§(s), of the vari-
able frequency modes to the system coordinate is
small, the tightening or dilation of the valley
surrounding the reaction path constitutes the dominant
dynamical effect; as a consequence, the adiabatic
approximation overestimates the rate if the mode
frequency is higher in the saddle point region. We
note that the combined effects of several weakly
coupled variable frequency phonon modes can be
substantial, since their zero point energies are addi-
tive. This situation is characteristic of acoustic
phonons where the system-bath coupling is diluted
over a large number of lattice normal modes. On the
other hand, coupling to a few intermolecular or local
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