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In a recent lettefChem. Phys. Let291, 101(1998 ] we presented a semiclassical methodology for
calculating influence functionals arising from many-body anharmonic environments in the path
integral formulation of quantum dynamics. Taking advantage of the trace operation associated with
the unobservable medium, we express the influence functional in terms of a single propagator along
a combined forward—backward system path. This propagator is evaluated according to
time-dependent semiclassical theory in a coherent state initial value representation. Because the
action associated with propagation in combined forward and backward time is governedrigy the
force experienced by the environment due to its interaction with the system, the resulting propagator
is generally a smooth function of coordinates and thus amenable to Monte Carlo sampling; yet, the
interference between forward and reverse propagators is fully accounted for. In the present paper we
present a more elaborate version of the semiclassical influence functional formalism, along with
algorithms for evaluating the coherent state transform of the Boltzmann operator that enters the
influence functional. This factor is evaluated by performing an imaginary time path integral, and
various approximations of the resulting expression as well as sampling schemes are discussed. The
feasibility of the approach is demonstrated via numerous test calculations involving a two-level
system coupled tda) a dissipative harmonic bath an®) a ten-dimensional bath of coupled
anharmonic oscillators. €999 American Institute of Physid$$0021-960609)01301-X]

I. INTRODUCTION from phase cancellation problems similar to those encoun-
tered in the fully quantum path integral description. This
The simulation of dynamical processes in molecular omarrier is partly overcome by filtering technigdié® and
condensed phase systems wia initio quantum mechanics also in a linearized approximation to the semiclassical ex-
methods appears to require numerical effort that grows expression for flux correlation functions obtained recently by
ponentially with the number of coupled degrees of freedompiiller and co-worker$® which appears very promising.
While direct solution of the(stationary or time-dependgnt In a recent articl we introduced a rigorous quantum-
Schralinger equation necessitates the storage of multidimensemiclassical approach which employs a path integral repre-
sional wave functions and manipulation of large matricesgentation of the propagator for the observable particle along
the alternative path integral approach requires evaluation afjith a semiclassical Van Vleck treatment of the environment
high-dimensional integrals which is plagued by the ubiqui-whose effects on the dynamics of interest enter via an influ-
tous phase cancellation problem. Although progress can bgnce functional. Since both system and solvent are described
made in certain situations inVOlVing sparse matrix methOdS/ia appropriate propagators, the quantum_semidassica] de-
for intramolecular energy transfet or inversion of imagi-  scription is equivalent to taking the— 0 limit with respect
nary time quantitie® and in the simulation of processes in to the bath, introducing no dynamical approximations. From
dissipative harmonic medrg'* rigorous real-time calcula-  the practical standpoint a fully semiclassical treatment of the
tions on anharmonic many-particle systems remain out o§olvent appears computationally prohibitive, since it entails a
reach. many-body calculation in itself. However, the definition of
Rather than targeting the polyatomic system as a wholgne path as the collection of degrees of freedom which are
considerable attention has been given to methods combiningyi directly observable in a particular experiment gives rise
a quantum mechanical description of the particle of interesfy an ensemble average of a time evolution operator for the
with classical trajectory treatments of its surrounding atomsy i, along a forward—backward system path; evaluating the
which experience an Ehrenfest fortee, for example, Ref. |atter via trajectories that evolve forward and backward in
12). Recent studies on model systems have stowimat  jme gives rise to expressions where the troublesome inter-
mixed quantum-classical schemes often lead to reasonabjgrence hetween propagators is fully accounted for. The re-
(though not quantitativeresults, while their feasibility for  maining phase cancellation associated with performing the
describing polyatomic processes governed by anharmonighsemple average is minimal for statistically significant sys-
potentials is not known. A u_n|f|ed ser.n.|cIaSS|caI descriptionigm, paths, making Monte Carlo integration feasible.
of all degrees of freedom in the spirit of the Van Vleck  gection 11 describes the formalism in detail, introducing
propagator is extremely appealing but suffers in practicghe coherent state initial value representation of the semiclas-
sical propagator and the expression of the influence func-
dElectronic mail: nancy@makri.scs.uiuc.edu tional in terms of forward—backward trajectories. Evaluation

0021-9606/99/110(3)/1343/11/$15.00 1343 © 1999 American Institute of Physics



1344 J. Chem. Phys., Vol. 110, No. 3, 15 January 1999 K. Thompson and N. Makri

of the obtained expression requires knowledge of the coher- . _ . S,
ent state transform of the canonical density operator, and thjfs_'e_reS ands™ are system paths with endpointg(;s’) and

" 1 1 -
issue is addressed in Sec. Il via approximate high temper So ") for the forward and backward time evolution opera

ture expressions or an imaginary time path integral treat;or>! respectively, an8, is the action for the system Hamil-

ment. Section IV describes Monte Carlo schemes for evalut—Onlan Ho. Finally, F is the influence functional of the

) - . . . . bath, which can be written in the form
ating the semiclassical influence functional. Numerical
examples presented in Sec. V illustrate the advantages and
the convergence characteristics of the present formulation. F[s*,s7]=Q, * Try[Texp(—iHen[s"t/%)

Finally, Sec. VI presents some concluding remarks. .
X exp(— BHp) T rexpiH s 1t/%)]

Il. PATH INTEGRAL AND SEMICLASSICAL =Qp ' Try[Uenls™ Jexp( — BHy) Ul s 11
INFLUENCE FUNCTIONAL 2.5

Our goal is to devise a rigorous methodology suitable for
following the dynamics of a quantum partidiére “solute™) | the |ast equatioff is the time ordering operator and
in a nearly classical environment of several interacting de-
grees of freedom which constitute the “bath.” The overall

Hamiltonian is decomposed into system and bath terms as Qp=Try e o (2.6)
follows:
is the quantum partition function of the isolated medium. A
H(s,ps,q,p)=Ho(S,ps) + HenS,4,P)- (2.19 simple rearrangement brings E&.6) into the form

Here s denotes the coording® of the quantum system of

—A-1 -1 —pBH

Similar expressions can be obtained for correlation func-

Hen!(8,0,P)=Hp(9,p) + Vin(s,0) (21D {ions of operators that pertain only to the observable system.

. I i Since our goal is the development of a numerical method
is the Hamiltonian for the unobservable environméifle (- ,piaining the reduced density matrix we present below

bath and_lts interaction Wlth the _system. F(_)r simplicity of the discretized path integral representation of H@s4—
presentation we use one-dimensional notation for the enV|(2.7)_ Splitting the total timet into N time slices of length

ronment, although the treatment presented in this paper igi_ /N and inserting complete sets of system position
intended primarily for a multidimensional bath. It is a:ssumedStates leads to the expression:

that the coupling term involves only position operators.

A. Path integral representation of the reduced density .

matrix p(sﬁ,sg;t)ETrbf dsgj dsf---f ds,ﬁ,lf dsy
For concreteness we focus on the reduced density matrix

of the system, defined as xf dsI"'f dsy_(sy|e Havh|g )
'E)(Sr1Srr;t)ETrb<sr|efth/hp(0)eiHI/ﬁ|sn>’ (22) X<S§71|efiHAt/h|S§72>___(Sir|efiHAt/h|Sar>

where p(0) is the initial density operator of the composite X(sg |p(0)]sg )(sg |45y ) -

Hamiltonian and the trace is evaluated with respect to the X (sq |eiHA“’L|s’> 2.9

bath. In the present paper we assume that the bath is initially N-1 N/ '

at thermal equilibrium and is independent of the system,

such that the initial density operator factorizes: where for notational simplicity the reduced density matrix

has been evaluated at the path endpaigts Note that each

p(0)=p(0)e AHs, (2.3 propagator in the above equation is still an operator in the

space of the bath. To obtain the discretized path integral
The extension to deal with nonseparable initial conditions ig€Presentation of the reduced density matfiwe split sym-
straightforward and has been discussed briefly in Ref. 13netrically the short time propagators into system and bath
Using the path integral representafibnf the time evolution ~components:
operators, Eq(2.2) is brought into the form

@ IHAUK o= iHenAt/2hi g—iHoAth g~ iHenAt/2fi (2.9
E(s’,s”;t)EJdséstgJDs*JDs*
Using the last factorization and noting that the bath Hamil-
><exp(iSo[s+]/h)}3(s§ S5 ;0) tonian depends only parametrically on the system, one ob-

tains the following path integral representation of the re-
Xexp —iSy[s” J/h)F[s*,s7]. (2.9 duced density matrix:
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pisi s iv= | ass [asi [ dsiy [ o [ as [ dsisile Hevrs )
X (sh_ale MoMs o). (sTle MM sy (st [F(O)]sg H(sa 1Mo s ) (55 eModV s

XF(Sg ,S] »---»Sn 1) (2.10

HereF is the influence functional of the bath for a particular pair of linearized system forward and backward paths which, after
a rearrangement of the operators, takes the form

. 4 . _ i At N _ i At 3
F(SS,SI,--.,SN ;t):leTrb(eX;{% ?Hen\xso ))eXF{ﬁAtHen\xsl ))ex%% ?Hen\(SN)>

i At N i N i At | ampH
X ex —%7Hen\;(sN) ---ex —gAtHem(sl) ex _g?Hen\)(so) e P, (2.11
|
B. Semiclassical representation of the influence Hereq; andps are the final coordinate and momentum for a
functional classical trajectory with initial conditiongyy,py Which

gvolves under the action of the combined forward—backward
time evolution operators that appear in E21.12), S, is the
corresponding action, and is the coherent state analog of
the Van Vleck derivative, given by the expresgbn

Evaluating the trace and inserting the identity operato
brings Eq.(2.7) into the form

Fls. 5 1-Qy [ dao [ dafal U, s TUanls lao)

1

v - BHb| ). 21 1/(9 d . i Jpg|2
(qle™P"s|q) (212 Dz_(a_qfw_m_z.ﬁya_%ﬁa_pf). (219
It is convenient to view the real-time factor of the integrand \/E do Po Po ¥ %Mo

in the above expression as a single time evolution operator

along the time contour displayed in Fig. 1. As time incre-Finally,

ments from zero tot t+he bath evolves according to the oo 118 .
HamiltonianH.,(qg,p,s™ (t")) which is time dependent by Y '

virtue of the coupling to the time dependent forward system<q|G(q0’p°)>: (?) exp( ~¥(a-do)*+ %po(q—qo))
path. Subsequently, the time returns to zero as the bath fol- (2.19
lows Hen[[,p,s™(t')].

The goal is to evaluate the Boltzmann factor entering Eqgis a coherent state of momentysg centered abouy,. The
(2.12 guantum mechanically or via an acceptable approxiwidth parametety is at this stage completely arbitrary.
mation and to use the semiclassical expression for the real- The classical trajectories entering E¢R.14 obey
time component. To this end we convert E&.12 to an  Hamilton’s equations
initial value representatiot?.~?? Noting that Eq.(2.12 can

be rewritten formally in the form of a sum over bath eigen- _ MHenlt) . IMHent)
statesd,, with eigenvaluesE,,, q(t)= ap p(t)=— 70 (217
F[s. ,s_]=lef dgo >, e PEn(d,|qo) in the time-dependent bath Hamiltonian defined as
n=0
X{(QolUamiS-1Uen[S+]|®@ (2.13 . Henfa,p,si(t), t'7
<QO| en\,[ ] en\[ +]| n> Hont ):He”\x . (2.18
and using the semiclassical coherent state representation of et 0, P, S '
Herman and Kluk® for each basis function the influence L
functional becomes and the action is given by
o0 t .
Fls. s-]=Q; '(2mh) 13 e fer Send(o:Po) = fo[pa')q(t’)—Henxw]dt'
i
0 .
><f quf dpo(®n|G(as,Pr))D (o, Po) +ft [p(t")a(t") —Henft")1dt’.  (2.19
i
xex;n(%sem;(qo,po))<G(q0,po)|<l>n). It is useful to note that all four terms entering E8.15 are

elements of the stability matrix. Rearranging E2.14 and
(2.19 removing the bath eigenstates leads to the result
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—-BH
| < >— (G(do.po)le”0|G(ay,pp))
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2y m q m
FIG. 1. Schematic representation of the time contour along whicZE2() ~\ 7375 T = gexg ———
is evaluated. m A By+m A2By+m

B
x| y(a=do)*+ y(a—d?+ ;- (p5+pf

F[s. ,s_]=Q51(2wﬁ)‘1f dqof dpoD(do.Po)
. (33

i i
+ 2 (Po= P~ 7 (Polo~ pqu)) —BVb(a)

i
Xexl{%sen\(qoypo))
In general, full evaluation of Eq(3.3) requires numerical
X<G(qo,po)|e_ﬁHb|G(qf p0). (2.20 intetgrati'onl.EH?%N;)ver, itbis intriguipg ';hzt thelrﬁqulilreq irtwkt}e—

. . . gration in Eq.(3.2 can be approximated analytically in the
Equatloln(2.i©l|s thi'central regult .Of,REf' 16. lAS will b;i' spirit of the steepest decent method. If the coherent state
tl\:/lome ¢ earl eow,lt IS exp;ﬁ]smnr:s 'r:‘ genera ar;enfa Ee tf)’arametery is sufficiently large the Gaussian factor in the

onte_ Carlo eva uat|o_n_. thoug t e mtegran_ O EQ- apove equation decays much faster than the high-temperature
(.2'14) IS _not strictly posmve,_the domln_ant terms in the ac- potential part. Further, ify—o one can approximate the
tion arising _from the dyn_am|cs Of. the isolated bathich .integral by adding the contributions of the integrand at the
are responsible for the highly oscillatory nature of the Sem"steepest descent pointg and ;. On the other hand, if
classical propagatprcancelbecause of the backward propa- y~ ¥251q,—q;| the two Gaussfiéns overlap almost ’com-

gat|on.. Most |mpor.tantly, one can show that the osc'llat'on_spletely and it is advantageous to expand the integrand about
are mild for statistically significant system paths. Indeed, 'fthe midpoint (qo+q;), leading to the result
2 L]

the forward and backward paths coincide, each trajectory
simply retraces its steps during the second part of the tim?G(q Po)le #H|G(ay,po))
contour and returns to its initial phase space location, while ~ °'"° ok

the total action integral equals zero. m m / B L,
~ 5 exg — — \4_(p0+pf)
AcBy+m A By+miam

IIl. COHERENT STATE BOLTZMANN FACTOR

Jot Q¢
2

, _
To complete the prescription for evaluating the influence + 5 (Pt pf)w) —BVy

functional one needs an expression for the coherent state

transform of the Boltzmann operator appearing in@dql4.  Note that although the above approximate evaluations follow

Below we discuss various means of obtaining the latter.  the idea of the steepest descent method, the quadratic nature

of the rapidly decaying terms ensures uniqueness of the roots

and the results can become arbitrarily accurate by choosing

the coherent state matrix element takes the form

(G(do.Po)|e”P"|G(ay,py))

(3.9

A. High temperature

B. Low temperature

At low temperatures application of the Trotter splitting
_ to the entire Boltzmann operator is not a good approxima-
~ BTyI2
f da(G(do,pPo)le [¢) tion. We thus treat the low temperature case by performing a
— V(@) —BTy2 path integral in imaginary tim& Defining the imaginary
xe Pi%(gle” 7v¥G(ay,py), 3.1 time stepAB=p/n, wheren is an integer, expressing the
where T, is the bath kinetic energy operator aNg is the  coherent state Boltzmann factor as a path integral in terms of
potential for the isolated bath. The kinetic energy factors inordinary coordinate states and using E2}2) one arrives at

Eq. (3.1) can be found to b8 the following path integral representation:
—BTy/2 B
(G(do.polle”"+"la) (G(do.Po) e #"4[G(ay.po)
: : ; 7
2y\a m 2 2y\2 m m
2 (2 ) o o
7T \m+hBy ™) \m+ha“ABy) \ 2ah°AB
m . _q2 _q2
X ex __( YOy —Go)? Xexr{ m%zwy( ¥(A1— o) "+ ¥(dn— )
m+ﬁ2B'y AB ) )
i i
5 . + 2 (PO PP+ gpo(ql—qo)—gpf(qn—qf)>
+ amPot gpo(ql—qo)) (3.2
m

. (385

22 <qk—qk71)2—AﬂkZl Vi (a)

leading to the expression - 2h2ABK=
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This expression involves amdimensional integral for every Performing the phase space integrals analytically and noting
bath mode. Combined with the phase space integrals of Edhat the integral oveq is proportional to the partition func-
(2.20, the influence functional requires evaluation of antion in the high-temperature approximation, one obtains the
(n+2)-dimensional integral for each bath degree of freefollowing expression for the normalization integral of the
dom. sampling function:

IV. MONTE CARLO PROCEDURES f quj dpof dq r(do,po.q)

In this section we describe Monte Carlo procedures for 2 >
. . . ; m+a<By [2wh°B
the numerical evaluation of the integrals required to evaluate —o Qp. (4.3
the influence functional in the cases of high and low tem- vmpBy m
perature.

Multiplying Eq. (4.1) by the normalization integral and
A. High temperature changing they, integration variable ty=qy—q in order to
Ifacilitate sampling leads to the final result for the influence
functional of a high-temperature bath:

F[S*,S’]=2f dpof dqf d(do—a)F norn{( 9o+ Po. )

With the high temperature approximation of the coheren
state Boltzmann operator obtained in Sec. Il A, the semi-
classical influence functional becomes

F[s.,s_]
1, / m B
=(2mh)" 2,8 m T2 Qb quofdpof dq Xexr{—m( 7(q—Qf)2+mpf2
xexp| — | y(a- o)+ ¥(a—0y)? + (o~ P)A- 1 (Potls~ ))
h2By+m Y{d—0o)" T ¥(Q— Qs 7 (Po=P1)d— 7 (PoYo~ Prds
B i [ i
+ 2m (PO PP+ g(po—pf)q—g(poqo—pqu))‘ +gSenu(qo,po)1 (4.4

wherer om IS @ normalizedsampling function proportional

—BVp(a)+ & Sen\KQO Po) |- (4.1 to Eq. (4.2.

It is convenient to employ a sampling functiothat depends
on the bath trajectories only through their initial conditions:

r(do,Po,q)
ZGXF{ _ L( y(q— q0)2+ B ) BVo(a) |. the coherent state matrix elements of the Boltzmann opera-
h2By+ tor, obtained in Sec. Il B, into Eq2.20 the semiclassical
(4.2) influence functional becomes

B. Low temperature

Inserting the imaginary time path integral expression for

n-1
m+ﬁTAB7>(2wﬁ2AB) | f dq"f dp‘)f A f A6

i
X D(QO'po)eXF(gSen\)(%,po)) EXF{
m

2')’ 1/2
7]

F[s*,s]szl(zwh)l(—

il ( ¥(d1—0o)*+ ¥(an—a¢)?
+ﬁ2A,87 :

AB

(po+pf>+ﬁpo<q1 do)— ﬁpf<qn q») 2 (G Ok-1)>= AﬁE vb<qk>] (4.5

2ﬁ2Aﬂ

In order to minimize the oscillations in the integrand, onesystem paths for whiclgy;~q, and p;~py, the Gaussians
would like to arrange for the two imaginary terms in the ensure thaig;~qq, and g,~d;, implying q;~q,. Under
exponent of Eq(4.5 to cancel to as large an extent as pos-such conditions the complex part of the integrand nearly van-
sible. Clearly, it is advantageous to choose the coherent statehes while the remaining small contribution will oscillate
parametery large, in order to make the real Gaussian in Eq.sufficiently slowly that it may not change sign within the
(4.5 as narrow as possible, while maximizing the oscillationeffective integration range.

wavelength of the imaginary components. Then, for similar  Now the choice of sampling function for Monte Carlo
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integration is more subtle than in the high-temperature ap

proximation of Sec. IVA. It is not possible to construct an J quJ dpoJ dagy- f ddnr(do,Po,d1, --- dn)
easily normalizable sampling function for E.5 which

depends only on the trajectory initial conditions. Accord- m+#2A8 y d fd

. : ) ) X =g 7

ingly, we use a sampling function that is based on the linear- m th 0n

ized approximation to the trajectory,
my/2
X exp( ————(4;—0p—b)?

1
qF=0o— —— Af(t )sinwot’dt’=qo—b, pF=po, m+42AB y

Mwg
(4.6

ZﬁZABE (U= G-1)%— A,BE Vi (Qk) ) (4.9

To calculate the last integral we define the normalized func-
tion

whereAf(t")=f[s*(t")]—f[s™(t')] is the net force expe-
rienced by the bath and, is the harmonic frequency at a
reference configuration, and define the sampling function

fnorn{chv iqn)
r(q01p01ql!"'vqn) 1 2 é
=—exp — )2—A Y ,
B : ( ( )2+ ( L)2 M thAﬂ (qk Q- 1 BkZl b(qk)
m+ﬁ2A,Byyql Qo)+ Y(An— 05 (4.93
A'g(p LZ)) m where
2y _
p=| da G thA,BkE (Qk—Gk—1)?
n n
X 2, (G G1)*—AB2 vb(qk>]. (4.7) "
=2 =1 —ABY, Vy(ay) | (4.9
k=1
Performing the Gaussian integrals, the normalization integralhe integral in Eq(4.9) is easily obtained usinf},.m, as the
of this function is found to be given by the expression sampling function:
\= ’1f dq---qu extd - — L% (q,—qu—b)* Z (O Ck-1) —AﬁZ V(g
M 1 n m+ﬁ2A,8y 1~ Yn ZhZAB k™ Yk-1 k
— [ day+ | damexd — ————— [ yo2+ y(An+b)2— 2(Ga+Gut b)) | From ) (4.10
= a1 On m+h2A,By Y41 ¥Y(Qn 2 qi17T0dn normld1s---.0n)- .

Finally, notice that the partition function can also be obtained in terms of this function:

m m m n/2
=| ——— d jd f gnexp - ——(q1—gn)? | =| ———— , 4.11
Qb (ZﬂﬁzA,B) f d1 Onit From(d1 dn) F{ ZﬁzAﬁ(ql dn) ) (ZWﬁZA,B MK ( a
where
m 2
KEf dqlf dqnfnorm(qlr ---qn)ex M((M_Qn) . (4-11b
Combining these equations, one finds
Q[ o[ dpo | day- [ dar L' 7MY B 412
LY r , , yeeey = . .
b Qo) dPo| 0Oy Onf(do,Po.q1:---.Gn) =T JmyAB (A p 27h2A B B K

Making use of Eq(4.12), the influence functional expression given by 45 becomes
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A
F[s+,sf]=;f quJ dpof dql---f d0nf normf( @0 Po.d1. --- dn)D(do.Po)

xeXF<i_Sem)(CIo,po))eX - L( 27qn(q|f_qf)+ 'Y(qu_qlf_z)z
h m+ﬁ2ABy

, (4.13

i i
*+ 2 Po(d1~ o) ~ 3 Ps(An—0r)

where rom IS again a normalized sampling function of t

(n+2) variables for each bath degree of freedom, propor- 5(%,Po)ZCQOfoAS(t')COSwt’ dt’+c?g[s, ,s_],

tional to Eq.(4.7). Note thatx is a constant of the isolated (5.4)

bath, whilex must be reevaluated for each influence func-

tional calculation. As their integrands are strictly positive Whereg depends on the forward and backward system paths

and localized, both integrals are easily obtained by Montaélone. Notice that the quadratic terms present in the har-

Carlo with the normalized sampling functidio,. monic oscillator action for forward time evolution have been
eliminated. Interestingly, the dependence on initial momen-
tum has also disappeared as a consequence of linearity. As a

V. ANALYTIC AND NUMERICAL EXAMPLES result, the rapid oscillations in the semiclassical propagator

gre largely eliminated: no oscillations occur fi3 and the

oscillations in they variable are relatively mild as the action

now depends on that variable only linearly with a prefactor

that is proportional to thaetforce experienced by the bath.

This section examines the convergence characteristics
the methodology detailed in Secs. II-1V and its applicability
to realistic multidimensional systems. We begin with the

prototype of a harmonic oscillator bath, for which the vari-

ous expressions can be evaluated analytically, illustrating 5” tht?n classmalﬂl:mlt vz'here. the dforwa;d atndfb;\ ctI;]w'at[d patths
very desirable behavior achieved by combining forward and'€ fhe same me action 1s Independent of Lo ntegration
backward evolution. In an earlier paper we showed that thé(arlab_le_s. As illustrated gfaph'ca”y in Ref. 1.6’ the propaga-
forward—backward semiclassical influence functional mEth:[C(:);rlinﬁ:?Sgrf;'c)i?n Eq.(5.4) is much better suited to Monte

odology can be applied to a harmonic bath at high tempera- ' . . :
ture using a modest number of sampled trajectories. Here w Next, we test the ability of this methodology to describe

present further results in various regimes at high temperatur(i'ss'p""t've dynamics by applying it to calculate the time evo-

and demonstrate convergence of the imaginary time path Hytlon of Fge c;erllebrated spm—bloson fHam|.Itt_on?§r?s bte for? |
tegral formulation by application to a harmonic bath at low V€ tcon?Lgr € ?vctjertage (\j/g ue ?. pct))SItlhorc]j 0 ?b Vgot; ceve
temperature. Finally, a simple model of a one-dimensiona?ﬁS gm( t) clot;Jpe.t 0 i'ith ISsipa |ver[. Ia " ff_scr' €d by an
chain of atoms is used as a coupled anharmonic bath, derfMIC Spectral density with exponential cutoft.
onstrating the generality of our approach. Hw)= Lrhéwe oo, (5.5
A. Harmonic bath Here¢ is the so-called Kondo parameter, which is a measure
We begin by summarizing the forward—backward influ- of the overall system-bath coupling strength, and the cutoff
ence functional expression for the one-dimensional harmonifrequencyw, corresponds to the maximum of the spectral
bath considered in Ref. 16. The Hamiltonian has the form density. For the purpose of performing the semiclassical cal-
P2 1 culation the bath must be discretized. Using a procedure mo-
Hpy==—+ =mw?g>—csq (5.1 tivated by the theory of solid® the discrete bath results
am - 2 converge to those of an infinite-dimensional bath with only
Using the well-known forced harmonic oscillator algebra forten bath oscillators. The total Hamiltonian is
the forward and backward branches, one finds p2 1
j
c t ) H:_leO'X—FZ m+§mjwj2qj2_cj'0'ij' , (56)
gi=do— P As(t’')sinwt’ dt’ ] ]
0
whereo, and o, are the usual Pauli spin matrices. The tun-

and neling splitting of the isolated two-level system is equal to
t 2h(). Below we present the results of the semiclassical pro-
Pi=pPo+ cJ' As(t’)coswt’ dt’, (5.2 cedure described in this paper and compare to those obtained
0 via the exact Feynman—Vernon influence functiéhdor
where various combinations of temperature and system-bath cou-

N e (I e (pt pling strength. In both cases, the path integral is evaluated
As(t)=s"(t") =s~(t'). (5.3 via global summation over all TLS paths with up to five time
Evaluation of the forward—backward action yields the resultslices. The cutoff frequency is chosen to bg=3 ().
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TABLE I. Real part of select influence functionals for the harmonic bath modelM#ttb at two values of the
Kondo parameter. The Boltzmann factor is evaluated withil or 4 imaginary time slices. Each entry lists the
configuration of a forward/backward path combination of the tif@®4...N}. The symbols R and L denote
right and left sites of the TLS. The temperaturéiis.8=3.

=01 £=05

Il
[
Il
[uy

TLS paths n n=4 Exact n n=4 Exact

RRLRLR

RLLRLR 0.624+0.05 0.756:0.02 0.7922 0.0830.02 0.216:0.02 0.2448

RRLLLR 0.753+0.05 0.828-0.03 0.8440 0.2780.04 0.376:0.03 0.3480
RLRLLR

In the calculations presented in this section the TLS isence functional was evaluated using 5000 Monte Carlo
initially localized in the right state. Consequently, only the points for each of the 810 integration variables in Eq.
real part of each influence functional contributes to the aver¢4.4). Including an equilibration period of 15000 steps, a
age position. Table | shows the real part of the influenceotal of 165000 forwards—backwards trajectories were cal-
functional for a harmonic bath at a temperature @f* culated for each influence functional. The corresponding
=1%o, evaluated on illustrative forward—backward pathsCPU time on a Silicon Graphics Origin 20@ith 194 MHz
consisting ofN=5 time slices. The uncertainties in the in- clock cycle and a R10000 process@® 190 s. At this tem-
fluence functional values arise from the Monte Carlo integraperature the high-temperature semiclassical Monte Carlo cal-
tion and represent 1 standard deviatisrd) from the mean. culation is essentially exact, and converges with a quite mod-
The results shown in Table | with=1 andn=4 used 5000
and 10000 Monte Carlo points per integration variable, re-
spectively. The exact influence functionals were obtained
from the Feynman—Vernon formulas for a continuous har-
monic bath. For both high&=0.5) and low ¢=0.1) friction
the high-temperature approximation= 1 result$ is inaccu-
rate but the low temperature expression with four imaginary
time slices produced results which are consistently within 2
s.d. of the exact values.

Path integral results for the TLS average position are
shown in Figs. 2 and 3. Figure 2 presents numerical results
for this system at a range of coupling strengths at a high
temperature {0 .8=0.05). At this temperature the evolu-
tion of the TLS follows exponential decay. The high- 0 0.5 1 1.5 2 2.5 3
temperature rf=1) expression for the semiclassical influ- (a) Qt

0.5 | b

06

04
-0.5 E

-1 I I ! 1 1

0 . s 0 0.5 1 1.5 2 25 3
0 0.5 1 1.5 (b) at
ot

FIG. 3. Average position of a two-level system coupléa: weakly (¢
FIG. 2. Average position of a two-level system coupled to a bath of ten=0-1) and(b) moderately strongly {=0.5) to a bath of ten harmonic os-
harmonic oscillators at a temperature 8f 1=20£Q and three different ~ cillators at a temperature @~ = %ﬁwc .The path integral time step ist
coupling strengths. The path integral time stepAis=0.254). Markers: =0.5K). Markers: results obtained using the imaginary time path integral
results obtained using the high-temperature semiclassical influence funsemiclassical influence functional formalism; triangles=1; circles: n
tional formalism. The Monte Carlo error bars are smaller than the markers=2; squaresn=4. The Monte Carlo error bars are smaller than the mark-
Solid line: exact results, generated using the Feynman—Vernon influencers; solid line: exact results, generated using the Feymman-Vernon influ-
functional. Dashed line: dynamics of the bare two-level system. ence functional.
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TABLE Il. Parameters defining anharmonic chain.

Parameter Valuéa.u)

0.9
1.0
1.35
0.008
51205
0.02
0.25

)

O D3 &eROnN

est computational effort. It is also worth noting that the path
averaging procedure leads to further reduction of the statis-
tical error associated with individual influence functional cal-

culations.

In the low-temperature imaginary time path integral for-

mulation of the semiclassical influence functional<1),

the number of integration variables is considerably larger
than in the high-temperature expression. Fortunately, these
imaginary time path integral variables enter only as negative
real exponents, so there are no more oscillatory terms than
before. The increased dimensionality does make the calcula-
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tion more demanding, although not unfeasible. Figure 3IG. 5. The real part of the integrand of E.20 for the anharmonic
shows the average position of a two-level system coupledotential shown in Fig. 4, as a function of initial position and momentum

both weakly and quite strongly to the ten-dimensional ohmi

bath described above at a temperature equa}fta, for

nd an arbitrary pair of system paths. The high temperature approximation,
g.(3.3), was used to obtain the matrix elements of the Boltzmann operator.
(a8 the integrand obtained form a path in the conventional forward time

various values of. At this relatively low temperature the direction. (b) The integrand obtained in the present formulation using tra-
behavior of the TLS ranges from underdamped oscillationgectories which return to zero time.

at low friction to exponential decay at strong dissipation. It

can be seen that at short times the high-temperature approxi-

mation (:w.AB=3) is accurate, but that it breaks down for temperature with four “temperature slices,” dtw.ApB
times greater than about half a period of the system. Conver=0.75 in Eq.(4.13. These calculations were performed with
gence of the imaginary time path integral is obtained at this0 000 Monte Carlo points per integration variable. Note that

Potential Energy (a.u.)

04 08 12 16

a, (a.u.)

FIG. 4. Anharmonic bath potential energy of E§.7d for the case of a
single solvent atom.

there are 60 integration variables when four temperature
slices are used, so that each influence functional required
600000 forward—backward trajectories after the initial
equilibration. The corresponding CPU time on a Silicon
Graphics Origin 200 is approximately 1 h. It is encouraging
that the resulting statistical errors are very small and that the
qualitatively different dynamics of the two friction regimes
considered here are reliably described by the semiclassical
influence functional.

B. Anharmonic bath

A more stringent test of the proposed methodology is to
consider an intrinsically anharmonic, strongly coupled bath.
To that end we take a two-level system coupled to a model
one-dimensional chain of atoms that can be thought of as
modeling various solvation shells. Representing the bath in
terms of Cartesian displacement coordinates, the system
Hamiltonian is again

Ho= - Q0. (5.79

The system-bath coupling is only through the first “contact”
atom

Vinn=Cod1, (5.7p

while the bath potential is a sum of pairwise interactions
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1 & : . — . . approach is evaluation of the forward and backward time
: propagation in a single step through trajectories that return to
zero time, which eliminates the dominant terms from the

- \\. 1 . .
05 classical action and leads to smooth propagators that are well
. o R suited to numerical integration. At the same time, the inter-
0 i - ference between the two time evolution operators is fully

accounted for, circumventing the need for explicit numerical
. treatment which would suffer from phase cancellation prob-
05 [ . lems.

" g The use of a coherent state initial value representation

. allows a simple phase space sampling. Three procedures are

T s 0 10 200 280 suggested for evaluating the resulting coherent state trans-
form of the Boltzmann operator, including a closed-form
high-temperature approximation and a numerical path inte-
FIG. 6. Average position of the two-level system in E§.7) coupled to a  gral representation. Although the coherent state Boltzmann
tﬁ”'dri]mﬁntsei%nfir;f?gg';’eaqugfs"s‘glc itr’]’;‘ltl:‘én'\ggf';iLsétif:;'tiocr’?;igﬁj UTSL”bctor introduces mild oscillations in the integrand, examina-
T\/IgntelgCarIo eprror tl)Jars are smaller than the markers. Dashed line: dyﬁami(?ggp ‘?f Eqs'(2'14) or (2.18 reveals that in the most Impor-
the bare two-level system. tant limit where the system forward and backward paths co-
incide the oscillatory terms cancel exactly and the entire
integrand is positive definite. Finally, Monte Carlo schemes
were described which employ normalizable sampling func-
Vb(Ch,----Qn)ZVso|(Q1)+kZZ Veoldk—dk-1),  (5.79  tions to generate initial phase space conditions for the clas-
- sical trajectories.

t(a.u.)

n

where In the special case of an harmonic oscillator bath, the
1 present formalism yields a semiclassical propagator that is
Vso,(x)=sDe(1—e‘“X)2+(1—s)Emwzxz. (5.70  independent ofp, and which exhibits slow oscillations in

do. In contrast to the forward-only propagator which is a

The quadratic term in the last equation is added to a Morseapidly oscillatory function of both phase space variables.
potential in order to prevent dissociation, as unbound potenAlthough the precise cancellation of the initial momentum is
tials are difficult to treat with semiclassical propagators. Thisa consequence of linearity in this case, our numerical calcu-
is not a serious restriction of the method, since such situaations showed the integrand to exhibit only mild oscillations
tions are not expected to arise in dense fluids. Table Il give# the case of an anharmonic bath. We emphasize again that
the parameter valug$n atomic unit$ used in this calcula- the integrand iy constructioncompletely positive in the
tion, and Fig. 4 show¥,, the bath potential for the case of classical limit of identical system paths for which the influ-
only one solvent atom. Figure 5 shows the integrand of thence functional takes on its largest value.
high-temperature expression for the influence functional for A number of nontrivial test applications were presented
the case of only one solvent atom at select system pathi the present article. Application to the model of a harmonic
Note that the highly oscillatory integrand which results fromdissipative bath demonstrated that the method converges to
the forwards only propagation shown in Figapis reduced the available exact results with modest numerical effort. Fur-
to an extremely smooth function with the forward—backwardther calculations on a multidimensional bath of anharmoni-
formulation in Fig. §b). cally coupled degrees of freedom reminiscent of solvation

Figure 6 shows the average position of this TLS calcushells also produced very encouraging results characterized
lated with the high-temperature formulation of Sec. IV A. by small error bars. We consider the above models to be
The reciprocal temperature &= 100 a.u. and the path inte- representative of many situations involving the dynamics of
gral time step is 50 a.u. The results were obtained wittelectron transfer or vibrational relaxation in solution or in
10000 Monte Carlo points per integration variable, such thapolyatomic clusters. Although real chemical applications
each influence functional evaluation employed a total ofmust be performed to conclusively establish the feasibility of
300 000 trajectories and requird h 38 min of CPUWime on  any method, our explorations to date invite considerable op-
a Silicon Graphics Origin 200. In this case there are no exadimism in this regard.
guantum results available for comparison as we are studying
the dynamics of a nonlinear system with ten coupled degrees

of freedom. Physically, the behavior of the TLS shown in
Fig. 6 is reasonable. ACKNOWLEDGMENTS
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VI. CONCLUDING REMARKS
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