JOURNAL OF CHEMICAL PHYSICS VOLUME 113, NUMBER 9 1 SEPTEMBER 2000

Forward—backward semiclassical dynamics in the interaction representation
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The forward—backward semiclassical dynamics methodo[dgyPhys. Chem103 7753, 9479
(1999] is reformulated in the interaction representation. The new version of the method allows for
a fully quantum mechanical description of a low-dimensional subsystem of interest, along with a
semiclassical forward—backward treatment of the solvent coordinates and their coupling to the
reference subsystem. Application to the long-time tunneling dynamics in a symmetric double-well
system coupled to a harmonic bath shows that the interaction FBSD is capable of capturing
quantitatively the tunneling and decoherence effects induced by weakly dissipative environments.
© 2000 American Institute of Physids$0021-9606800)01433-1

I. INTRODUCTION task is accomplished by Heller's cellularized fdrm® and

Semiclassical propagation has reemerged in recent yea'r-lserman gnd K.IUKS coherent state repres_enta]tf_dﬁ. .
In spite of its appeal, the use of semiclassical theory in

as a promising tool for following the dynamics of polyatomic . . . o
systems. The time-dependent semiclassical approximation %umerlcal calculations has n the past been I|m|teq. The ma-
jor problem encountered in numerical calculations with

an asymptotic theory valid in the smdllregime. For a sys- d f freedom is th dtoint ‘ i
tem of n degrees of freedom, the Van Vleck propagafor many degrees of freedom IS the need 1o Integrate an osciiia-
tory multidimensional function. As in the case of the real

can be derived by applying the stationary phase approximas

tion to the path integral. Its coordinate representation take me path integrat? Zzz\ianous filtering _techmques ha_Lve
the form ound some succe$d?® but polyatomic systems with
strongly anharmonic potentials that support multiple interfer-
_ o (n2 ing trajectories continue to pose serious difficulties. A sec-
(xalU(tz.ty)[Xa)sc= Classic%aths with (2mif) =" ond problem is the calculation of the prefactoe., evalua-
X(t)=xq, X(tz)=%p tion of the stability matrix and its determinaribat scales as
s |12 ' the third power of the number of atoms.
x| det—~- 'S x)lhginml2 A natural way of smoothing the integrand, and thus
1972 overcoming the phase cancellation problem, is the main ad-

(1) vantage of the forward—backward semiclassical dynamics
where S is the classical action along a path apdis the  (FBSD) methodology introduced recently by Makri and
Maslov index which accounts for the phase of topologicallyThompson in the context of influence functiorfa® and
distinct orbits. Unlike the path integral expressfomhich  extended to semiclassical correlation functions by Miller and
includes all paths between the endpoints, only those trajeco-workeré’~?° and Makri and co-worker® 33 The basic
tories satisfying Newton’s equations enter the semiclassicatlea is to combine the two time evolution operators present
propagator. The determinant prefactor amounts to nonclassih ensemble averaged quantitiééBne correlation functions
cal contributions from quantum fluctuations from classicalfor reduced density matricesnto a single semiclassical
trajectories that are included through second order. A nhumpropagator, which now involves trajectories that evolve first
ber of studies have shown that semiclassical propagatioforward and subsequently backward in time. As a conse-
with Eq. (1) is sufficiently accurate for treating nuclear mo- quence of this time course, the net forward—backward action
tion, even in strongly chaotic systethsSpecifically, the is generally small on the scale #fand the integrand is no
semiclassical propagator preserves unitafitithin the sta- longer highly oscillatory. These features allow successful ap-
tionary phase approximatigruncertainty products, and zero plication of Monte Carlo techniques.
point energy, it captures phase interference phenomena Shao and Makri have shown that a particular implemen-
semiquantitatively; *? and allows some tunnelin@lthough  tation of FBSD can lead to expressions for time correlation
it encounters severe difficulties in the so-called “deep tun-functions where the semiclassical prefactor is eliminated,
neling” regime"). Miller has shown that when the semiclas- giving rise to a methodology with linear scalifg® This
sical propagator is integrated with respect to one or botlprefactor-free formulation is rigorous, in the sense that it
endpoints, as in the expressions for the wave function or thewolves noad hocprocedures other than the use of the sta-
survival amplitude, one can change integration variables tdonary phase approximation. A number of test calculations
obtain an initial value representation where the classical trahave shown that the method can successfully describe the
jectories are specified by their initiglather then boundajy dynamics in multidimensional anharmonic systems as long
conditions, and thus semiclassical propagation can be cast as coherence effects are short-lived. Yet, significant interfer-
a form convenient for numerical calculatioh¥ A similar  ence is lost in that particular version of FBSD, and the re-
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sults have a strong quasiclassical flavor, i.e., are very similar 9 i

to those obtained with the conventional Wigner metffbt. C(t)= —i(ZWﬁ)_”a—nf d%f dpoeXF{gS(CIo,Po)
Particularly bothersome is the inability of the prefactor-free

FBSD to describe the tunneling of a particle between two X(9(do.Po)|poAla(as . PP))] =0- )

wells in a double-well potential, a situation of importance ©01he trajectories in this expression have initial conditions

many chemical and biological systems. , given by the phase space variabigsp, and are first inte-
In the present paper we present a formulation of FBSDy o0 forward to the time At that time they incur a mo-

in the interaction representation. The latter provides a Verﬁ:entum jump equal to
useful framework for quantum mechanical calculations.

Classical mechanics can also be formulated in the interaction Apy= 3% 1V B(q) (6)
representatior® Further, using trajectories propagated in theand the action increments by the amount

interaction representation gives rise to a superior version of

the quasiclassical Wigner scherife. AS=ruB(qy). (7)

~ In the present paper, the dynamics of a chosen lowsyhsequently, each trajectory is integrated back to time zero
dimensional reference system is treated fully quantum merg|iowing the classical equations of motion, reaching the
chanically, while the environment is treated by FBSD. Th'spointqf' ps, while the total accumulated action & Finally,

treatment leads to an improved description of quantum intery js g coherent state defined by the wave function
ference effects, and the method becomes exact as the cou-

pling between system and environment goes to zero. Thued9(do.Po))
the interaction form of FBSD provides a useful method in n/4
the weak coupling limit where the bare prefactor-free FBSD =(—) (det’) V4
is least accurate. Naturally, its accuracy is closely linked to
one’s ability to choose a good reference Hamiltonian, and i
thus the accuracy of the method degrades when the coupling X exp{ —(q—do)"-T-(a—qo) + 7P (A=Go)|, (8)
becomes large.
The theoretical developments are presented in Sec. IWherel'is a positive definite matrix.
Section Ill illustrates the method with an application to sym- It is straightforward to show that the above formalism
metric tunneling in the presence of a dissipative environfor the correlation function applied directly to the Heisen-
ment. The interaction-FBSD method is seen to provide esPerg operator,

sentially quantitative results at weak dissipation, even for By(t)=eH/ige iHUA 9)
very long time propagation. Some concluding remarks are ) o ,
given in Sec. IV. i.e., the FBSD expression f@&y(t) is given by the projector
Jd
= — —n_
Il. THEORY Bu(t)=—i(2mh) aﬂf dqof dpo

A. Prefactor-free FBSD
(10

i
>< —
Throughout this article we focus on correlation function exp{ h S(qo,po)) |9(arP1))(9(do.Po)|

=0
of the type "

A . subject to the evolution described above. Note that even at

C(t)=Tr(p(0)Ae""Be M), (2)  time zero, there is nontrivial forward—backward dynamics

becauseB is involved through Eq(6). As a consequence of

the stationary phase procedure involved in this formulation,

even for a harmonic systefor for a general Hamiltonian at
H=3p"-m™'-p+V(q), (3 t=0) Eq.(10) is exact only ifB is at most a cubic function

whereq and p are the position and momentum operators,°f coordinates.

respectively(the superscripfl denotes the transpose of a

matrix or a vector, m is the mass matrixy(q) the potential

energy, andh,Bare two scalar operators. In the present papeB. FBSD in the interaction representation

it is assumed thaB depends only on the position vectay We now proceed to rewrite the results of the previous
although it is straightforward to extend the theory to accountpsection in the interaction representation. for this purpose
for a general Hermitian operator. By making use of the |den—We divide the Hamiltonian into a suitable reference pagt

tity and a termH;,,; comprising the nonseparable part of the en-
9 U B iU vironment plus its interaction with the subsystem of interest.
C()=—i-—Tr(p(0O)Ae™ e Fe ), (40 As in earlier work, it is important to choose a physically
M _ . . . . L.
n=0 motivated reference, while keeping its form sufficiently
applying the semiclassical approximatigim the coherent simple such that it can be dealt with quantum mechanically
state representatipto the combined product of exponentials by numerical basis set or quadrature technigti€s.
and performing some algebra, we have shown that the cor- The propagator associated with the Hamiltonkrcan
relation function can be brought in the following fotfri® be written as

Here p(0) is the initial density matrix antéH is the Hamil-
tonian of ann-dimensional system,
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U(t)=U(t)Uy(t), (11) !l APPLICATION TO QUANTUM TUNNELING
where One of the most severe problems of FBSD methods is
. their inability to correctly describe long-time tunneling ef-
Ug(t)=e "o (120 fects of the type encountered in isomerization reactions. Be-

cause the evolution of such processes critically depends on

IS the propagator generated by, gndU(t) Is the propaga- ejicate phase relations over many vibrational periods of the
tor in the interaction representation. The latter satisfies the . Lo

: ) . feactants, the stationary phase procedure implicit in
differential equation

forward—backward semiclassical methods cannot properly

d~ ~ account for through-barrier tunneling. In addition, even the
i =2 U (1) =U(OHin(V), (13)  full semiclassical propagator has been shown to fail in the
deep tunneling regim¥. These problems call for a different
where treatment of the reaction coordinate in such cases, and pro-
~ 1 vide an excellent challenge for FBSD in the interaction rep-
Hint(t) = UO(t)HintUO (t) (14) resentation.

is the coupling term in the interaction representation with the ' this section we consider a model that involves tunnel-
initial conditionO(O)zl ing of a particle in a symmetric double-well potential

The interaction propagator coupled to a weakly dissipative bath of photons. The Hamil-
' tonian is given by the form

Ut=U(nUug (), (15 2 "o 2
H=D py +> DL e x-S, (19
involves time evolution in two sequential steps: first, the sys- T 2m olS) = 2m 2 Moy X mwj2 '
tem is propagated in the backward time direction with the ) ) _ _ )
reference Hamiltonian: next, the interaction is turned on, andvhere Vo is a symmetric double well with barrier height
the system is propagated forward with the full poterffal. equal to about 4 kcal/mol and the mass of the particle is that

In the interaction picture, the Heisenberg operator become®f @ hydrogen atom. The coupling coefficients and frequen-
cies of the bath oscillators are collectively specified by the

Bu(t)=Ug {(t) UL (1)BU(t)Uy(t) =Ug () B(t)Uy(t), spectral density function,
(16) n o
=3 3, b stw—w)
where (w 2 &4 Mo, 0= ).
Bu()=U"(1)BU(t) (17 we choose a spectral density of the Ohmic form,
is the Heisenberg operator associated with the propagator T o /
U(t). We invoke the FBSD formula, E¢10), to obtain a Jw)=75h & _we e

semiclassical expression f@(t). Here the classical dy- mn
namics is generated by the interaction propagator, (), Here £ s, are the coordinates of the two potential minima,
as described above. In its FEBSD expressionﬁq(t), the the Kondo parameterr indicates the overall coupling
classical motion goes through five steps. As the first stepstrength between the reaction coordinate and the bath, and
trajectories are propagated backwards from time O-to  ®c is a cutoff that excludes bath modes of unrealistically
with the reference Hamiltonian. Subsequently, they evolvdligh frequencies. We choose.=4() wherefi(} is the tun-
forward in time, from—t to the time 0, with the full Hamil-  neling splitting of the uncoupled double well.
tonian. At that time each trajectory incurs a jump defined by ~ In the case of a truly dissipative bath;—. For the
Eq. (7). The fourth step involves backward propagation toPurpose of applying the FBSD methodology, the bath needs
the time —t by the full Hamiltonian. Finally, the reference 0 be discretized. Using the discretization procedure de-
Hamiltonian moves the trajectories forward once again, tecribed in Ref. 40, we obtained converged results for times
the final time 0. up to a 1.5 tunneling periods with a discrete bath correspond-
To complete the prescription for the correlation function,ind ton=30. Initially the system is in the localized state, i.e.,
we express the correlation function in the form Po=|eo)@ol,

J .
C(t): _i(Zﬂ-h)_nﬂj dqoj de eX%;i_S(qO'pO)) where

_(rno‘)min)l/4 F{ M min 2
X(9(do.Po)| Uo(t)poUs (1) a(as . p)) 0. (18) Po(8)=| = 7| &0~ (S~ Smin) (20

The coherent state matrix element now involves the initialis the ground state of the local harmonic approximation at a
density propagated forward and backward under the refempotential minimum and the oscillators of the bath are in
ence Hamiltonian. Assuming that the latter is amenable tshifted ground states centered c@smm/mwjz. The multidi-
numerical solution by a combination of basis set, quadraturanensional integration is arranged as a sum of two Gaussian
and analytical methods, it is a simple matter to evaluate thiforms according to the probability distributions around the
matrix element. two potential energy minima and calculated with the Genz—
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1 r . . , evaluation of the path integra;*? are displayed in Fig. 2.
e L TS s - Again, it is seen that the two semiclassical methods produce
: G 1 reasonable results only at very short times and fail com-
05 W B LRI S AU pletely to describe the dynamics. By contrast, the interaction

representation FBSD provides a correct description of the
S quenched tunneling oscillations in the dissipative environ-
§ ol i ment for times longer than a tunneling period. It is worth

& noting that the simulation results shown in Fig. 2 involve

v very long-time propagation that exceeds 50 vibrational peri-
05 L i ods in the reactant potential well.

IV. SUMMARY AND DISCUSSION

I T T U T S SR Use of the interaction representation leads to a quantum-

0 50 100 150 200 250 FBSD scheme which combines full quantum mechanical

ot treatment of the subsystem of interest with a forward—

FIG. 1. Scaled average position of a particle in a one-dimensional doubIebaCkwa‘rf:I sem@lassmal description of 'tS, epwrpnment. T_hls
well potential. the solid line shows the results of exact propagation. Themethod is applied to the study of the dissipative tunneling
dashed and dotted lines show the results of the bare FBSD and the classigynamics of a double-well system coupled to a harmonic
Wigner method, respectively. oscillator bath, a model describing many important chemical
processes such as isomerization in solution. While the un-

modified FBSD fails to predict tunneling dynamics, the
quantum-FBSD formulation based on the interaction repre-
sentation leads to a correct description of dissipative tunnel-

Monahan algorithnt! The reference Hamiltonian is chosen
as the one-dimensional adiabatic potentfaf’

5 ing dynamics when the coupling between the system and the
H0=ﬁ+vo(s). (21) environment is weak. In the zero coupling limit the interac-

tion FBSD scheme reverts to the full quantum mechanical
Figure 1 shows the comparison of the results of the bargolution.
double-well system treated via exact quantum mechanical Clearly, the success of the interaction-FBSD methodol-
propagation, plain FBSD, and the classical Wigner methodogy depends on the suitability of the chosen reference
Clearly, neither the simple FBSD scheme nor the classicaHamiltonian. If the dynamics generated by the latter provides
Wigner method can account for quantum tunneling, and botla reasonable approximation to the evolution of the full
methods break down within a single vibrational period of theHamiltonian, the forward—backward semiclassical treatment
potential well. of the environment is able to capture the major effects of
The plain FBSD and classical Wigner methods are als@oupling, leading to accurate results. However, it appears the
applied to the dissipative double-well model with=0.175  scheme is not capable of fully capturing the effects of cou-
and the results, together with the exact one based on iteratiysling on the dynamics of the reference system when the cor-
rections to the latter are large.
Since the dynamics of separable reference Hamiltonians
Ty T T T T tends to be coherent, the interaction FBSD is likely to over-
estimate coherence effects, while the plain FBSD tends to
] neglect it. Thus the two methods are in a sense complemen-
E tary and suitable for different regimes. An interesting ques-
] tion is whether there exists a universal FBSD method that is
accurate not only in these two domains, but also in between.
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