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Iterative path integral formulation of equilibrium correlation functions
for quantum dissipative systems
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We present an iterative path integral algorithm for computing multitime correlation functions of a
quantum system coupled to a dissipative bath of harmonic oscillators. By splitting the Boltzmann
operator into two parts and reordering the propagators in the expression for canonical correlation
functions, we are able to transform the evolution time contour into a symmetric one so that a
forward propagation and a backward one are specified. Because the memory induced by the bath
through the Feynman–Vernon influence functional decays rapidly in the complex time plane,
long-time correlations are negligible. Taking advantage of this fact, we show that the correlation
function can be obtained via an iterative procedure. The method is used to calculate three-time
correlation functions of a dissipative two-level system. ©2002 American Institute of Physics.
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I. INTRODUCTION

Understanding the quantum dynamics of large molecu
systems is one of the central problems of modern phys
chemistry. Due to advances in laser techniques that em
pulses with varying temporal resolution and intensity, ri
spectroscopic results are now available for molecules in
gas phase, on surfaces, or in solution. Studies of the dyn
ics of simple models often shed light on the main features
the spectra and can offer valuable insight. However, e
with simple models of dissipative systems, following t
quantum dynamics presents a challenging problem. Extr
ing dynamical information from spectroscopic data on co
plex systems is a nontrivial and often impossible task. Th
developing methods that are capable of following the qu
tum evolution of systems in condensed phase environm
is a long-standing goal, and progress in this direction w
impact practically all areas of physical chemistry.

In a complex structure often only a small number
degrees of freedom, usually referred to as the ‘‘system,’’
of direct physical significance and are probed in experime
The other degrees of freedom, which form the so-cal
‘‘bath,’’ can exchange energy with the system and alter
phase, thus affecting its dynamics. Therefore, so long as
system of study is not isolated, following its quantum d
namics requires an accurate solution of the time-depen
Schrödinger equation, which is a formidable many-bo
problem. With the most powerful computers available
present one can obtain numerically exact solutions only
systems of a few atoms. Since condensed phase or biolo
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environments consist of many degrees of freedom, direct
lution of the Schro¨dinger equation is not possible. The ea
est strategy for tackling the quantum dynamics of conden
phase systems is to replace the actual environment by a
pler one. The obvious choice is offered by baths compose
harmonic degrees of freedom. If the spectral density of
latter is a continuous function, such baths can successf
capture the common features of dissipative dynamics1–3

However, following the quantum dynamics is not an ea
task even in the case of a harmonic bath, and numeric
exact methods for evaluating the system’s reduced den
matrix have become available only during the last few yea
Another strategy is to develop approximate methods
simulating the dynamics of the system plus environment a
whole. A host of approximate techniques have been s
gested and applied to the dynamics of large systems, w
employ quantum-classical, variational, perturbation theor
or semiclassical tools.

A generic bath that comprises an infinite number of h
monic oscillators can be integrated out analytically with
the path integral formulation of quantum mechanics4,5 to
yield an influence functional of the Feynman–Vernon typ6

If the system and bath are initially uncorrelated the init
density operator factorizes and the Feynman paths run a
the real time contour. In this case the decoherence effec
dissipative media restrict the span of two-time interactio
allowing evaluation of the path sum via an iterativ
procedure.7–14 On the other hand, when the who
system1bath density starts out at equilibrium, a segment
the quantum paths lies along the imaginary time axis.15 The
influence functional method can also be used in conjunc
with complex time propagators that appear in symmetriz
correlation functions. By dividing the evolution in imaginar
time into two identical events, we recently found16 that the
correlation in each individual event decays rapidly as

s,
,

il:
© 2002 American Institute of Physics
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time difference gets larger. This observation allowed us
specify the two evolutions as a forward one and a backw
one, respectively. As a consequence, one can evaluate c
lation functions of this type by an iterative method.16

In the present paper we focus on the Kubo~unsymme-
trized! form of equilibrium correlation functions.17 By split-
ting the Boltzmann operator into two imaginary time prop
gators and rearranging their order, a new ‘‘symmetrize
evolution ~first along the imaginary axis and then along t
real axis! is obtained. After the system loses its memory
the imaginary past, the influence functional in real time e
hibits time-translational invariance, which leads to an e
cient iterative procedure evaluating the path integral.

Throughout this paper we focus on a system coupled
harmonic bath via the Hamiltonian

H5Hsys~q,p!1Hbath~x,p!1H int~q,x!, ~1.1!

where the first term is the Hamiltonian of the probed syst
with coordinateq and conjugate momentump, the second is
the Hamiltonian describing the bath oscillators whose co
dinates and momentaxi ,pi are denoted collectively by th
vectors x,p and the third term describes the system–b
coupling. We assume that the bath is harmonic and that
system–bath coupling is linear in the coordinates of the b
i.e.,

Henv[Hbath1H int5(
j

F pj
2

2mj
1

1

2
mjv j

2S xj2
cj f ~q!

mjv j
2 D 2G ,

~1.2!

where f (q) is a function of arbitrary form.
Section II describes the theoretical framework for a g

eral two-time correlation function. The latter is expressed
terms of sequential propagation along two symmetrically
lated time contours and its path integral representation
obtained. In Sec. III we derive the discretized path integ
expression of the correlation function and develop an ite
tive procedure for its evaluation. The methodology is e
tended to higher order correlation functions relevant to n
linear spectroscopy in Sec. IV. Section V applies the itera
method to calculate three-time correlation functions fo
dissipative two-level system, and Sec. VI concludes wit
summary and a brief discussion.

II. PATH INTEGRAL REPRESENTATION OF TWO-TIME
CORRELATION FUNCTIONS

We first consider the two-time correlation function d
fined as

CAB~ t !5
1

Z
Tr$e2bHAeiHt /\Be2 iHt /\%, ~2.1!

whereb5(kBT)21 is the reciprocal temperatureT scaled by
the Boltzmann constantkB , Z is the partition function at the
given temperature, andA, B are the operators of the ob
served system. Using the permutation invariance of the tr
we can rewrite the correlation function as
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CAB~ t !5
1

Z
Tr$e2bH/2AeiHt /\Be2 iHt /\e2bH/2%

5
1

Z
TrsysOAB , ~2.2!

where Trsys denotes the quantum trace with respect to
system only, and

^q0
2uOABuq0

1&[OAB~q0
2 ,q0

1!

5^q0
2uTrbath

3~e2bH/2AeiHt /\Be2 iHt /\e2bH/2!uq0
1&.

~2.3!

Inserting complete sets of states repeatedly, the last exp
sion becomes

OAB~q0
2 ,q0

1!5E dqreE dqim
1 E dqim

2 Trbath

3^q0
2ue2bH/2uqim

2 &^qim
2 uAeiHt /\uqre&

3^qreuBe2 iHt /\uqim
1 &^qim

1 ue2bH/2uq0
1&

~2.4!

which can also be written as

OAB~q0
2 ,q0

1!5E dqreE dqim
1 E dqim

2 E dqAE dqB

3Trbatĥ q0
2ue2bH/2uqim

2 &^qim
2 uAuqA&

3^qAueiHt /\uqre&^qreuBuqB&^qBue2 iHt /\uqim
1 &

3^qim
1 ue2bH/2uq0

1&. ~2.5!

Its path integral representation4–6,15,18,19is

OAB~q0
2 ,q0

1!5E dqreE dqim
1 E dqim

2 E dqAE dqB

3E Dqre
1E Dqre

2E Dqre
1E Dqre

2^qim
2 uAuqA&

3^qreuBuqB&TrbathexpF i

\
~Ssys

re @qre
1#

1Ssys
re @qre

2# !2
1

\
~Ssys

im @qim
1 #1Ssys

im @qim
2 # !G

3F@qre
1 ,qre

2 ,qim
1 ,qim

2 #, ~2.6!

whereqre
1 ,qre

2 are quantum paths of the system in real tim
with endpoints$qim

1 ,qB% and$qre,qA%, respectively~with qre
2

running in the negative time direction!, qim
1 ,qim

2 are paths in
imaginary time \b/2 with endpoints $q0

1 ,qim
1 % and

$qim
2 ,q0

2%, and Ssys
re , Ssys

im are the real and Euclidean tim
actions that correspond to the system HamiltonianHsys. Fi-
nally, the influence functional is

F@qre
1 ,qre

2 ,qim
1 ,qim

2 #

[Trbath~Ueff@qim
2 #Ueff

21@qre
2#Ueff@qre

1#Ueff@qim
1 # !,

whereUeff is the time evolution operator for the Hamiltonia
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Heff~x,p,t!5Hbath~x,p!1H int~q~t!,x! ~2.7!

which is time dependent by virtue of the time parametri
tion of the system paths. The influence functional can also
written symbolically as

F5Trbath~Ueff@q#G!, ~2.8!

whereq(t) is the coordinate of the quantum system at
time t along the lineG in a complex time plane displayed i
Fig. 1.

For a harmonic bath linearly coupled to the system
interest the influence functional is given by the expressio

F5ZbathexpS 2
1

\ E
G
dt8E

G
dt9 a~ta2tb!

3 f ~q~t8!! f ~q~t9!! D , ~2.9!

FIG. 1. The time contour employed in the path integral representation o
two-time correlation function.
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where Zbath is the canonical partition function of the bar
bath,ta , tb are the earlier and later of the timest8, t9 along
the time contourG displayed in Fig. 1, anda(t) is the bath
response to the feedback of the system given by the exp
sion

a~t!5(
j

cj
2

2mjv j

cos@v j~t1 i\b/2!#

sinh~\bv j /2!
. ~2.10!

It is well known that all characteristics of the bath pertaini
to the dynamics of the observable system are captured in
spectral density function

J~v!5
p

2 (
j

cj
2

mjv j
d~v2v j !. ~2.11!

III. ITERATIVE EVALUATION OF THE PATH INTEGRAL

In numerical calculations, the path integral is recast i
discretized form, in which the total evolution time\b along
the imaginary time axis is divided into 2M slices of length
Db5b/2M , while the real timet is split into N slices of
length Dt5t/N. The propagator for any time slice is ap
proximated by the Trotter formula,

exp~HDt!5exp~~H2Hsys!Dt/2!exp~HsysDt!

3exp~~H2Hsys!Dt/2!. ~3.1!

With this time discretization Eq.~2.4! takes the form

e

ove
OAB~q0
2 ,q0

1!5E dq1
1
¯E dqM

1
¯E dqM1N

1 E dq1
2
¯E dqM

2
¯E dqM1N

2 ^q0
2ue2DbHsysuq1

2&¯^qM21
2 ue2DbHsysuqM

2&

3^qM
2 uAeiH sysDt/\uqM11

2 &^qM11
2 ueiH sysDt/\uqM12

2 &¯^qM1N21
2 ueiH sysDt/\uqM1N

2 &

3^qM1N
2 uqM1N

1 &^qM1N
1 uBe2 iH sysDt/\uqM1N21

1 &^qM1N21
1 ue2 iH sysDt/\uqM1N22

1 &¯^qM11
1 ue2 iHDt/\uqM

1&

3^qM
1 ue2DbHsysuqM21

1 &¯^q1
1ue2DbHsysuq0

1&F~q0
2 ,...,qM1N

2 ,q0
1 ,...,qM1N

1 !. ~3.2!

The discretized influence functionalF is now a function of all the positions specifying the path of the system. The ab
expression can be rewritten in the compact form

OAB~q0
2 ,q0

1!5E dq1
6
¯E dqM1N

6 )
k51

M

K im~qk21
6 ,qk

6!K re
A~qM

6 ,qM11
6 !

3 )
k5M12

M1N21

K re~qk21
6 ,qk

6!K re
B~qM1N21

6 ,qM1N
6 !d~qM1N

1 ,qM1N
2 !F~q0

6 ,...,qM1N
6 !, ~3.3!

where

K im~qk21
6 ,qk

6![^qk21
2 ue2DbHsysuqk

2&^qk
1ue2DbHsysuqk21

1 &, ~3.4!

K re~qk21
6 ,qk

6![^qk21
2 ueiH sysDt/\uqk

2&^qk
1ue2 iH sysDt/\uqk21

1 &, ~3.5!

K re
A~qM

6 ,qM11
6 ![^qM

2 uAeiH sysDt/\uqM11
2 &^qM11

1 ue2 iH sysDt/\uqM
1&, ~3.6!

K re
B~qM1N21

6 ,qM1N
6 ![^qM1N21

2 ueiH sysDt/\uqM1N
2 &^qM1N

1 uBe2 iH sysDt/\uqM1N21
1 &. ~3.7!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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The time points at which the system imposes a new force

the bath are the seriest05(0,0), tk52 i (k2 1
2)\Db for 1

<k<M , tM1152 i\b/2, tM1k5(k2 1
2)Dt2 i\b/2 for 1

<k<N21, andtM1N5t2 i\b/2. The discretized influence
functionalF reads

F5ZbathexpF2
1

\ (
k50

M1N

(
k850

k

~hkk8
11 f k

1 f k8
1

1hkk8
22 f k

2 f k8
2

1hkk8
12 f k

1 f k8
2

1hkk8
21 f k

2 f k8
1

!G , ~3.8!

where f k
65 f (qk

6) and the coefficients in the quadratic inte
action form are determined by the response function
~2.5! as

hkk
115~hkk

22!*

5
1

p E
2`

`

dv
J~v!

v2

sin~v~tk112tk!/2!

sinh~\bv/2!

3sin~v~tk112tk1 i\b!/2!, ~3.9!

hkk
125

2

p E
2`

`

dv
J~v!

v2

sin~v~tk112tk!/2!

sinh~\bv/2!

3sin~v~tk* 2tk11* !/2!

3cos~v~tk11* 1tk* 2tk112tk2 i\b!/2!, ~3.10!

hkk8
11

5~hkk8
22

!*

5
2

p E
2`

`

dv
J~v!

v2

sin~v~tk112tk!/2!

sinh~\bv/2!

3sin~v~tk8112tk8!/2!

3cos~v~tk111tk2tk8112tk81 i\b!/2!,

~3.11!

and

hkk8
12

5~hkk8
21

!*

5
2

p E
2`

`

dv
J~v!

v2

sin~v~tk112tk!/2!

sinh~\bv/2!

3sin~v~tk8
* 2tk811

* !/2!

3cos~v~tk811
* 1tk8

* 2tk112tk2 i\b!/2!

~3.12!

for k8<k. In these expressions the spectral density for ne
tive frequencies is defined asJ(2v)52J(v).

Full summation of the path integral typically involves a
astronomical number of terms, equal to the number of g
points required to discretize the system coordinate raise
the power 2(M1N). At the same time, Monte Carlo meth
ods fail to converge except at short times due to the osc
tory nature of the multidimensional integrand. Even thou
the presence of the influence functional has introduced n
local interactions prohibiting a step-by-step evaluation, e
lier work in our group has shown that the extent of non
Downloaded 02 Jan 2002 to 130.126.224.117. Redistribution subject to A
n
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cality is finite and usually much shorter than the desira
propagation time.7 This fact, which is a consequence of d
coherence induced by the bath, implies that the path inte
can be decomposed into a series of low-dimensional op
tions. Specifically, rather than attempting simultaneous su
mation of all paths spanning the propagation time, one ne
to carry each summation over only those path segments
span the memory time.8,9 Since the number of terms grow
exponentially with the number of time steps over whi
paths must be taken into account, such a decomposition
sults in a dramatic reduction of effort and enables evalua
of the path integral for long times. Further reduction of effo
is possible if one employs a Monte Carlo procedure to fil
out path segments with exponentially small contrib
tion.11,14,20

In our recent work we demonstrated that the ba
induced decoherence, initially exploited only in real tim
also characterizes the Boltzmann operator, provided the i
gration is performed inward from both ends of the imagina
time contour.16 In this case, the loss of memory is a cons
quence of thermal fluctuations in addition to the stand
dephasing arising from multidimensional baths. Thus, c
pling of the system to a large number of oscillators is no
necessary condition for finite memory, although the prese
of dissipation helps shorten even further the memory leng
These features imply that even the partition function, wh
involves propagation only in imaginary time, is amenable
an iterative procedure, as shown in our recent work.

To implement these ideas, we assume that the resp
function decays to zero within at mostDkmax time steps both
in real and imaginary time. This means that the coefficie
of the nonlocal terms become practically zero whenuk2k8u
in Eq. ~3.8! exceeds a certain thresholdDkmax, and thus the
second summation in the exponent of Eq.~3.8! can be trun-
cated without loss of accuracy. To establish the algorithm,
expand the influence functional into a product of functio
corresponding to one-point and two-point interaction
namely,

F5Zbath)
k50

M1N

F0~qk
6! )

k50

M1N21

F1~qk
6 ,qk11

6 !¯

3 )
k50

M1N2Dkmax

FDkmax
~qk

6 ,qk1Dkmax

6 !, ~3.13!

where the one- and two-point functions are

FDk~qk
6 ,qk1Dk

6 !

5expF2
1

\
~hk1Dk,k

11 f k1Dk
1 f k

11hk1Dk,k
22 f k1Dk

2 f k
2

1hk1Dk,k
12 f k1Dk

1 f k
21hk1Dk,k

21 f k1Dk
2 f k

1!G ~3.14!

for Dk50,...,Dkmax and k50,...,M1N2Dkmax. In close
analogy with its earlier versions, the iterative procedure c
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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sists of the following steps. First, a 2Dkmax-dimensional ar-
ray R(k)(qk

6 ,...,qk1Dkmax21
6 ) ~where the superscriptk speci-

fies the time index of the first variable! is set up with the
initial condition

R(0)~qk
6 ,...,qk1Dkmax21

6 !51. ~3.15!

The elements of this array are system path segments
spanDkmax time points. We also construct a 2(Dkmax11)-
dimensional arrayL, which is defined as

L im~qk
6 ,...,qk1Dkmax

6 !5K im~qk
6 ,qk11

6 !

3 )
m50

min$Dkmax,M1N2k%

Fm~qk
6 ,qk1m

6 !

~3.16!

and its endpoint versions

L re
A~qM

6 ,...,qM1Dkmax

6 !5K im
A ~qM

6 ,qM11
6 !

3 )
m50

min$Dkmax,M1N2k%

Fm~qM
6 ,qM1m

6 !,

~3.17!

L re
B~qM

6 ,...,qM1Dkmax

6 !5K im
B ~qM

6 ,qM11
6 !

3 )
m50

min$Dkmax,M1N2k%

Fm~qM
6 ,qM1m

6 !.

~3.18!

With these definitions, the first propagation step involves
following operation:

R(1)~q1
6 ,...,qDkmax

6 !5E dq0
6 L im~q0

6 ,q1
6 ,...,qDkmax

6 !

3R(0)~q0
6 ,...,qDkmax21

6 !d~q0
12q0

2!.

~3.19!

Subsequent steps along the imaginary time branches are
formed as follows:

R(k11)~qk11
6 ,...,qk1Dkmax

6 !5E dqk
6L im~qk

6 ,...,qk1Dkmax

6 !

3R(k)~qk
6 ,...,qk211Dkmax

6 !

~3.20!

for k51,...,M21.
Propagation along the real time contour starts with

multiplication

R(M11)~qM11
6 ,...,qM1Dkmax

6 !

5E dqM
6 L re

A~qM
6 ,...,qM1Dkmax

6 !

3R(M )~qM
6 ,...,qM211Dkmax

6 !, ~3.21!

followed by N22 steps of the type
Downloaded 02 Jan 2002 to 130.126.224.117. Redistribution subject to A
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R(k11)~qk11
6 ,...,qk1Dkmax

6 !5E dqk
6 L re~qk

6 ,...,qk1Dkmax

6 !

3R(k)~qk
6 ,...,qk211Dkmax

6 !.

~3.22!

For k5M11,...,M1N22. The last step consists in the op
eration

R(M1N)~qM1N
6 ,...,qM1N211Dkmax

6 !

5E dqM1N21
6 L re

B~qM1N21
6 ,...,qM1N211Dkmax

6 !

3R(M1N21)~qM1N21
6 ,...,qM1N221Dkmax

6 !. ~3.23!

This sequence of events is illustrated in Fig. 2.
Finally, the correlation function at timet is given by

CAB~ t !5Z21R(N1M )~qN1M
6 ,0,...,0!. ~3.24!

Although the arraysR and L involved in the iterative
evaluation of the correlation function depend simultaneou
on the variables corresponding to all time points within t
memory length, each of the operations presented above
volves only the coordinate of a single time point ofR and
those of two adjacent time points ofL. Thus, each propaga
tion step can be considered a matrix-vector multiplicat
where the dimension of the ‘‘vector’’R is equal to the square
of the number of grid points required to discretize the syst
coordinate.

A similar algorithm has recently been developed for ev
lution along the complex time line.16 That scheme provides
the natural way to proceed in order to calculate a symm
trized time correlation function, as in the case of Miller
flux correlation function formulation of reaction rat
theory.21 As is well known, a time correlation function an
its symmetrized complex time variant are related by Ku
transforms.17 Thus, knowledge of one form allows, in prin
ciple, calculation of the other, although numerical consid
ations may become important when evaluating the neces
transformation integral. The present formulation yields t
conventional unsymmetrized correlation functiondirectly. A
practical advantage of the present formulation, where
time contour proceeds along the imaginary and real ti

FIG. 2. Path integral coordinates and the direction of the iterative proced
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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directions via two sequential events~rather than following
the diagonal line through the complex time plane! is that
during the evolution in the real time direction with fixe
imaginary time~except for the first and last propagation ste!
the propagatorL is independent of time. This fact is impo
tant if one seeks the long-time behavior of the correlat
function.

Finally, we note that if the two operatorsA andB are set
equal to the identity operator, we obtain an algorithm
calculating the system-bath partition functionZ. This proce-
dure has also been discussed in Ref. 16.

IV. HIGHER ORDER CORRELATION FUNCTIONS

The interest in multitime correlation functions lies
nonlinear spectroscopy which can distinguish homogene
and inhomogeneous dephasing of a vibrational mode
liquid.22 For example, the fifth-order polarization is dete
mined by the following response function:

R(5)~ t1 ,t2!52
1

\2Z
Tr~@@P~ t11t2!,P~ t1!#,P#e2bH!,

~4.1!

whereP is the polarizability. Although the two commutato
on the right-hand side of Eq.~4.1! result in four terms, only
two of them need to be calculated because of the permuta
invariance of the trace. The signal recorded in the exp
ments is the square of the response function, nam
I (5)(t1 ,t2)5(R(5)(t1 ,t2))2.

Extending the procedure developed in the previous
sections for the calculation of multitime correlation functio
is straightforward. Again, one needs to split the Boltzma
operator into two identical parts and to reorder the evolut
propagators for a symmetric expression of the correla
function. For example, a three-time correlation function c
be expressed in the form

CABD~ t1 ,t2!5Tr$e2bHAB~ t1!D~ t2!%

5Tr~e2bH/2e2 iHt 2 /\AeiHt 1 /\

3Be2 iHt 1 /\eiHt 2 /\De2bH/2!. ~4.2!

The evolution time contour of the drive path is displayed
Fig. 3.

In this case there are two pairs of forward–backwa
real time branches. Partitioning the time intervalst1 and t2

into N1 and N2 time slices, respectively, one can obtain

FIG. 3. The evolution contour for the three-time correlation function.
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discretized path integral expression similar to Eq.~3.3! but
with separate paths discretizing each of the forwa
backward real time contours, with a total ofM1N11N2

time points. Developing an iterative algorithm along the lin
of the preceding section is straightforward.

V. MODEL STUDIES: DISSIPATIVE TWO-LEVEL
SYSTEMS

As simple applications, we use the iterative proced
developed in Secs. II–IV to calculate two- and three-tim
position correlation functions in symmetric and asymmet
two-level systems coupled to a harmonic oscillator bath. T
bath is fully specified by the spectral density which is chos
Ohmic, i.e.,

J~v!5pjve2v/vc, ~5.1!

where the Kondo parameterj is a measure of the overa
system-bath coupling strength.

The two-level system can be regarded as a trunca
one-dimensional double-well system and its position coo
nate is the 232 Pauli spin matrixsz . Thus the Hamiltonian
for the dissipative two-level system is

H5\Vsx1\«sz1(
j

S pj
2

2mj
1

1

2
mjv j

2xj
22szcjxj D ,

~5.2!

where 2\V is the energy difference between the excited a
ground states, which is closed related the tunneling
quency between the two localized states,\« is the bias and
the bath spectral density is given by Eq.~5.2! with vc /V
57.5. The correlation functions to be evaluated are

C~ t !5Z21 Tr~e2bHsze
iHt /\sze

2 iHt /\! ~5.3!

FIG. 4. The two third-order correlation functions defined in Eq.~5.5! and
~5.6! for an asymmetric two-level system coupled to an Ohmic bath
b215\v.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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and

C~ t1 ,t2!5Z21 Tr~e2bHsze
iHt 1 /\

3sze
2 iHt 1 /\eiHt 2 /\sze

2 iHt 2 /\!.

To obtain the fifth-order response function we bring E
~4.1! in the form

R(5)~ t1 ,t2!5
2

\2Z
Re~Tr@e2bH/2eiHt 1 /\~PeiHt 2 /\Pe2 iHt 2 /\

2eiHt 2 /\Pe2 iHt 2 /\P!e2 iHt 1 /\Pe2bH/2# !.

~5.4!

In the present study we assume thatP is linearly proportional
to the position, i.e.,P}sz . The two third-order correlation
functions to be calculated are thus defined by

C1~ t1 ,t2!5Re$Tr@e2bHsz~ t11t2!sz~ t1!sz#% ~5.5!

and

C2~ t1 ,t2!5Re$Tr@e2bHsz~ t1!sz~ t11t2!sz#%. ~5.6!

Note that when the two-level system is symmetric («50),
the fifth-order response function is zero since in this case
three-time autocorrelation functions are vanishing. In the c
culations presented below we set«5V and choose the
Kondo parameter asj50.1.

Figure 4 displays the two correlation functions at an
termediate temperatureb215\V and Fig. 5 shows the cor
responding signal. Figure 6 shows the signal at a lower t
perature,b2150.2\V. In both cases, the partition functio
is calculated using full memory, i.e., the evolution in imag
nary time is divided into preciselyDkmax slices. The real

FIG. 5. The calculated signal forb215\V.

FIG. 6. The calculated signal forb2150.2\V.
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time step is chosen asDt50.1V21. With the parameters
employed in these calculations excellent convergence
achieved with Dkmax56, and the results obtained wit
Dkmax59 are practically indistinguishable from those pr
sented in the figures.

VI. DISCUSSION

Equilibrium correlation functions encode very rich info
mation. Depending on the type and the operators involv
correlation functions can yield information on linear or no
linear spectroscopy, reaction kinetics or relaxation pheno
ena in a variety of systems. Numerical evaluation of cor
lation functions requires one’s ability to solve the quantu
mechanical equations of motion in real time and has in
past been possible only in small molecules and simplifi
models or larger systems.

The methodology described in this paper allows accur
numerical evaluation of time correlation functions in syste
interacting with harmonic dissipative media. The comm
‘‘sign problem’’ associated with numerical evaluation of th
path integral is circumvented through the development of
iterative procedure. In this, the path integral is broken up i
a series of matrix-vector multiplications and summed
quentially. Because the number of steps grows linearly w
the total propagation interval, very long time behavior b
comes accessible. Once converged with respect to the
integral time steps and memory time the method is ex
Further, the matrix operations involved yield definitive r
sults free of statistical error common to Monte Carlo bas
schemes. For these reasons the present method provid
excellent way to investigate multitime correlation functio
and sensitive nonlinear signals in dissipative models of c
densed phase experiments.
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