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Iterative path integral formulation of equilibrium correlation functions
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We present an iterative path integral algorithm for computing multitime correlation functions of a
quantum system coupled to a dissipative bath of harmonic oscillators. By splitting the Boltzmann
operator into two parts and reordering the propagators in the expression for canonical correlation
functions, we are able to transform the evolution time contour into a symmetric one so that a
forward propagation and a backward one are specified. Because the memory induced by the bath
through the Feynman—Vernon influence functional decays rapidly in the complex time plane,
long-time correlations are negligible. Taking advantage of this fact, we show that the correlation
function can be obtained via an iterative procedure. The method is used to calculate three-time
correlation functions of a dissipative two-level system.2002 American Institute of Physics.
[DOI: [10.1063/1.1423936

I. INTRODUCTION environments consist of many degrees of freedom, direct so-
lution of the Schrdinger equation is not possible. The easi-

Understanding the quantum dynamics of large moleculaest strategy for tackling the quantum dynamics of condensed
systems is one of the central problems of modern physicgdhase systems is to replace the actual environment by a sim-
chemistry. Due to advances in laser techniques that emplayler one. The obvious choice is offered by baths composed of
pulses with varying temporal resolution and intensity, richharmonic degrees of freedom. If the spectral density of the
spectroscopic results are now available for molecules in theatter is a continuous function, such baths can successfully
gas phase, on surfaces, or in solution. Studies of the dynangapture the common features of dissipative dynarics.
ics of simple models often shed light on the main features oHowever, following the quantum dynamics is not an easy
the spectra and can offer valuable insight. However, evefask even in the case of a harmonic bath, and numerically
with simple models of dissipative systems, following the exact methods for evaluating the system’s reduced density
quantum dynamics presents a challenging problem. Extractatrix have become available only during the last few years.
ing dynamical information from spectroscopic data on com-another strategy is to develop approximate methods for
plex systems is a nontrivial and often impossible task. Thussimylating the dynamics of the system plus environment as a
developing methods that are capable of following the quangnole. A host of approximate techniques have been sug-
tum evolution of systems in condensed phase environmen@ested and applied to the dynamics of large systems, which
is a long-standing goal, and progress in this direction willemploy quantum-classical, variational, perturbation theoretic
impact practically all areas of physical chemistry. or semiclassical tools.

In-a complex structure often only a small number of A generic bath that comprises an infinite number of har-
degrees of freedom, usually referred to as the “system,” arg,qnic oscillators can be integrated out analytically within
of direct physical significance and are probed in experimentsy,q path integral formulation of quantum mechafifcso
The other degrees of freedom, which form the so-called;g|q ap influence functional of the Feynman—Vernon t§pe.

“bath,” can exchange energy with the system and alter itS¢ 1o ystem and bath are initially uncorrelated the initial

phase, thus affecting its dynamics. Therefore, so long as th(?ensity operator factorizes and the Feynman paths run along

systgm of St.Udy IS not |soltated,| fﬁllOWl?gihltst_quar:jtum dg- the real time contour. In this case the decoherence effects of
namics requires an accurate sofution of the time-depen e?i‘issipative media restrict the span of two-time interactions,
Schradinger equation, which is a formidable many'bOdyaIIowing evaluation of the path sum via an iterative
problem. With the most powerful computers available at

. . . Procedur@l‘14 On the other hand, when the whole
present one can obtain numerically exact solutions only fo

systems of a few atoms. Since condensed phase or biolo icfs#stemkbath density starts out at equilibrium, a segment of
y ' P 9'C%fe quantum paths lies along the imaginary time AXiEhe

influence functional method can also be used in conjunction
dpresent address: State Key Laboratory of Molecular Reaction Dynamicsyith complex time propagators that appear in symmetrized
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time difference gets larger. This observation allowed us to 1 , ,
specify the two evolutions as a forward one and a backward ~ Cag(t)= ZTr{e_ﬁleAe'H”hBe_'H”ﬁe_ﬁH/Z}
one, respectively. As a consequence, one can evaluate corre-
lation functions of this type by an iterative methtd.
In the present paper we focus on the Kulbmsymme- - ZTrSVSOAB’
trized) form of equilibrium correlation function¥. By split-
ting the Boltzmann operator into two imaginary time propa-
gators and rearranging their order, a new “symmetrized"System only, and
evoluti(_)n_(first al_ong the imaginary axis and '_chen along the (0o |Oasldg )=0ng(dg ,0¢)
real axig is obtained. After the system loses its memory for
the imaginary past, the influence functional in real time ex- =(0o | Trpath
hibits time-translational invariance, which leads to an effi- « (e~ BHIZp MU/t o iHUUT g~ BHI2)| o
cient iterative procedure evaluating the path integral. (e € € )ldo)-
Throughout this paper we focus on a system coupled to a (2.3
harmonic bath via the Hamiltonian

(2.2

where Tt denotes the quantum trace with respect to the

Inserting complete sets of states repeatedly, the last expres-
H= Hsys(qv p) +H batl{xvp) + Hint(q1x)- (1-1) sion becomes

where the first term is the Hamiltonian of the probed system  O,g(qg ,qg)zf dqref dqiﬁqf ddiy, Trpath
with coordinateg and conjugate momentum the second is

the Hamiltonian describing the bath oscillator_s whose coor- X{(do |e” P2 g )il A€MV 0 0)
dinates and moments ,p; are denoted collectively by the ,

vectorsx,p and the third term describes the system-—bath X (ardBe ™ g (amle " ag )
coupling. We assume that the bath is harmonic and that the (2.4)
system—bath coupling is linear in the coordinates of the bath,

which can also be written as

Onetcly )= | date | dag, [ day, [ da [ dag

i.e.,

2 2
pi 1 ¢;f(q
Hen=Hbairt Hine= 2 [Z_r;]'"'zmjwjz(xj_ -
i

j M @] ~1 0= BHI2 4=\ (4
(1.2 X Trpa{do | € | Qim){Qiml Alda)
wheref(q) is a function of arbitrary form. X (qal€"""|are)(drel Blag)(asle™ ")
Section Il describes the theoretical framework for a gen- x(qi-|e P2l ). (2.5

eral two-time correlation function. The latter is expressed in

terms of sequential propagation along two symmetrically relts path integral representatitr?
lated time contours and its path integral representation is

obtaineql. In Sec. Il we d_erive the_ discretized path intggrabAB(qa,qg):J ereJ d%f dqi?‘nj quJ dag
expression of the correlation function and develop an itera-

tive procedure for its evaluation. The methodology is ex-

tended to higher order correlation functions relevant to non- Xf DVrJ:af DVr;f DﬁrJref Dyre(AimlAlda)
linear spectroscopy in Sec. IV. Section V applies the iterative

method to calculate three-time correlation functions for a % BladT l_ ger
dissipative two-level system, and Sec. VI concludes with a (el Bl ) Troamex ﬁ( syd /el
summary and a brief discussion.

,15,18,19is

1, .
+SGd rel) = 7 (SGd7im] + S 7im])

IIl. PATH INTEGRAL REPRESENTATION OF TWO-TIME X F s ssre Zim 7] (2.6)
CORRELATION FUNCTIONS

where . .7 are quantum paths of the system in real time
We first consider the two-time correlation function de- with endpoints(q;),,qs} and{qye,da}, respectivelywith .
fined as running in the negative time directiny, ,7im are paths in
imaginary time #8/2 with endpoints {qg ,q;,} and
2.1 {dim.0o}, and Sgysr Seys are the real and Euclidean time
actions that correspond to the system Hamiltortiag,. Fi-
nally, the influence functional is

1 . .
Cas(t) = ZTr{e_BHAe'H“ﬁBe_'HI/ﬁ},

whereB=(kgT) ! is the reciprocal temperatufiescaled by L

the Boltzmann constarkis, Z is the partition function at the Slzre #re #im #im]

given temperature, ané, B are the operators of the ob- —Tr (U U= LoTU U
served system. Using the permutation invariance of the trace, batd Uetl 7imUefi [7re U el e U el 7im 1)
we can rewrite the correlation function as whereU  is the time evolution operator for the Hamiltonian
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Im7 where Zy,., is the canonical partition function of the bare
f R bath,7,, 7, are the earlier and later of the times 7" along
) €T the time contoul” displayed in Fig. 1, and(7) is the bath

g response to the feedback of the system given by the expres-
+ sion
~Linp§ —3 $ 1—~Linf )
Gre C; codwi(t+ihpl2)]
{ Fm “(T)_; 2mo;  sinh#Bw;/2) 219
—ihf3

It is well known that all characteristics of the bath pertaining
FIG. 1. The time contour employed in the path integral representation of thd© the dynam|.cs of th? observable system are captured in the
two-time correlation function. spectral density function

2

= . C;
Heﬁ(xip’T) Hbatf‘(xip)dl—Hlnt(y(T)!X) (27) J(w):gE ) 6((1)_(1)]) (21])
which is time dependent by virtue of the time parametriza- T Mo

tion of the system paths. The influence functional can also be
written symbolically as IIl. ITERATIVE EVALUATION OF THE PATH INTEGRAL

= Thoar Uerl #I1), 28 In numerical calculations, the path integral is recast in a
where ,(7) is the coordinate of the quantum system at thediscretized form, in which the total evolution tinkg3 along
time 7 along the linel” in a complex time plane displayed in the imaginary time axis is divided into\ slices of length
Fig. 1. AB=pBI2M, while the real timet is split into N slices of

For a harmonic bath linearly coupled to the system oflength At=t/N. The propagator for any time slice is ap-
interest the influence functional is given by the expression proximated by the Trotter formula,

1
§=Zbathexp< — %J dr’J d7" a(7,— 7p) expHA 7)=exp((H —Hgd Ar/2)exp(Hg A7)
r r
Xexp((H—HgdAT/2). (3.1
XF(ATNT(AT) |, 2.9
(ATDHAT ))) @9 With this time discretization Eq2.4) takes the form

OAB(qa,q3)=f qu---J dqni---qurwf qu---J dqn]---fdqmmqale‘”“SV%qI)---<qh}71|e‘MHSV%qKA>

X(Ql\jl|AeiHSySAt/h|Q&+1><Q&+1|em5ysmm|q“7/| +2>"'<Q&+N71|eiHSy§t/ﬁ|QI\7/|+N>
X<Q&+N|q&+N><q;A+N|BeiiHsysAt/ﬂqa+N71><QI\+/I+N71|67 sySAt/ﬁ|qr\+/|+N72>'''<C1l\+/|+1|(37i|_|A'[/ﬁ|ql\+/|>

X{aule”*AHseay 1) -(ay le”*A9ag )T (dg v Ams oo -+ A n)- (3.2

iH

The discretized influence functiongl is now a function of all the positions specifying the path of the system. The above
expression can be rewritten in the compact form

M

Onst .03 | 90+ | i I T Kin(Gi 1,05 KEG G 1)
M+N-1
X AT KB 100 KRB 100 0) 3G )G - G (33
where

Kim(Gic-1,Gic ) = (i 1|e~ > s a )(a[e™ Moy y), (3.9
Kre Gic_1,0i ) = (a1 €22 g ) (g [e T ot q ), (3.5
Kre( i A+ 1) =(aAul A€ [qy ) (ay 1€ o qyy), (3.6
Kll'ae(qlxi/HNfl’qa+N)E<ql\7/I+N71|eiHSySAt/ﬁ|ql\7/|+N><ql\J;I+N| Be Ms gl no1)- 3.7
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The time points at which the system imposes a new force ogality is finite and usually much shorter than the desirable

the bath are the serieg=(0,0), n,=—i(k— 3)2AB for 1
<ks=M, 1ys1=—1hB12, Tyi=(k— 3At—iAnp/2 for 1
<k=N-1, andry y=t—iAB/2. The discretized influence
functional § reads

M+N

k

1 -

&=zbamexp[—g 2 2 (7 ffiot e ficfio
k=0 k=0

+ e T Fiot e T Fio) | (3.9

propagation timé.This fact, which is a consequence of de-
coherence induced by the bath, implies that the path integral
can be decomposed into a series of low-dimensional opera-
tions. Specifically, rather than attempting simultaneous sum-
mation of all paths spanning the propagation time, one needs
to carry each summation over only those path segments that
span the memory tim&® Since the number of terms grows
exponentially with the number of time steps over which
paths must be taken into account, such a decomposition re-
sults in a dramatic reduction of effort and enables evaluation
of the path integral for long times. Further reduction of effort

wheref, = f(q.) and the coefficients in the quadratic inter- is possible if one employs a Monte Cgrlo procedure to filter
action form are determined by the response function EqPUt 1path segments with exponentially small contribu-

(2.5 as

Mk = (M )*
1 (= d J(w) sin(w( 71— 1)/2)
ELC ©"w? T sinh(hBwl2)

X SN ( 7y 1— T +iH8)/2), (3.9

+,_EJ'“° q J(w) sin(o(7y4 1~ 7)/2)
Tk =7 ) L0 e T sinnh Bwl2)

Xsin( (7 — 71 1)/2)
XcoS w( Tk 1+ Tk — Tr1— Tk— 1A B)I2), (3.10
ﬂ;kT:(WEkT)*

2 (= Jo) sin(o( 1 ,—71)/2)
Ef_md“’ w2 sin#Bwl2)

XsiN (71— 7r)12)
XcoS w( 71+ T~ T 1~ T TR B)12),
(3.1)
and
77|jk7:(77|2kjr)*

2 (= Jo) sin(o( 1, ,—71)/2)
Ef_md“’ w?  sin#Bwl2)

X sin( w(T:, - 7':, L 12)
XCOS(w(T:,+1+ 7':, — Tys1— Tk— 10 B)I2)

(3.12

tion.

In our recent work we demonstrated that the bath-
induced decoherence, initially exploited only in real time,
also characterizes the Boltzmann operator, provided the inte-
gration is performed inward from both ends of the imaginary
time contour® In this case, the loss of memory is a conse-
quence of thermal fluctuations in addition to the standard
dephasing arising from multidimensional baths. Thus, cou-
pling of the system to a large number of oscillators is not a
necessary condition for finite memory, although the presence
of dissipation helps shorten even further the memory length.
These features imply that even the partition function, which
involves propagation only in imaginary time, is amenable to
an iterative procedure, as shown in our recent work.

To implement these ideas, we assume that the response
function decays to zero within at mask,,,, time steps both
in real and imaginary time. This means that the coefficients
of the nonlocal terms become practically zero whier k’|
in Eq. (3.8 exceeds a certain threshalk,,,., and thus the
second summation in the exponent of E818) can be trun-
cated without loss of accuracy. To establish the algorithm, we
expand the influence functional into a product of functions
corresponding to one-point and two-point interactions,
namely,

1,14,20

M+N M+N-1

s=zbamkljo Fo(qic) ka Fa(gic i q)

M +N=AKmax

% kE[O FAkma

(G +Dics Ak, (3.13

X

where the one- and two-point functions are

for k’<k. In these expressions the spectral density for nega-

tive frequencies is defined d$§— v)=—J(w). F k(0 /Gics ak)

Full summation of the path integral typically involves an
astronomical number of terms, equal to the number of grid
points required to discretize the system coordinate raised to
the power 2M +N). At the same time, Monte Carlo meth-
ods fail to converge except at short times due to the oscilla-
tory nature of the multidimensional integrand. Even though
the presence of the influence functional has introduced non-

1
_ ++ + + —— - -
—ex;{ - g(ﬂkﬂk,kfkwkfk + M akkF ks akfi

+ e ackf ke akfe 7 ackf e anfi) (3.14

local interactions prohibiting a step-by-step evaluation, earfor Ak=0,... Ak, and k=0,... M +N—AK.«. In close
lier work in our group has shown that the extent of nonlo-analogy with its earlier versions, the iterative procedure con-
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sists of the following steps. First, aAX,,-dimensional ar- Imz
ray R¥(d .. iy ak, 1) (Where the superscrifk speci-
fies the time index of the first variablés set up with the s R
initial condition o1 er
[ }hag
RO(a - Cicr ak, 1) =1 (3.15 \
: | am i
The elements of this array are system path segments that qfl A:M: = i .M+N
spanAKk,ax time points. We also construct a 2K+ 1)- Ml o dM+N-1 AM+N
dimensional array\, which is defined as Ar
AinGic 1+ Gk k) = Kim( i 1T 1) )
MIN{AKppax, M +N—K} o
X H Fm(qf ,qlir m) FIG. 2. Path integral coordinates and the direction of the iterative procedure.

m=0

(3.19
and its endpoint versions . . . N .
. p ) R(k+1)(q|;+l,...,qkjrAkma):f dao, Are(q,;,...,q,;ﬂkma))
Ay - Om+ ak,,,) = Kim(Gw A+ 1) - .
X o s .
Min{AKas, M+ N— K} (o O 14 8k )

X I1 Fon(Ay Ay ) (3.22

m=0
Fork=M+1,... M+N-2. The last step consists in the op-
3.17 eration

Al oo i a,0) = KEn( Gl G 2 RM NG o G 1)
Min{Akpay,M +N—k}
X r’rHO Frn( A i+ m) - :j deHN—lArBe(QI%HN—la---:Qﬁm—lwkma)
(3.18 XRMNTD(Qy  nr e n-2iak,)- (323
With these definitions, the first propagation step involves therhjs sequence of events is illustrated in Fig. 2.
following operation: Finally, the correlation function at timeis given by
. . . - . Cas()=Z*RN*M(qy,,,0,...,0. (3.24
R(l)(QI,---,Qkaa)If ddg Aim(do :CII,---,Qkaa) he N
Although the arrayfR and A involved in the iterative
xRO(qg ,....05¢  —1)8(dg —ag)- evaluation of the correlation function depend simultaneously
max

on the variables corresponding to all time points within the
(319  memory length, each of the operations presented above in-
Subsequent steps along the imaginary time branches are p&R/ves only the coordinate of a single time point Rfand
formed as follows: those of two adjacent time points &f. Thus, each propaga-
tion step can be considered a matrix-vector multiplication

Rk g* v B . where the dimension of the “vectoR is equal to the square
(qk+1"”'qk+Akma>) O Aim( i ’”"qk+Akma>) of the number of grid points required to discretize the system
K N coordinate.
XRE( e 14 k) A similar algorithm has recently been developed for evo-

(3.20 lution along the complex time lin¥. That scheme provides
the natural way to proceed in order to calculate a symme-

fork=1,...M—1. _ _ trized time correlation function, as in the case of Miller’s
Propagation along the real time contour starts with theflux correlation function formulation of reaction rate
multiplication theory?! As is well known, a time correlation function and
R(M+1) g . its symmetrized complex time variant are related by Kubo
(qMH,...,qukma) transforms.’ Thus, knowledge of one form allows, in prin-
ciple, calculation of the other, although numerical consider-
=J day Ar(ay vl Ak ) ations may become important when evaluating the necessary
transformation integral. The present formulation yields the
X R(M)(q,\i,, y---,ql\i;lflJrAk ) (3.21) conventional unsymmetrized correlation functidinectly. A
ma . .
practical advantage of the present formulation, where the
followed by N—2 steps of the type time contour proceeds along the imaginary and real time
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FIG. 3. The evolution contour for the three-time correlation function.

directions via two sequential evenfsather than following Y
- ; ; - i i
the diagonal line through the complex time plang that i %z;;’ -
7

. . . . . . . . O K i
during the evolution in the real time direction with fixed i i
.

ié;;;;;;;%imfl';

7
imaginary time(except for the first and last propagation step ’”’”””%%ﬂl’fff;’fjf’ —
the propagatoA is independent of time. This fact is impor- : s
tant if one seeks the long-time behavior of the correlation
function.

Finally, we note that if the two operatofsandB are set
equal to the identity operator, we obtain an algorithm forFIG' 4. The two third-prder correlation functions defined in B}S) and
. L. . . (5.6) for an asymmetric two-level system coupled to an Ohmic bath for

calculating the system-bath partition functién This proce- B l=to.
dure has also been discussed in Ref. 16.

IV. HHGHER ORDER CORRELATION FUNCTIONS discretized path integral expression similar to E8}3) but
he i . it lation f ) lies | with separate paths discretizing each of the forward/
The interest in multitime correlation functions lies in o\ \ward real time contours, with a total ¥ +N;+N,

nonlinear spectroscopy which can distinguish homogeneougy,e noints. Developing an iterative algorithm along the lines
and inhomogeneous dephasing of a vibrational mode in 8f the preceding section is straightforward

liquid.?? For example, the fifth-order polarization is deter-
mined by the following response function:
V. MODEL STUDIES: DISSIPATIVE TWO-LEVEL

1
ROX(t,ty)=— ﬁTr([[P(tl"‘tz)ap(tl)],P]efﬁH), SYSTEMS

(4.2 As simple applications, we use the iterative procedure

where?P is the polarizability. Although the two commutators developed in Secs. Il-1V to calculate two- and three-time
position correlation functions in symmetric and asymmetric

on the right-hand side of Ega.1) result in four terms, only txvo-level systems coupled to a harmonic oscillator bath. This

two of them need to be calculated because of the permutati ) e X o
invariance of the trace. The signal recorded in the exper(i)path is fully specified by the spectral density which is chosen

ments is the square of the response function, namel;?hm'c’ €.,

15)(t,t,)=(R®)(t,,t,))2 N w)=méwe o, (5.2
I_Extendmg the proce_dure devgl_oped n the_prewous_ tW(?/vhere the Kondo parametéris a measure of the overall
sections for the calculation of multitime correlation functions

. . . : system-bath coupling strength.
is straightforward. Again, one needs to split the Boltzmann The two-level system can be regarded as a truncated

oFoerzto;t(l)r;tso ftgoédsnri(igggirtz)?rﬁstgi(;iogetrh?ecg;/rzllgtt'i%?]one-dimensional double-well system and its position coordi-
Funcr:)tign For exam Ii- a three—tirﬁe correlation function ca nate is the 2 Pauli spin matrier, . Thus the Hamiltonian
' pie, Yor the dissipative two-level system is

be expressed in the form

2
T pj 1
Caeolt1,t2) =Tr{e”#"AB(t;)D(t,)} H=#:Qo+heo,+ >, 2_r:1.+§m1“’jzxj2_gzcjxj :
= Tr(e FHi2g-iHta /i p gty /i J ] (5.2
x Be Mulhigitta/hip g=AHI2) (4.20  where Q) is the energy difference between the excited and

The evolution time contour of the drive path is displayed inground states, which is closgd related Fhe tun_nelmg fre-
quency between the two localized statks, is the bias and

Fig. 3. ST )
In this case there are two pairs of forward—backwardt:h(; gaEIr']h:pfc;:rtrr;;gce)ﬁﬁ{];oﬂzetg EZ E/i-llzj)a\tléléha?eC/Q

real time branches. Partitioning the time intervglsandt, . '
into N; and N, time slices, respectively, one can obtain a  C(t)=2"1Tr(e Mo eHige HUA) (5.3
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time step is chosen aAt=0.1Q 1. With the parameters
employed in these calculations excellent convergence is
achieved with Ak,,=6, and the results obtained with
Aknhax=9 are practically indistinguishable from those pre-
sented in the figures.

VI. DISCUSSION

Equilibrium correlation functions encode very rich infor-
mation. Depending on the type and the operators involved,
correlation functions can yield information on linear or non-
linear spectroscopy, reaction kinetics or relaxation phenom-
and ena in a variety of systems. Numerical evaluation of corre-
I CBH  iHt I lation functions requires one’s ability to solve the quantum
Clty,tp)=2""Tr(e ose mechanical equations of motion in real time and has in the

X oo Hu/hgta/h g o=ty /) past been possible only in small molecules and simplified
models or larger systems.

The methodology described in this paper allows accurate
numerical evaluation of time correlation functions in systems

FIG. 5. The calculated signal fg@~1=#().

To obtain the fifth-order response function we bring Eq.
(4.2) in the form

2 _ _ _ interacting with harmonic dissipative media. The common

ROty tp) = ﬁRe(Tr[efﬁlee'Htlm(Pe'thmpef'th/h “sign problem” associated with numerical evaluation of the
_ _ ‘ path integral is circumvented through the development of an
—elHt2/hpg=itty /i p) =ity /hipg=pHIZ]) iterative procedure. In this, the path integral is broken up into

(5.4) a series of matrix-vector multiplications and summed se-

o ] quentially. Because the number of steps grows linearly with
In the present study we assume tids linearly proportional  {he total propagation interval, very long time behavior be-

to the position, i.e.Pxa,. The two third-order correlation comes accessible. Once converged with respect to the path

functions to be calculated are thus defined by integral time steps and memory time the method is exact.

Ci(ty,t) =Re(Tr e Ao (t; +t,) oy(t)) o]} (5.5 Further, the matrix operations involved yield definitive re-
sults free of statistical error common to Monte Carlo based
schemes. For these reasons the present method provides an

Cy(ty,t)=Re[Tr e Pl (t)) o(ty+1,)0,]}. (5.6)  excellent way to investigate multitime correlation functions
and sensitive nonlinear signals in dissipative models of con-

Note that when the two-level system is symmetric=0), densed phase experiments.

the fifth-order response function is zero since in this case all

three-time autocorrelation functions are vanishing. In the cal-

culations presented below we set={) and choose the
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