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A semiclassical methodology for evaluating the Boltzmann operator entering semiclassical
approximations for finite temperature correlation functions is described. Specifically, Miller’'s
imaginary time semiclassical approach is applied to the Herman—Kluk coherent state initial value
representatiolVR) for the time evolution operator in order to obtain a coherent state IVR for the
Boltzmann operator. The phase-space representation gives rise to exponentially decaying factors for
the coordinates and momenta of the real time trajectories employed in the dynamical part of the
calculation. A Monte Carlo procedure is developed for evaluating dynamical observables, in which
the absolute value of the entire exponential part of the integrand serves as the sampling function.
Numerical tests presented show that the methodology is highly accurate as well as stable over the
temperature range relevant to chemical applications.2©2 American Institute of Physics.
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I. INTRODUCTION whereZ=Tre #Ho, A third example is the golden rule rate

) ) : _for transitions from electronic stateto f, which is given by
The last few years have witnessed a rebirth of interest in

using semiclassicdSC) theory"? as a practical way for add-

ing quantum mechanical effects to classical molecular dy-
namics (MD) simulations of complex molecular . . .
processed.>! The appeal of this approach is evident, for X Tr(e™ AHiv, et ity e Hithy, (1.3

classical MD simulations are widely used to describe a Vas&vhere Ve is the electronic counling. For simplicity. the
array of complex molecular phenomena, and SC theory— fi ping. plicity,

which only requires classical trajectoriggus their stabilit methodology developed below is presented for correlation
Ny require 4 Y functions of the type shown in EqL.1), but it is understood

propertie$ for its implementation—has been demonstratedthat observables of the type given in Hd.2) or Eq. (1.3

to provide a very good description of essentially all types of yPe g : q.

quantum effects in molecular systentat least for low- are obtained by using appropriate Hamiltonians in the real

. . . ..._time evolution operators.
dimensional examples for which the accuracy can be verifie X ; .
. : Current implementations of SC theory are based on vari-
by comparison to quantum calculations

P : 26.13-19 : )
For complex systems, i.e., those with many degrees ofus initial valge representatm?h% (IVRs), which ex

freedom, the physical observables of interest are almost alress the quantum time evolution operator as a phase-space

ways expressed in terms of some kind of time correlatiorfVerage over the initial conditions 0f4<:IaSS|caI trajectories;
. . - see, for example, the Herman—KIfdk* (HK) or coherent
function, and in most cases the system is in a Boltzmann

(i.e., thermal distribution with respect to some Hamiltonian. state IVR below(Eqs. (F1)-(34]. At a more approximate

; ; N level, there exist “forward—backward” IVRS~*?that com-
A standardA-B correlation function, for example, is given by . . .
the expression bine the two propagators in the Heisenberg time-evolved op-

eratorB,

ka(T)=Zflff2J dt

C(t)=z"* Tr(e AHAH " Be M), (1.1) B(t) = eM/ige YA (1.4

The flux—flux autocorrelation functiGA that determines N0 0”97|2\éRv and the still more approximate “linearized”
thermally averaged chemical reaction rates, for example, coSC-IVRE"?*that leads to the “classical Wigner” modésee,

responds tA=B=F (the flux operator Another case is a for e_'lz;?mple, Ref. 58 deals with evaluation of the Bol
thermal distribution with respect to one Hamiltonian and e present paper deals with evaluation of the Boltz-

time evolution by anothefas in photoexcitation to an excited mann operator in semiclassical thermal correlation functions
electronic state such as Eq91.1)—(1.3), which is clearly a necessary ingre-

dient no matter what level of approximation is used to treat
. i At B i the time evolution. In some cases, too, an accurate treatment
(B(t))=2Z, " Tr(e Froe™"Be ""H"), (1.2 of the Boltzmann operator may be the most important con-
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sideration, for in complex systems quantum coherence ethe multidimensional generalization of the methodology de-

fects may often be quenched. One possibility is to evaluatgeloped below is straightforwand.

the Boltzmann operator by an imaginary time Feynman path It is easy to see that the propagator becomes the Boltz-

integraP* procedure. That approathis feasible in many mann operator with the formal replacementiz 3, and this

cases and has the advantage that it can be pustiedrteri-  trick has been used in many different contexts. One 8t us

cal) exactness with sufficient numerical effort. In this paper,used it first semiclassically within the Van Vleck

however, we explore the use of a semiclassical approximaapproximatiot for the propagator, and here we generalize

tion for the Boltzmann operator, of the same character as ththis to the coherent state IVR. One thus considers classical

approximation for the real time dynamics, namely an SCdrajectories in pure imaginary time=—ir, where 7 is a

IVR. This is esthetically appealing, i.e., to treat the Boltz-real-valued parameter that increments from 04 The

mann operator and the propagator at the same level of aglassical momentum is therefore purely imaginary,

proximation, and it should also be easier to apply than a full

Feynman path integral treatment. pEmd_x:imd_inm (2.5
Finally, we note that the high dimensionality of the dt

phase-space averages involved in an IVR necessitates use\gforeni 1) is real. The classical equations of motion for the

Monte Carlo methods. The coherent §tqte IVR fo_r the BOlt_'trajectory{x(T) P(n)} are thus given by

zmann operator that we develop here is ideally suited for this

purpose, providing a natural sampling function for the initial o p(7) o IV(X(7))
conditions for the real and imaginary tinjéde infra) trajec- X(7)= m ' p(r)=+ ax(r) (2.6
tories.

Section Il first presents the development of the coherenf/hich can be interpreted as real time motion on the inverted
state IVR for the Boltzmann operator and then describes theV— —V) potential-energy surface. The coherent state IVR
Monte Carlo procedure, which requires evaluation of thefOr the Boltzmann operator is obtained by making these re-
normalization integral of the sampling function. In Sec. Il Placements in Eq42.1)—(2.4),
we test the method of equilibrium and dynamical calcula- . o
tions in one-dimensional anharmonic oscillators, and Sec. IV e_BH=(27rh)_1f dYOf dpeD(Xg,Po)
concludes.

X e~ S0P o i3y 6) (Ko, 1P, @7

where we have added a “bar” over the coordinate variable
for notational convenience, the imaginary action is

Il. SEMICLASSICAL BOLTZMANN OPERATOR
A. Theory

Recall the HK or coherent state IVR for the propagator, 81
- S(YO,E)FJ {EMX(T)ZJrV(X(T))]dT, (2.8

e"“”“=(2wﬁ)‘1j dxof dpoD+(Xo,Po) 0

X /Si%0:PoMx, b )(Xg, Pl 2.1

where|xo,po) is a standard coherent stateninimum un-  D(Xg,pg) =2 2
certainty wave packe}; the coordinate space wave function

and the imaginary time prefactor is given by

aﬁﬁ+iaﬁiﬁ IXng 57%)1/2

MY oe Thy oo % o

for which is (2.9
1/4 i Below we will also, for convenience in the applications, uti-
(X|Xq,Po) = g exp( — %(X—Xo)2+ gpo(X—Xo) , lize the symmetry of the Boltzmann operator, i.e.,
22 (xle Mx)=(x'[e F|x),
dsittilzr;[gi cle;ssu?a:al action along the trajectory with initial con- to write Eq.(2.7) equivalently as
(0R] 0 Sy
t/1 —BH_ -1 D% D,
S[:j (me(tr)Z_V(X(tr)))dtr (23) € (27Tﬁ) j dYOj deD(XprO)
0 _
—S(x0.P) 17" _im N/ A
andD(Xq,po) the Herman—Kluk prefactor, x e S0Py —ipo)(Xpp, —iPagl. (210
X Ip; hy dax, i ap\H2 We now apply the coherent state IVR of the Boltzmann

Dt(xo,po)=2_1’z( operator, Eq.(2.10, to evaluate the canonical expectation

(2.4) value in Eq.(1.2. The Heisenberg time-evolved operator

. B(t) defined in Eq.(1.4) will be evaluated via a real-time
(Throughout this paper we assume that the Boltzmann Oper%’(gh)erent state |vg (14

tor in the expression of interest involves a simple one-
dimensional Cartesian Hamiltonian of the type
2
p
H=—+V(X);
o TV(X)

dXg dpp 1 dPg ﬁ_yaxo

eiﬁt/hée—iﬁt/ﬁ:(zwﬁ)—lj dxoj dpol-+)

X[X¢,P)(Xo.Pol, (2.1
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where the quantity- --) depends on the specific IVR that is that if the phase factors arising from the coherent state over-

used (e.g., derivative FB-IVR>' integral FB-IVR®**% |aps are reinserted in E§2.15), its integral would be pro-

generalized FB-IVR! etc). Utilizing this together with Eq.  portional to the partition function. This is seen by contracting

(2.10 for the Boltzmann operator thus gives the following the semiclassical representation of the Boltzmann operator in

result for the correlation function: the coherent state basis along with the overcompleteness re-
lation of coherent states, i.e.,

Clt)=(2h) 2 [ x| dpo [ 0% | dpy-D .0 o
B (Zﬂﬁ)_lj’ dxof dpoJ dYoJ dpoD(Xg,Po)
Xeis(YOYEO)/h<XOIpO|701_im><7ﬁﬁ’

. ><e_s(yo’ﬁo)m<xo:po|70_iﬁo><7ﬁﬁ,—iﬁﬁ,3|xoipo>
_lphB|A|Xf Ps)- (2.12
- : . : :f dxof dpo(XoPole™#"[xo,Po)
If the operatoiA has a simple form, its matrix element can be

evaluated analytically. For example, Kis a polynomial, =27xhTre Ai=2x4Z. (2.1

one can show that
The integrand of Eq(2.16 differs from the sampling func-

(X1p _imglNXf P =F(X; P Xng - Pr ) tion by the phase of the coherent state overlap factors, i.e.,

X (Xpg,—1PnglXs,ps), (2.13 (27h) 1D (Xo,pp)e” S0 ’Eo)m<xo,po|70a —ipo) (X

where the functiorf has a polynomial form. The coherent ~ —iP#slX0,Po)=p(Xo,Po,Xo,Po)€" 0 Po¥o-P0) - (2.17)
state overlaps in Eq2.12) are given by standard formulas,

which here yield where
( Xo.Po) o Kot 5 (P = Po)
o 4 — 1 I W(X0,P0:X0:Po) = 5 Po| Xs~Xo+ 5 (Pt~ Po) |-
X0,PolX0, —iPoy =€Xp — = (Xo—X0)*>— 73 (Po+i Y
(X0,PolX0,~1P0) F{ 7 (Xo~%o) 4yﬁ2(po Po) (2.18
i _ _ Thus, Eq.(2.16 reads
tor (X (Po-iPo) | (214 )

B. Monte Carlo procedures J dxof dpof dYOf dPop(Xo.Po.Xo.Po)

The integrals in Eq(2.12 are to be evaluated by Monte X @W(X0:Po:X0:P0) =2 14, 7. (2.19

Carlo procedures. Note that the use of a coherent state basis

for the Boltzmann factor has introduced Gaussian factors fofonsider the integral

the position and momentum of the real-time trajectory that

can serve as parts of a sampling functioq. Since the se_miclas— KEJ deJ dpof dYof dPoPrormd X0+ Po X0+ Po)

sical expression to be computed contains small oscillatory

components, it is important to use a sampling function that X gW(X0.Po X0, Po (2.20
includes as much of the integrand as possible. The best

choice involves the entire part of the integrand of Ej12  of the phase with respect to tm®rmalizedsampling func-
that does not depend on the final coordinates of the real-timéon

trajectory. We assume that the forward—backward treatment — —
employed for the dynamical factor ensupgs=x,, ps=po Prorn{ X0, Po-Xo, Po)

and choose a sampling function that depends only on the p(X0,P0,X0,Po) (2.21
- o " . ) = —_ — 2.2
initial conditions of the real-time trajectory: Tdxof dpoS d%of dPop(Xo.Po.Xo:Po)
p(X0,P0 X0, Po) = (Zwﬁ)*la(fo Po) It follows that
~S(xg.po)/h < —iD — — =
X e~ SX0:PoN (x5 po[Xg, —iPo) Kf dxof dpof dYoJ’ dpop(Xo,Po.Xo,Po) =27HZ,
X (X~ 1PnglX0,Po)|- (2.19 (2.22

In general the final positions and momenta of the thermafind therefore the desired normalization integral is
trajectory differ considerably, and E@2.195 is chosen to
depend on these final phase-space coordinates in order mlf dxof dpof dYOf dpop(Xo,Po,Xg,Po) =27k L.
provide optimal sampling. 2.23
To be used in a Metropolis random walk, the sampling '
function must be normalized. The procedure described below To summarize, the procedure consists of two Monte
is similar in spirit to that employed for the path integral Carlo integrations. In the main part, one performs a Metropo-
representation of the Bolztmann operafofo this end, note lis random walk to evaluate the integral,
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TABLE I. Exact, semiclassical results for the variance of the thermal den-

KC(t):f dxof dpof d?of dﬁ)(---)p(xo,po ,YO,HO) sity for the quartic oscillator of Eq3.1) at various temperatures. The Monte
Carlo error bars for the semiclassical calculation are also given.

(Xo0,PolX0,—iP0) (Xag, 1 pﬁﬂ|xf Pr) fiwB Exact Semiclassical Classical
|<X0'pO|X0'_IpO>| |<7hﬂ'_lpﬁﬁ|x()’p0>| , 0.2 1.83 1.81+0.05 1.83
(2.24 0.5 1.03 1.03:0.04 1.01
) ) 1 0.67 0.67-0.02 0.62
where the three dots denote the dynamical part of the inte- 15 0.54 0.58 0.02 0.45
grand arising from the particular semiclassical approxima- 2 0.48 0.46:0.08 0.36
tion applied to the real-time evolution, usippf Eq. (2.15 2.5 0.45 0.4%0.08 0.30

as the sampling function. In a separate procedure one evald-
ates the integrat of the phasev arising from the Boltzmann
part using the same sampling function. The desired expecta-
tion value is given by the first Monte Carlo integral divided This way, the variance of the thermal density has the form
by «. considered in the previous section; it can be evaluated using
Eqg. (2.15 as the weight function and the factor multiplying
the coherent state overlap in E&.5) as the integrand to be
ll. NUMERICAL TESTS sampled.
Table | shows the results obtained at various tempera-
In this section we test the semiclassical methodologytyres and compares with accurate quantum mechanical and
described above by evaluating finite temperature expectatiofiassical predictions. All calculations were performed wjth
values in two model systems. The first is a one-dimensionglanging between 16 and 32 and witt?M@onte Carlo points.
symmetric quartic oscillator described by the Hamiltonian The semiclassical procedure developed in Sec. Il is stable
p?2 1 and also very accurate over the entire temperature range con-
H= 2+ Emw2x2+ cxt, (3.)  sidered. At very low temperatures some of the imaginary
time trajectories tend to “roll downhill” very rapidly in this
with m=w=1 andc=0.1. We calculate the variance of the steep potential, such that the quantity inside the square root
thermal distribution in this system, i.e., of the imaginary time coherent state prefactor turns negative.
Since the Boltzmann matrix element is real-valued, proper
(3.2 care must be taken to avoid large Monte Carlo steps that are
responsible for this situation. Increasing the value of the co-
herent state parameter results in narrower sampling and tends
tq prevent such instabilities. In the zero temperature limit
SRstant on-type trajectories are known to dominate the Bolt-
zmann factor. Obtaining the initial conditions for such trajec-

AxP= (%) (2. Tre AHy?
X2=(x?) ;—(X)o=—
g R

becausgx) ;=0 for symmetric potentials. Using the semi-
classical representation of the Boltzmann operator present
in Sec. Il, Eq.(3.2) takes the form

5 1 T — S0 Pl tories requires a delicate sampling process. The results pre-
AX®=(2mh) dXo | dpoD (X, po)e =70 sented in Table | are in excellent agreement with those of
N accurate quantum mechanical calculations employing wave-
X(Xng»—1Paplx*[X0, ~ Do) (33 packet propagation techniques and thus capture quantita-

This can be evaluated directly by Monte Carlo methodstively the deviations from classical behavior.

However, since the primary use of the semiclassical treat- Next, we present numerical results for the average posi-
ment of the thermal density is in conjunction with semiclas-tion in an asymmetric quartic oscillator of the form

sical approximations in real time and the latter employs the

. . . 2 1
coherent state representation, we rewrite E3) in the H=p—+—mw2x2—cx3+cx4, (3.6)
form 2m 2
Ax2=(27rﬁ)‘2J dXoJ dpoj dYoj dE)B(YO Do) with m=1, o=v2 andc=0.1. The Hamiltonian describing
the initial density in Eq(1.2) has the same form but is dis-

- = o laced to the right:
Xe—S(XOvpo)/ﬁ<XhB,_Iphﬂ|xo,p0> p g

2
1
0:2P_m+ > Mo*(x—a)’~c(x—a)’*+c(x—a)*, (3.7)

X<X01p0|X2|Y07_iHO>' (34)

The matrix element ok? between a real and an imaginary
momentum coherent state is given by the expression

I

with a=1. The Heisenberg evolved operator was approxi-
{Xg,Po|X*|X0, —iPo) mated using the derivative form of the forward—-backward
L semiclassical methodolodf,i.e.,
=51t 2—(7’(704”(0)“71(30—po))2 A ) PR )
Y Y iRt —inth_ _j 7 iRtihgiuBg-iHt ' 3.9
X (X0, Pol¥o, ~iPo)- (3.5 oK
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' ' ' The product of exponentials is treated as a single evolution
operator and approximated using time-dependent semiclassi-
cal theory in the coherent state representation.

Figure 1 shows the average positiore., B=x) at three
temperatures correspondingfiw 8=0.1v2, 0.5/2, andv2.
The semiclassical representation of the Boltzmann operator
provides an excellent description of the initial conditions,
capturing quantitatively the magnitude of the dynamical ob-
servable and the frequencies involved. In fact, the results of
the present method are nearly identical to those obtained
through a path integral discretization of the thermal deffity
within the same quasiclassical treatment of the dynamics.

IV. CONCLUDING REMARKS

As has been pointed out in many contexts, the Boltz-
mann operator exp{BH) and the propagatdtime evolution
operatoy exp(—iHt/#) are effectively the same operator. It
thus seems desirable that equivalent approximations be used
for the two. To this end we have shown how to define a
coherent state IVR for the Boltzmann operator to be used
with such approximations for the propagator. It was seen in
some simple test cases to give excellent results, i.e., to be
essentially as accurate as using an exact path integral repre-
sentation for the Boltzmann operator, for the same treatment
of the real-time dynamics. This is of course the desired re-
sult, so further work will proceed to use this representation
of the Boltzmann operator in more serious applications.

A crucial part of SC-IVR calculations is the phase-space
average over initial conditions, which must be carried out by
0 5 10 15 20 Monte Carlo methods for systems with many degrees of free-
dom. It is thus encouraging to see that use of the coherent
state IVR for the Boltzmann operator facilitates this aspect of
' ' ' such calculations, both for the imaginary time trajectdoy
the Boltzmann operatpand the real-time trajectorfor the

propagatoy.
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