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Bohmian versus semiclassical description of interference phenomena
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The origin of quantum interference characteristic of bound nonlinear systems is investigated within
the Bohmian formulation of time-dependent quantum mechanics. By contrast to time-dependent
semiclassical theory, whereby interference is a consequence of phase mismatch between distinct
classical trajectories, the Bohmian, fully quantum mechanical expression for expectation values has
a quasiclassical appearance that does not involve phase factors or cross terms. Numerical
calculations reveal that quantum interference in the Bohmian formulation manifests itself directly as
sharp spatial/temporal variations of the density surrounding kinky trajectories. These effects are
most dramatic in regions where the underlying classical motion exhibits focal points or caustics, and
crossing of the Bohmian trajectories is prevented through extremely strong and rapidly varying
quantum mechanical forces. These features of Bohmian dynamics, which constitute the hallmark of
quantum interference and are ubiquitous in bound nonlinear systems, represent a major source of
instability, making the integration of the Bohmian equations extremely demanding in such
situations. ©2003 American Institute of Physic§DOI: 10.1063/1.1574805

I. INTRODUCTION the development of numerical procedures for solving the
flow equations and graphical illustration of various features
The theoretical prediction of the dynamics of polyatomic of the motion®~12-14-16
quantum mechanical systems remains a challenging problem. The most serious practical difficulty in the Bohmian
Currently, accurate numerical solutions are feasible in twanethodology is the need for concurrent evaluation of the
limits: systems composed of a few atom@cluding quantum force needed to update the density. In time-
medium-size molecules with a level structure that gives riselependent semiclassical theory quantum interference effects
to sparse matriceswhich are generally tackled by matrix arise from cross terms corresponding to distinct classical tra-
mechanics techniques, and low-dimensiof@l few-leve)  jectories with fixed boundary conditions. Unlike in classical
subsystems interacting with simp{armonic or otherwise dynamics, it can be shovhthat Bohmian trajectories cannot
separablgbaths mimicking condensed phase environmentsgross in position space. As a consequence, the Bohmian
treatable by path integral methods. Progress toward numerwave function consists of a single term. The repulsive force
cally accurate solutions for large systems with many-bodynecessary to prevent crossing events originates in the quan-
anharmonic interactions is hindered by the exponential scalum potential. Accurate self-consistent determination of the
ing property of quantum mechanics, and this practical diffi-rugged quantum potential and density poses a numerical
culty has motivated the development of a wide range ofchallenge and can render the solution unstable. Successful
physically motivated approximate treatments. calculation of Bohmian trajectories in such systems has been
The hydrodynamic picture of quantum mechanics, firstpossible only by combining the hydrodynamic equations
developed fully by Bohrh? following earlier idead” has re-  with a direct solution of the Schdinger equatiot®*® An
captured attention in recent years’ as an alternative to the appealing application of the Bohmian trajectory method is its
conventional Schidinger description. The main appeal of use to provide the nonadiabatic quantum force in curve-
the Bohmian approach is its formulation in terms of “trajec- crossing  problems and also in quantum-classical
tories,” which allows a classical-like visualization of quan- Schemes$>~*' Finally, density matrix versions of the theory
tum mechanical events. In fact, the Bohmian wave functiorf’® availablg>*"28.29
has a form very closely related to the time-dependent semi- The present paper draws attention to the strikingly dif-
classical approximatioff:?! The main difference is the pres- ferent ways in which the Bohmian and semiclassical formu-
ence of a “gquantum potential” related to the local curvaturelations account for quantum mechanical effects. The Bohm-
of the instantaneous density. The latter amounts to an intef@N €xpression for an expectation value is written in an
dependence of the quantum trajectories, making the methodhitial value” form where the quantum mechanical phase is
nonlocal. While the scaling of Bohmian dynamics with di- entirely absentThis form is contrasted with the analogous

mension remains unclear, much recent work has focused otfmiclassical expression, where off-diagonal phase differ-

ences between trajectories in the forward and backward
propagation steps are entirely responsible for quantum inter-
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produces quasiclassical expressiofia which a time-
dependent classical variable is averaged with respect to aff (X;t)=(277%)" 1/2f dxo W(X0;0)
appropriate initial densijythat are incapable of accounting
for quantum interference. It is thus intriguing that the Bohm-
ian, fully quantum mechanical method can assume a similar
quasiclassical form.

How does the Bohmian method capture quantum me-
chanical interference in the absence of phase difference fac- 2.3
tors associated with multiple-bounce trajectories? This ques-

tion is addressed by examining the quantum potential and they, ;5 the semiclassical expression for the expectation value
evolution of Lagrangian fields in a model bound anharmonic

oscillator. Our analysis shows that quantum interferencé)f an operatoi takes the form
manifests itself directly as spatial variation of the density
surrounding kinky trajectories that result from steep forces

operating in regions where the corresponding classical sollﬂ-B(t»:f dXW(X;t)FB(X):(zﬁﬁ)flj dxlj dXZJ dx
tion exhibits focal points or caustics. The deviations of
Bohmian trajectories from the underlying classical solution

1/2
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are extremely severe in the vicinity of such points, and this 525k | 112

X . ; AT iS85 =i u® a2
behavior represents the leading source of instability in the X %G el>H e
Bohmian methodology. Classical caustics are less common all classical pathsd | X10%
in barrier problems and entirely absent from the dynamics of with x{39(0)=x; x¥(t) =x
guadratic Hamiltoniangexcept at times that are multiples of 26(m) [112
a half period and thus the numerical difficulties encountered > J e 1S ngtinMar2.
in such systems are not as severe. all classical paths(") IX0X

Section Il examines the Bohmian and semiclassical ex-
pressions for the evolution of expectation values. An exten-
sive numerical analysis is given in Sec. lll using a model (2.4
one-dimensional oscillator with quartic anharmonicity. Fi-

nally, Sec. IV summarizes with a brief discussion and con{\onlinear forces generalljat least at long timeggive rise to
cluding remarks. multiple solutions to the boundary value problem of classical
mechanics. The resulting cross terms lead to constructive or
destructive phase intereference. As is well known, the semi-
classical approximation leads to an accurate description of
quantum interference effects for problems of interest to
chemical physics® Initial value’’ or phase spac&represen-
tations of Eq.(2.4) lead to similar expressions where semi-

) o ) . classical interference arises from phase cancellgoren-

For a general Cartesian Hamiltoni&h the semiclassi- pancement among distinct classical trajectories. For

cal approximation to the quantum mechanical propagator besyample, Eq(2.4) can be written in the equivalent initial
tween two coordinates, andxy, is given by the well-known 416 forn$”

Van Vleck expressioR?

with x1(0)=x,x{V (1) =x,

Il. SEMICLASSICAL AND BOHMIAN INITIAL
VALUE REPRESENTATIONS
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2a(k) |12 (2.5
% oSt (xa Xp) g =i mi2. 2.1)
XadXp

<Xb|e—th/ﬁ|Xa>: (27Tﬁ)_1/2

Herex,; ,p1; are the initial phase space coordinates of a tra-
e lectory that reaches the position; at the timet, py; is the
initial momentum of a new trajectory that originatesxat
moving in the negative time direction, reaching the coordi-
5 natex, ; at the final time—t, andAS is the difference be-
+V(x:t) (2.2)  tween forward and backward actions.
The expressions presented above can be simplified
within the spirit of the semiclassical approximation. Per-
along the classical pa ('f), and x(® is the corresponding forming the integral in Eq(2.3) via the stationary phase
Maslov phasé® Using Eq.(2.1) the time-dependent wave method leads to the semiclassical approximation for the
function becomes wave functiorts

Here S is the action integral, i.e., the solution to th
Hamilton—Jacobi equation

_aSH(X;t)_i(&SH(X;t)

Jt  2m X
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specified above which are integrated in time following the

Y — .Y K)(y- ) N . ;
V(x;t)=(2mh)” 12 E “ ROt flow equations(2.13. The main difference is that in the
A (E;assmal ’(’S‘Wd © Bohmian, fully quantum mechanical picture these equations
with Xg k(t>:XvXc| (?Exo : do not form a closed set but require knowledge of the instan-
p{(0)=550¢) taneous quantum potential. The latter is obtained from the
Xeis(x‘xgk):t)me,m(k)ﬂ./% 2.6 amplitude, which obeys the transport equation

d
HereR® is a real-valued amplitude given by the relation R(x,t)2+ d—X(R(x,t)2>'<(t))=0. (2.15
ax (172
RM(x;t)=RM(x{;0) 70127 (2.77  The last expression is recognized as the equation of continu-
IxX ity for a classical fluid and thus the amplitude satisfies the

and equation

S(%,%o:t) = Sp(xg) + S, 2.8 vz
whereS; is the initial phase of the wave function. The sum
in Eq. (2.6) is over classical paths that reach the positiaat ~ With Ro(X) =|¥o(x)|. The presence of a quantum potential

the specified time subject to an initial momentum given byleads to an interdependence of the Bohmian trajectories,

R(X;t) =Rp(Xop) (2.1

%o
ax

the relation which obey a noncrossing law, and the corresponding La-
) _ o (k) grangian field is single valued.
Po”=So(Xg™)- The expectation value of a coordinate-dependent opera-

One sees that if the initial wave function is real valued, alltor B is obtained from the time-dependent wave function
classical trajectories must start out with zero momentumaccording to the expression

Again, there are in general multiple solutions to the bound- . 5

ary value classical mechanical problem and the superscript (B(D)=(¥(D)[B[¥(t))=[dX¥(x,1)[*B(x). (217

(k) labels the branch of the multivalued Lagrangian velocityUsing the Bohmian representation and performing a change
field. By using the WKB wave function and performing the of variables, one arrives at the following initial value repre-
midpoint integral via the stationary phase method, we obsentation:

tained in a recent pap#érthe following quasiclassical expres-

sion for an expectation value: <B(t)>:f dx,

(B(t))=Jdxo| Wo(Xo)|*B(%y). (2.9 _ y _ _
Herex; is the position reached by a Bohmian trajectory un-

The Bohmian formulation expresses the wave functionya, the dynamics described above. Finally, use of(Bd.6
in a form similar to Eq(2.6). However, the evolution is NOW  |o44s to the result

such that the Lagrangian field remains single valued, and )
thus the wave function is given by a single term (B(t))=Jdxo| Vo(X0)[*B(xy). (2.19

W (x;t)=R(x;t) e'SKD/A, (2.10  The last expression appears identical to the quasiclassical
_ ) _ (stationary phase semiclassicaésult* reproduced in Eq.
Again R(xt) is a real-valued amplitude, but the phase; g |n spite of its quasiclassical appearance, where one
S(x;t) now satisfies theuantumHamilton—Jacobi equation,  gyerages the observalieat the time of interest with respect
IS(x;t) 1 (&S(x;t) 2 to a distribution specified by the initial density, the position

IX¢ 2
(9_x0 R(X;;t)“B(Xy). (2.18

G om| Tax ) PVDHQX. (2.1)  x, is obtained in the Bohmian expression from the quantum
mechanical (rather than a classigalequation of motion.
The latter differs from the Ordinary equation of classical Me-Thus, the presence of the appropriate quantum force in an
chanics through the presence of a quantum potential, otherwisequasiclassicakxpression is responsible for its ex-
52 FPR(X:1) act treatment of quantum effects, including full inclusion of
Q(x;t)=— ﬁR(x;t)‘l . (2.12 quantum interference, in spite of the absence of a phase fac-
tor from the integrand.

X2

Just like its semiclassical analdgjn Eq.(2.10 incorporates
the phase5y(x,) of the initial wave function. The quantum
trajectory follows the modified Hamilton equations:

X(t)=m~'p(t"), p(t')= —V'(X(t’))—Q’(X(t'()Z)

IIl. NUMERICAL ANALYSIS AND DISCUSSION

13 Here we analyze the features of the semiclassical and
Bohmian formulations and investigate the ways in which

with boundary conditions(t) =x and both methods capture quantum mechanical interference

Po=SH(Xo). (2.14  in amodel one-dimensional oscillator with quartic anharmo-
nicity,
Both time-dependent semiclassical theory and the Bo- Y )
hmian formulation admit a hydrodynamic interpretation: one _ p_+ Emw2x2+0 1x4 (2.20
imagines a swarm of trajectories with the initial conditions 2m 2 ' '
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FIG. 1. Time evolution of the average position for a Gaussian centered at
0.7. Solid line, exact results obtained via the split operator metRetl 40.

Filled squares, results of the Bohmian formlulation, E2.19. The full
semiclassical results using a coherent state semiclassical initial value repre-
sentation(Ref. 38 are practically indistinguishable from those of the exact
calculation. Dashed line, results of the quasiclasgitationary phase semi-
classical expressior(Ref. 39, Eq. (2.9).

with m=w=1. The initial wave function is a Gaussian cen-
tered abou{x(0))=0.7. The strong nonlinearity of the sys-
tem leads to rapid dephasing of the average position, fol-
lowed by a period of rephasing, during which the expectation

value regains its original amplitude. While the initial dephas- -3 . . : - . - :
ing is a result of multiple frequencies over the phase space of 0 5 10 15 20 25 30 35 40
interest, rephasing is a strictly nonclassical effect reflecting (b) t

an underlying quantized energy level structure.

The semiclassical expression leads to a faithful descrip
tion of quantum interference for this system, fully capturing
the rephasing of the wave packet following an initial decay
of the average position. The converged results of the BohmBohmian trajectories over a coordinate range of significant
ian description, displayed in Fig. 1, coincide with those ob-wave function amplitude. Classical trajectories with similar
tained through the split operaffrsolution of the time- initial conditions are shown in Fig.(B) for comparison(For
dependent Schdinger equation. The semiclassical clarity, only a few classical trajectories are shown in that
approximation[e.g., the coherent state representdflosf  figure) All trajectories start out with zero momentum. While
Eq. (2.5)] also leads to very accurate results that appear inthe classical trajectories exhibit the usual oscillatory pattern
distinguishable from those obtained through the fully quan-about the potential minimum with frequencies characteristic
tum mechanical methodéThese results have been presentedof their energies, the Bohmian trajectories execute smaller
in earlier work® and are omitted from Fig. 1 for clarilyAs ~ amplitude oscillations about their initial position, never in-
noted earlier, the observed wave packet rephasing in thersecting one another. As eigenstates of the Hamiltonian
semiclassical description is a consequence of interference bgive rise to Bohmian trajectories that do not evolve, the de-
tween cross terms in the semiclassical propagator(ZEg. parture of quantum trajectories from their initial condition is
Neglect of these cross terms, as in forward—backwaré measure of the extent of translation/deformation of the
semiclassicdf3' or quasiclassici—3*formulations, leads to wave packet. Another striking difference is the direction of
inferior results that deteriorate over time, failing to accountmotion immediately following initial preparation: classical
for the regaining of oscillation amplitude characterizingtrajectories always roll downhill toward the potential mini-
guantum mechanical motion. The numerical procedures emmum, while all their quantum counterparts begin by moving
ployed in the Bohmian calculation are discussed later in thisoward the left. This trend is observed because the Gaussian
section. wave packet initially tends to move nearly rigidly toward the

How does the Bohmian picture capture phase interferleft, having been displaced by a positive amount. Of particu-
ence through its quasiclassical form for the average positionfar interest is the fine structure of the Bohmian trajectories,
To gain insight into this question we plot in Fig@® several  characterized by high frequency components, and the sharp

FIG. 2. (a) Bohmian andb) classical trajectories for the system described in
Sec. lll. Some of the curves are shown as dashed lines for clarity.
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xt FIG. 4. Classica(solid lines and Bohmiar(dashed linesforces vs time for

trajectories with initial positionga) x,=1 and(b) x,=2. The total time is
FIG. 3. Classical(solid lineg and Bohmian(dashed linesforces along tra=10.
trajectories with initial positionga) x,=1 and(b) x,=2. The total time is
tmax=10. Note the magnitude of the quantum force compared to its New-
tonian counterpart. 3 and 4 show the total force acting on the classical and
Bohmian trajectories emanating from the same initial posi-
tion. While the classical force is uniquely determined by the
shifts in their direction. These features are particularlytrajectory’s instantaneous position, the Bohmian force varies
prominent in the outer coordinate regions where the potentiakith time, following the local density fluctuations. In par-
nonlinearity is felt most strongly. Such solutions characterizeicular, Figs. 3b) and 4b) show that trajectories exploring a
stiff differential equations and necessitated the use of timeubstantially nonlinear part of the potential experience ex-
steps smaller than 10 (i.e., nearly 10 time steps per period tremely large forces following an initial mildly oscillatory
of motion) to achieve stability. period where the quantum force is comparable in magnitude
The observed qualitatively different nature of classicalto the classical one. A very large quantum force opposes the
and quantum mechanical motion arises from strong timeelassical motion near classical caustics, thus turning the tra-
dependent quantum force fields. The quantum potential egsectory away from crossing points.
sentially dominates the dynamics and is responsible for shift- Figure 5 shows the classical and Bohmian Lagrangian
ing the direction of trajectories away from that dictated byfields, i.e., the instantaneous momentum versus position, at
the classical force field. It also guarantees that Bohmian traselect times. The classical momentum field wraps around
jectories do not cross. Thus, the motion is altered qualitaitself in an intricate fashion: since the energy increases as the
tively near classical caustics, and correct propagation in théurth power of position, trajectories with large valuesxgf
vicinity of such points requires a delicate treatment. Figuresre able to bounce many times, leading to multiple branches
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FIG. 5. (8)—(c) Classical andd)—(f) Bohmian Lagrangian fields for the system described in Sec. Ill.

of the momentum field(In fact, the Lagrangian field for this equation, the results presented in this section should not be
system wraps around itself an infinite number of times if theviewed as evidence for stability of Bohmian calculations in
entire coordinate axis is considergd@he intersections of this  bound nonlinear systems. The failure of highly optimized
field with the constank, line give the final momenta of the schemes for Bohmian trajectories can be traced to the abun-
classical trajectories entering the Van Vleck expression, Eqdance of caustics in this system, where the quantum force
(2.1). On the other hand, the Lagrangian field of the Bohm-becomes large and accidental crossings destroy the stability
ian trajectories remains single valued, and there is a singlef the algorithm. Unfortunately, classical caustics constitute
trajectory reaching any given position. Snapshots of the totahe rule rather than the exception in bound anharmonic sys-
(classical plus quantunpotential for this system are given in tems over times that exceed half a period of motion; at the
Fig. 6. The sharp variations and very deep sinks lead to exsame time, caustics give rise to multiple terms in the semi-
tremely large forces. classical propagator and thus are intimately connected with
The strong, rapidly changing nature of the quantumquantum interference effects. Thus, it appears that the Bohm-
force makes Bohmian calculations extremely demanding anin method is extremely hard to stabilize in systems where
often numerically unstable. At each time step, calculation ofjuantum phase interference is significant.
the quantum force requires accurate knowledge of the den-
S|ty, WhICh.Itself requires trajectory' input in the form of ve- IV. CONCLUDING REMARKS
locity gradients or stability properties. Several groups have
developed optimal procedures involving adaptive grids from  The quantum trajectory method is without doubt an in-
which trajectories, density and quantum forces are to beriguing formulation of time-dependent quantum mechanics.
propagated simultaneougty’!3 In the present case, how- Perhaps its most attractive feature is the concept of “quan-
ever, even very small errors along the evolution led to incortum trajectories,” along with its apparent similarity to semi-
rect forces, rendering the scheme unstable. We were unabidassical theory. Apart from these seemingly classical fea-
to obtain stable results using numerical procedures to contures, however, the Bohmian flow differs dramatically from
pute the quantum potential from derivatives of the density bythat of classical mechanics. The analysis presented in this
solving only the hydrodynamic equations. Instead, we firstvork shows the dramatic role of the quantum potential in
obtained the quantum force field as a function of time on asystems where the underlying classical dynamics is domi-
fixed grid using a basis set expansion of the time-dependemated by focal points or caustics. Crossing of the quantum
wave function and interpolated the quantum force at the potrajectories is prevented through application of steep force
sition values required in the Bohmian calculation. Since ouffields, and the resulting distribution of trajectories leads to
procedure utilized the exact solution of the Sclinger the correct probability density without the cross terms re-
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FIG. 6. Snapshots of the tot&lassical plus quantunpotential at various times.

quired in the semiclassical solution. This feature leads to  To this date, the Bohmian methodology has not found
fully quantum mechanical expressions for expectation valueadequate solutions to the instability problem encountered
that assume an appealing quasiclassical form where quantunear classical trajectory crossing poir(is a recent papé?

mechanical phases are entirely absent. on wave packet propagation in a double well potential such
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difficulties were avoided by employing a direct solution of °z. S. wang, G. R. Darling, and S. Holloway, J. Chem. Phys&, 10373

the time-dependent Schiimger equation in the interference
region) Such events are ubiquitous in bound anharmoni
systems and represent the signature of quantum interference
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