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Forward–backward semiclassical dynamics for condensed phase
time correlation functions
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The forward–backward semiclassical dynamics~FBSD! scheme for obtaining time correlation
functions shows much promise as a method for including quantum mechanical effects into the
calculation of dynamical properties of condensed phase systems. By combining this scheme with a
discretized path integral representation of the Boltzmann operator one is able to calculate correlation
functions at finite temperature. In this work we develop constant temperature molecular dynamics
techniques for sampling the phase space and path integral variables. The resulting methodology is
applied to the calculation of the velocity autocorrelation function of liquid argon. At the chosen state
point the FBSD results are in good agreement with classical trajectory predictions, but the existence
of a non-negligible imaginary part of the correlation function illustrates the importance of proper
density quantization even under nearly classical conditions. ©2003 American Institute of Physics.
@DOI: 10.1063/1.1580472#
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I. INTRODUCTION

One of the long-standing problems in chemical phys
is the inclusion of quantum mechanical effects in the dyna
ics of condensed phase systems. The calculation of the
evant correlation functions is an extremely difficult task. D
rect solution of the time-dependent Schro¨dinger equation is
unfeasible because of the well-known exponential sca
with the number of degrees of freedom, and approac
based upon Monte Carlo evaluation of Feynman’s path in
gral method fail because of the ‘‘sign problem.’’

In recent years the use of time-dependent semiclass
theory1,2 as a practical way of including quantum mechani
effects into classical molecular dynamics simulations has
ceived renewed attention.3–53 The semiclassical approxima
tion provides an attractive method for both practical and f
damental reasons. Because semiclassical mechanics is
on classical trajectories, one can obtain an intuitive und
standing of the dynamical process being investigated, as
as taking advantage of the efficient and well-developed m
lecular dynamics technology.

The use of semiclassical methods has however b
plagued by some serious difficulties. Perhaps the most se
of these is again the sign problem, i.e., the inability of Mon
Carlo methods to handle oscillatory integrands; such beh
ior is the hallmark of the semiclassical phase, and the v
successful theory of semiclassical algebra3,4 is based on sta
tionary phase approximation of integrals involving the sem
classical phase. Forward–backward semiclass
methods30–43 provide a practical way to sidestep this pro
lem, albeit with a loss of some quantum mechanical inf
mation. These methods combine the two time evolution
erators present in the expression for the correlation func
into a singlesemiclassical propagator. That step is equival
to an additional stationary phase approximation in all~or just

a!Electronic mail: nancy@makri.scs.uiuc.edu
1630021-9606/2003/119(3)/1634/9/$20.00
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some! of the degrees of freedom involved. This approxim
tion reduces the oscillatory character of the integral subs
tiality at the expense of eliminating~at least partially! quan-
tum interference effects. In condensed phase systems
effects of such interference are usually insignificant beca
of extensive decoherence. In such cases the forwa
backward semiclassical approximation is both well-justifi
and accurate.

Certain forward–backward semiclassical approximatio
to time correlation functions or expectation values take
quasiclassical form, and recent work39,54,55has incorporated
fully quantum mechanical discretized path integral pro
dures for evaluating the necessary phase space transform
the Boltzmann operator. This paper is concerned with furt
developments of the forward–backward semiclassical
namics~FBSD! method developed in our group,35,36 which
make the method more efficient as well as compatible w
state-of-the-art classical trajectory methods. Specifically,
present paper advances that methodology by developing
stant temperature molecular dynamics~MD! algorithms for
evaluating the integrals associated with the trajectory ini
conditions and path integral variables. The combined M
FBSD method is applied to the calculation of the veloc
autocorrelation functions of a simple one-dimensional anh
monic oscillator and of liquid argon.

Section II reviews the theoretical framework of FBS
for time correlation functions and the imaginary time pa
integral representation of the Boltzmann operator in a coh
ent state basis. The path integral expression is converte
one suitable for evaluation via MD, under the assumpt
that the system is sufficiently ergodic. This procedure, alo
with various algorithmic details, is described in Sec. III. T
applications of the methodology are presented in Sec.
Finally, concluding remarks and future directions are giv
in Sec. V.
4 © 2003 American Institute of Physics
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II. THEORY: QUASICLASSICAL EXPRESSIONS
FROM FORWARD–BACKWARD SEMICLASSICAL
DYNAMICS

Throughout this paper we consider correlation functio
of the type

CAB~ t !5Z21Tr~e2bĤÂeiĤ t/\B̂2 iĤ t/\!, ~2.1!

whereĤ is the Hamiltonian operator,b51/kBT is the recip-
rocal temperature in units of the Boltzmann constant anZ
5Tre2bH is the canonical partition function.

The basic idea is to combine the time evolution opera
and its adjoint in Eq.~2.1! into a singlepropagator that de
scribes the evolution of the system to timet and back again
to zero time. To do this one must be able to take accoun
the effect of theB̂ operator at the end of the forward evol
tion part. To date two representations ofB̂ as a unitary op-
erator have been used: The Fourier method of Miller a
co-workers31,34and the derivative formulation, introduced b
Shao and Makri.35,36 Both the derivative formulation and
particular linearization of the full semiclassical approxim
tion to the correlation function56 lead to appealing and prac
tical quasiclassical expressions. In this work we use the
rivative formulation,35,36,57 where the following identity is
used to represent theB̂ operator

B̂52 i
]

]m
eimB̂U

m50

. ~2.2!

The method has been described in detail in previ
publications35,36,39,40,54and we only give a brief outline here
The expressions presented below are given for a systemd
atoms described by 3d Cartesian coordinates, which are d
noted collectively by the 3d-dimensional vectorx.

After inserting Eq.~2.2! into Eq. ~2.1! and using the
Herman–Kluk phase space representation15 of the forward–

backward operatorÛ5eiĤ t/\eimB̂e2 iĤ t/\ the Heisenberg
transform of B̂ in the correlation function takes th
form35,36,40,57

B̂~ t ![2 i
]

]m
eiĤ t/\eimB̂e2 iĤ t/\U

m50

52 i ~2p\!23d
]

]m E dx0E dp0

3expS i

\
S~x0 ,p0! D ug~xf ,pf !&^g~x0 ,p0!uU

m50

.

~2.3!

Here the phase space variablesx0 ,p0 specify initial condi-
tions for classical trajectories, which are first integrated f
ward to the timet. At that time the trajectories incur positio
and momentum jumps given by the relations

dxt52
1

2
\m

]

]pt
B~xt ,pt!, dpt5

1

2
\m

]

]xt
B~xt ,pt!,

~2.4!

while the action increments by the amount
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dSt5\mB~xt ,pt!1pt•dxt . ~2.5!

Subsequently, each trajectory is integrated back to time z
following the classical equations of motion, reaching t
phase space pointxf ,pf , and the total accumulated actio
has the valueS. Finally, gx0 ,p0

in Eq. ~2.3! are coherent state
described by complex-valued Gaussians

^xugx0 ,p0
&5S 2

p D 3d/4

~detg!1/4expF2~x2x0!•g•~x2x0!

1
i

\
p0•~x2x0!G , ~2.6!

whereg is a 3d33d matrix.
The notable feature of Eq.~2.3! is the absence of the

semiclassical prefactor. Elimination of the latter has be
achieved by linearizing the final trajectory values and
action in the infinitesimal parameterm and rescaling the po
sition and momentum jumps to compensate for the prefac
For this reason the trajectory increments given in Eq.~2.4!
are equal toone-halfof the values dictated by the classic
equations of motion that correspond to the product of ex
nential operators in Eq.~2.3!.35,36

The infinitesimal character of the trajectory jumps at t
end of the forward propagation means that the cross te
between distinct forward and backward trajectories ha
been neglected. Thus, Eq.~2.3! cannot account for quantum
interference effects. As stated in the introduction, such
fects are strongly quenched in systems of many degree
freedom. Because of this natural decoherence, FBSD
provide an accurate approximation to condensed phase
namics.

The above structure also allows transformation of E
~2.3! to a derivative-free form that involves trajectories on
in the forward time direction.42,57 Thus, the Heisenberg op
erator takes the form

B̂~ t !5~2p\!23dE dx0E dp0B~x~ t !,p~ t !!

3~~11 3
2d!ugx0 ,p0

&^gx0 ,p0
u

22~x2x0!•g•ugx0 ,p0
&^gx0 ,p0

u~x2x0!!, ~2.7!

whereB(x(t),p(t)) denotes the classical analogue of the o
erator. The correlation function then becomes

CAB~ t !5Z21~2p\!23dE dx0E dp0 B~x~ t !,p~ t !!

3@~11 3
2d!^gx0 ,p0

ue2bĤÂugx0 ,p0
&

22^gx0 ,p0
u~x2x0!•e2bĤÂg•~x2x0!ugx0 ,p0

&#.

~2.8!

Throughout the rest of the paper it is assumed for simplic
that the matrixg is diagonal and its elements are written as
one-dimensional arraygs j (s51,...,d, j 51,2,3).

The next question to consider is the calculation of t
coherent state transform of the Boltzmann operator. T
function determines the weights of the initial conditions fro
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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which classical trajectories are launched. It is thus import
to use an accurate quantum mechanical representation o
object. The best solution is to represent the Boltzmann
erator as an imaginary time path integral.58 Just such a pro-
cedure was recently developed in our group.39,54

By splitting the Boltzmann operator into a product ofN
imaginary time slices of lengthDb5b/N

e2bH5~e2DbH!N, ~2.9!

using the Trotter factorization of the exponential evoluti
operator

e2DbĤ5e2DbĤ0/2e2DbV̂e2DbĤ0/2, ~2.10!

for sufficiently smallDb, and performing some algebra, on
arrives at the following discretized path integral represen
tion of the forward–backward semiclassical correlati
function54 ~PI-FBSD!:

CAB~ t !5~2p\!23dE dx0E dp0E dx1¯E dxN

3Q~x0 ,p0 ,x1 ,...,xN!LAB~x0 ,p0 ,x1 ,...,xN!,

~2.11!

where

Q~x0 ,p0 ,x1 ,...,xN!

5Z21^gx0 ,p0
ue2DbĤ0/2ux1&e

2DbV~x1!

3^x1ue2DbĤ0ux2&...e
2DbV~xN!^xNue2bĤ0/2ugx0 ,p0

&

5Z21)
s51

d

)
j 51

3 S 2gs j

p D 1/2 ms

ms1\2Dbgs j

3S ms

2p\2Db D ~N21!/2

3expH 2(
s51

d

(
j 51

3 F ms

ms1\2Dbgs j
S gs j~xs j,12xs j,0!

2

1gs j~xs j,N2xs j,0!
21

i

\
ps j,0~xs j,12xs j,N! D

2
Db

2ms
ps j,0

2 2
ms

2\2Db (
k52

N

~xs j,k2xs j,k21!2G
2Db(

k51

N

V~xk!J , ~2.12!

is the integrand in the path integral representation of
Husimi transform of the Boltzmann operator, and the fun
tion L depends upon the form of the operatorÂ. For ex-
ample, the autocorrelation function of the 3d-dimensional
momentum vectorp is given by the expression
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Cp•p~ t !5Z21Tr~e2bHp̂•eiHt /\p̂e2 iHt /\!

5~2p\!23dE dx0E dp0E dx1¯E dxN

3Q~x0 ,p0 ,x1 ,...,xN!Lp•p~x0 ,p0 ,x1 ,...,xN!,

~2.13!

where

Lp•p~x0 ,p0 ,x1 ,...,xN!

5~11 3
2 d!u~ t !22(

s51

d

(
j 51

3

gs j f s j* ~xs j,0 ,ps j,0 ,xs j,1!

3S 2 i\
ms

ms1\2Dbgs j
ps j~ t !

1u~ t ! f s j~xs j,0 ,ps j,0 ,xs j,N! D . ~2.14!

The functions introduced in the last equation are

f s j~xs j,0 ,ps j,0 ,xs j,k!5
ms

ms1\2Dbgs j

3S xs j,k2xs j,01 i\
Db

2ms
ps j,0D

~2.15!

and

u~ t !5(
s51

d

(
j 51

3

ws j~xs j,0 ,ps j,0 ,xs j,N!ps j~ t !, ~2.16!

where

ws j~xs j,0 ,ps j,0 ,xs j,k!5
ms

ms1\2Dbgs j

3@ps j,012i\gs j~xs j,k2xs j,0!#.

~2.17!

It is instructive to consider for a moment the physic
structure of the PI-FBSD expression, which is illustrat
schematically in Fig. 1. Each quantum mechanical particl
represented by a ‘‘coherent state bead’’x0 ~with an associ-
ated momentump0) that is coupled toN ‘‘path integral
beads’’ x1¯xN , all connected by harmonic springs. Th
main difference from the standard classical isomorphism
the imaginary-time path integral59 is that the ‘‘necklace’’ of
path integral beads is now open, closing through the cohe
state bead. The force constants associated with the sp
that connect the coherent state bead to the first and last b
of the path integral necklace are different from those
tween path integral beads. The intermolecular potential a
between the regular path integral beads but has no d
influence upon the coherent state bead. The path inte
beads evolve through configuration space, attaining stat
cal distributions dictated by Eq.~2.11!, and their interaction
with the coherent state bead determines the approp
weights of the trajectory initial conditionsx0 ,p0 according to
the path integral discretization of the coherent state tra
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 1. Schematic representation o
combined path integral forward back
ward representation of the density fo
two atoms~labeled 1 and 2! for the
caseN54. The regular path integra
beads are depicted by solid circles an
the coherent state beads by a gra
circle. Intermolecular interactions ar
indicated by straight lines and sprin
potentials between beads are repr
sented by wavy lines. Note that the in
termolecular potential does not di
rectly affect the coherent state bead
and that the spring potentials involv
ing the coherent state bead are diffe
ent from those involving regular path
integral beads.
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form of the Boltzmann operator. The time-dependent inf
mationxt ,pt is obtained from each initial conditionx0 ,p0 by
propagating a constant energy classical trajectory. A rela
formula for the calculation of rate constants from the react
flux correlation function was recently described by Yam
moto et al.55

III. EVALUATION OF PI-FBSD CORRELATION
FUNCTIONS USING MOLECULAR DYNAMICS

Multidimensional integrals of the type that appears in
previous section are usually evaluated by Monte Carlo~MC!
methods. Such a procedure for PI-FBSD correlation fu
tions has been described in recent work by our group.39,54 In
this paper we explore an alternative approach based upo
use of molecular dynamics~MD!. We do this for severa
reasons; primarily our desire is to develop a simple, effici
scheme that can be interfaced with modern molecular
namics techniques straightforwardly. For example, if o
wished to study several quantum degrees of freedom in
acting with a bath of molecules with rigid bonds, MC met
ods are much more difficult to apply than MD ones, whe
standard SHAKE and RATTLE procedures60,61 can be used
to constrain bond lengths. Further, by combining path in
grals with Car–Parrinelloab initio molecular dynamics62 one
can envisage performing on-the-fly forward–backward se
classical simulations, which would be impossible w
Monte Carlo as theseab initio methods are inextricably tied
to MD.63,64

Many previous studies have been carried out using M
for sampling the multidimensional space of the relevant
tegration variables. MD sampling methods have also b
applied to imaginary-time path integral calculations to eva
ate equilibrium properties of many-particle systems. Tuck
man et al.65 have compared various such algorithms a
shown that MD methods are about as efficient as the
Monte Carlo based method.

In order to derive a molecular dynamics algorithm f
evaluating Eq.~2.8! we introduceN momenta conjugate to
the path integral coordinate variables. Multiplying and div
ing by this ‘‘kinetic energy’’-type Gaussian integral, the co
relation function is brought in the form
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-

d
e
-

e

-

the

t
y-
e
r-

e

-

i-

-
n
-
r-
d
st

-

CAB~ t !5lE dx0E dp0E dx1E dp1¯E dxNE dpN

3expH 2(
s51

d

(
j 51

3
ms

ms1\2Dbgs j
S gs j~xs j,12xs j,0!

2

1gs j~xs j,N2xs j,0!
21

Db

2ms
ps j,0

2

1
i

\
ps j,0~xs j,12xs j,N! D

2b(
k51

N ps j,k
2

2m̃s
2

ms

2\2Db (
k52

N

~xs j,k2xs j,k21!2

2Db(
k51

N

V~xk!J LAB~x0 ,p0 ,x1 ,...,xN!, ~3.1!

wherem̃s are arbitrary masses associated with the path in
gral beads andl combines all the constants in Eq.~2.12! as
well as the factor arising from the Gaussian momentum
tegral. Ignoring for a moment the imaginary part of the e
ponent, we have an expression that resembles an equilib
average for a system of 3d(N11) fictitious classical par-
ticles. The Hamiltonian for this classical system is

Hsample5(
s51

d

(
j 51

3 F 1

b

ms

ms1\2Dbgs j
S gs j~xs j,12xs j,0!

2

1gs j~xs j,N2xs j,0!
21

Db

2ms
ps j,0

2 D1 (
k51

N ps j,k
2

2m̃s

1 (
k52

N
msN

2\2b2 ~xs j,k2xs j,k21!2G1
1

N (
k51

N

V~xk!.

~3.2!

This Hamiltonian is very similar to that obtained in a m
lecular dynamics treatment of an imaginary time pa
integral.65 The main difference comes from the presence
the coherent states, which introduce additional terms
tween the first and the last imaginary time path integ
beads. With the above definition the correlation function
rewritten in the following MD-PI-FBSD form
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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CAB~ t !5k21
*dx0*dp0*dx1*dp1¯*dxN*dpN exp~2bHsample!FAB~x0 ,p0 ,x1 ,...,xN!

*dx0*dp0*dx1*dp1¯*dxN*dpN exp~2bHsample!
, ~3.3!

where

FAB~x0 ,p0 ,x1 ,...,xN!5expS 2
i

\ (
s51

d

(
j 51

3
ms

ms1\2Dbgs j
ps j,0~xs j,12xs j,N!DLAB~x0 ,p0 ,x1 ,...,xN! ~3.4!

and

k5
*dx1¯*dxNs~x1 ,...,xN!exp~2(s51

d ( j 51
3 as j~xs j,12xs j,N!2!

*dx1¯*dxNs~x1 ,...,xN!
. ~3.5!
-
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The integral in Eq.~3.5! is the normalization constant ob
tained in earlier work.39 In the last expression

s~x1 ,...,xN!

5expF2(
s51

d

(
j 51

3 S msgs j/2

ms1\2Dbgs j
~xs j,12xs j,N!2

1
ms

2\2Db (
k52

N

~xs j,k2xs j,k21!2D G
3expS 2Db(

k51

N

V~xk!D ~3.6!

and

as j5
ms

2p\2Db
2

msgs j/2

ms1\2Dbgs j
. ~3.7!

Equation~3.3! is in the form of a thermodynamic averag
with respect to a normalized sampling function defined
Hsample.

By allowing the system to evolve at temperature 1/kBb
under the HamiltonianHsamplewe generate initial conditions
x0 ,p0 for the classical trajectories and values of the positio
of the path integral beads,x1 ,...,xN . Then for each initial
condition x0 ,p0 a constant energy classical trajectory
propagated to obtain the time-dependent informationxt ,pt .

To calculate the time evolution of the Hamiltonia
Hsample we must use a technique that generates trajecto
whose time average is equal to the canonical ensemble a
age. We adopt the Nose´–Hoover chains method66 used by
Tuckermanet al.65 in their study of path integral molecula
dynamics methods. The original Nose´–Hoover67,68method is
not adequate for this system where the effective potentia
the path integral variables consists of harmonic terms, as
known that the former does not produce the correct avera
in the case of a one-dimensional harmonic oscillator.66

A Nosé–Hoover chain of length two was attached
every degree of freedom in the system. To integrate the
sulting equations of motion we used the velocity Verlet ba
algorithm of Jang and Voth.69 Again in a very similar manne
to the previous work of Tuckermanet al.65 we employed the
reversible reference system propagator algorithm70 ~RESPA!
to eliminate problems associated with the different tim
scales of motion of the harmonic interactions and the in
molecular interactions. In this preliminary application we
Downloaded 20 Jul 2003 to 130.126.224.115. Redistribution subject to A
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not use any schemes such as staging65,71 or normal mode
transformations to narrow the frequency range present in
problem, although in future applications their use may
advantageous.

In contrast to Monte Carlo algorithms, where only th
values of the coherent state parameters are needed, se
more parameters need to be optimized for the solution of
equations using molecular dynamics. These are the
RESPA time stepsDt anddt5Dt/n ~wheren is an integer!,
the massesm̃s associated with the path integral beads, a
the massesMs of the Nose´–Hoover thermostats. The value
of m̃s andMs must be chosen so that the motion of the pa
integral beads and the thermostats occur on the same
scale as the motion of the remaining variables of the syst
In the calculations presented below we set these ma
equal to those of the atoms involved in the calculation. T
time steps are chosen to be as large as possible whilst
conserving energy.

To evaluate the normalization constant for the integ
we simply setA5B51 andt50 and evaluate Eq.~3.3! as
described above. The relevant function in the integrand
the form

L11~x0 ,p0 ,x1 ,...,xN!

5~11 3
2d!22(

s51

d

(
j 51

3

gs j f s j* ~xs j,0 ,ps j,0 ,xs j,1!

3 f s j~xs j,0 ,ps j,0 ,xs j,N!. ~3.8!

The evaluation of the normalization constant was previou
carried out by performing a separate calculation of an ad
tional, different integral by Monte Carlo.39,54In this work we
use a simpler approach, which has the advantage of requ
the same sampling function as the time-dependent calc
tion, so only minimal additional computation is involve
Note that for the caseN51 the normalization factork51 so
under these circumstances it does not need to be evalua

Note that the MD algorithm developed here~and the
original MC algorithm! is easily parallelized; one simply
propagates a trajectory underHsample with different initial
conditions on each processor. Communication between
cessors is only required at the end of the run to collect
results, which means almost perfect scaling efficiency
achieved as the number of processors is increased.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 2. The real~a! and imaginary~b! parts of the momentum autocorrelation function for the one-dimensional anharmonic oscillator given in Eq.~4.1! for
\vb53&. Dashed line: Exact quantum mechanical result obtained via a basis set calculation. Solid squares: MD-PI-FBSD results. Hollow circle
of fully classical simulation.
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IV. NUMERICAL APPLICATIONS

In this section we present numerical tests of the mole
lar dynamics methodology described in Secs. II and III. T
first test involves a simple one-dimensional anharmonic
cillator described by the potential

V~x!5 1
2mv2x220.1x310.1x4, ~4.1!

with m51 and v5&. As discussed previously35,39,42 this
potential is very anharmonic, causing the wave packe
dephase within a few vibrational periods. The forwar
backward method describes this dephasing semiquan
tively; however, it was found to be incapable of accounti
for the rephasing that occurs at later times due to cohere
effects.

Figure 2 shows the comparison between the exact qu
tum result, the MD-PI-FBSD results and the classical res
for the momentum correlation function at a low temperatu
\vb53&. The FBSD results converged with 12 path int
gral beads and;30 000 trajectories were necessary to redu
the statistical error to about 1%. The results obtained us
Downloaded 20 Jul 2003 to 130.126.224.115. Redistribution subject to A
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-
e
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the MD-PI-FBSD method agree well with those obtain
from a Monte Carlo calculation~not shown!, indicating that
the new MD method correctly samples the integration spa
As was discussed previously, the forward–backward corr
tion function decays too rapidly but maintains the same f
quency as the quantum result for several periods, in cont
to the classical one. This means after Fourier transform
the short time signal the FBSD result will have a peak at
correct frequency whereas the classical one will not. It a
implies that in systems where quantum mechanical effe
are important, but the dynamics are dissipative and there
intrinsically short time, FBSD will reproduce the corre
quantum correlation function.

Figure 3 shows the same comparison at a high temp
ture, \vb5&/10. Here only one path integral bead w
required. At this temperature the FBSD results are essent
exact. As one confirms by examining the analytical expr
sion for a harmonic oscillator, the real part of a correlati
function approaches the classical result faster than the im
nary part. This behavior is seen clearly in Fig. 3~b!, where
s: Results

FIG. 3. The real~a! and imaginary~b! parts of the momentum autocorrelation function for the one-dimensional anharmonic oscillator given in Eq.~4.1! for
\vb50.1&. Dashed line: Exact quantum mechanical result obtained via a basis set calculation. Solid squares: MD-PI-FBSD results. Hollow circle
of fully classical simulation.
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classical mechanics predicts the real part of the correla
function essentially quantitatively, but the imaginary p
amounts to about 10% of the maximum value of the r
part.

Next we present a benchmark application of the MD-
FBSD method to liquid argon. The calculation is perform
at 183 K, at a density of 1.60 g cm23 upon a cubic unit cell
containing 108 atoms under periodic boundary conditio
All interactions are truncated at half of the unit cell dime
sion and are described by a Lennard-Jones potential of
type

V~r !54«F S s

r D 12

2S s

r D 6G , ~4.2!

with «585 cm21 and s53.4 Å, wherer represents the in
teratomic separation. At this state point the dynamics
presumed classical and thus a single imaginary time p
integral bead was used.

The choice ofg, the coherent state parameter, is n
entirely straightforward for a condensed phase simulation
this work we ran two independent calculations, one using
value gv suggested by the harmonic frequency obtain
from the pair potential, and another usinggv/2. As the two
calculations agreed with each other and with the class
result ~vide infra! we did not explore this issue further, bu
we note that further investigation may be required in the c
of more complex molecular fluids. Approximately one m
lion trajectories were required to obtain converged results
the velocity autocorrelation function, which is obtained fro
Eq. ~2.13! by dividing by the appropriate mass factor for A
i.e.,

Cv•v~ t !5Cp•p~ t !/mAr
2 . ~4.3!

Figure 4 shows the comparison between the correla
function obtained classically and that obtained from the M
PI-FBSD calculation. The real parts exhibit good agreem
with one another, indicating that the MD-PI-FBSD calcu
tion is behaving correctly. The integrated value of the M
PI-FBSD time correlation function that yields the se
diffusion constant is in reasonable agreement with

FIG. 4. Velocity autocorrelation function for liquid argon under conditio
described in Sec. IV. The solid, dotted and dashed lines show the FBSD~real
and imaginary components! and classical results, respectively.
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corresponding classical result. However, the FBSD calcu
tion also produces the imaginary component of the corre
tion function, which reaches a height equal to about 15%
the maximum value of the real part.

Figure 5 shows the Fourier transforms

Gv•v~v!5
1

2p E
2`

`

Cv•v~ t !eivtdt, ~4.4!

of the FBSD and classical correlation functions. By virtue
its nonzero imaginary part, the FBSD transform~in contrast
to the classical result! is not symmetrical aboutv50. This
asymmetry is a well-known manifestation of the detailed b
ance relation, i.e.,

Gv•v~2v!5e2b\vGv•v~v!, ~4.5!

which the calculated MD-PI-FBSD result satisfies to a ve
good approximation. Purely classical MD simulations can
directly capture imaginary components and the result
asymmetry in Fourier space. Note we have obtained
imaginary part of the correlation function without makin
any assumptions, such as those involved in apply
‘‘quantum correction factors’’ to classical correlatio
functions.72–74

V. CONCLUSIONS

We have developed a MD-based method for evaluat
correlation functions arising from the previously develop
PI-FBSD method. The present scheme is based upon u
constant temperature molecular dynamics~as opposed to the
traditional Monte Carlo based methods! to sample the initial
conditions of the classical trajectories. The method
straightforward to implement and provides an efficient to
for the calculation of correlation functions in large cluste
liquids, or biological systems. The method is also very e
to implement on modern parallel computer architecture,
hardly any communication between processors is require

As a preliminary test we have applied the method to
calculation of the velocity correlation function of liquid a

FIG. 5. Fourier transform of the velocity autocorrelation function for liqu
argon displayed in Fig. 4. The solid and dashed lines show the FBSD
classical results, respectively.
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gon. Despite the large number of degrees of freedom pre
in the problem the calculation of the correlation function w
quite straightforward and no excessive computational ef
was required. The calculated correlation function sho
good agreement with that obtained from classical mecha
but, in contrast to the classical one, possesses a
negligible imaginary part. This feature is essential for t
accurate prediction of spectroscopic intensities or relaxa
rates and should enable us in the future to improve fo
fields for molecular liquids by comparison of simulation r
sults with experiment.

The N51 ~single path integral bead! limit of the path
integral expression for the Boltzmann operator is usually
garded as its classical limit. In fact, it is easy to show that
path integral representation of the partition function reve
precisely to the classical result if a single bead is used.
contrast, the present PI-FBSD formulation retains import
nonclassical features such as imaginary components eve
its crudest (N51) limit. These quantum effects are captur
in spite of the absence of phase factors from the integra
Under less classical conditions one would have to incre
the number of path integral beads to achieve converge
This can be a demanding task, because the complex pha
the FBSD expression disappears only in the single b
limit. While this phase is slowly varying and amounts to ve
small negative components in one dimension, the prob
becomes worse at an exponential rate as the dimension
of the problem increases. As demonstrated through re
calculations,54 the method remains robust and efficient
systems with a few tens of degrees of freedom even w
several path integral beads per coordinate. Thus, PI-FB
simulations of medium-size clusters or light particles in m
lecular liquids where only 10–20 atoms exhibit highly qua
tum mechanical behavior~while the remaining particles ar
treated with a single path integral bead! are currently feasible
with modest amounts of computational effort. Howev
simulations with hundreds of quantum mechanical partic
appear challenging at the moment. Our group is curre
pursuing efficient ways of dealing with this problem in ord
to enable the application of the PI-FBSD methodology
low-temperature fluids.
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