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Forward—backward semiclassical dynamiE®SD) methods are emerging as a practical way of
simulating dynamical processes in large quantum systems. In this paper we develop a pair-product
approximation to the coherent state density. This form is accurate at low temperatures, enhancing
significantly the convergence of Monte Carlo methods and thus allowing the simulation of quantum
fluids. The scheme is applied to the calculation of velocity autocorrelation function of liquid
para-hydrogen at several thermodynamic state poib&dweenT =14 K andT =25 K). The results

of the forward—backward semiclassical method with the pair-product approximation to the coherent
state density exhibit good agreement with experimental measurements and other theoretical
calculations. These calculations demonstrate that the FBSD method, in conjunction with an accurate
representation of the coherent state density, allows an accurate description of dynamical processes
in condensed phase systems at low temperatures where quantum mechanical effects play a
significant role. ©2003 American Institute of Physic§DOI: 10.1063/1.1611473

I. INTRODUCTION the semiclassical method has experienced a rebirth of interest
with the development of semiclassical initial value represen-
The detailed understanding of quantum dynamical protations (SC-IVR)*"*>~2” which circumvent the troublesome
cesses for polyatomic systems remains a challenging probroot search” problem of the original formulation. Numeri-
lem of much current interest. A complete and direct treatcal calculations exploiting these advances have demonstrated
ment of the dynamics for large systems using basis sehe ability of the semiclassical approximation to provide an
methods requires storage of multidimensional wave funcaccurate description of essentially all types of quantum ef-
tions and computational effort that grows exponentially withfects in chemical dynamicS;?’~2°and a number of success-
the number of degrees of freedom. These methods are therg applications to polyatomic molecules have been
fore restricted to systems with only a few degrees of freepresented®?’*°-3To date, the highly oscillatory character
dom. Another approach to quantum dynamics for large sysof the semiclassical integrand remains the main drawback of
tems is based on Feynman’s path integral formulatidfihis  semiclassical methods, preventing integration by Monte
method is, however, still prohibitive at long times because itCarlo methods in condensed phase systems. This situation is
involves evaluating a multidimensional integral of a highly yet another manifestation of the sign problem discussed in
oscillatory function. In spite of considerable progress usinghe previous paragraph. We note, however, that significant
variations of filtering scheme’,” Monte Carlo path integral progress has been reported through the introduction of filter-
integration methods generally fail when applied to oscilla-ing factors® and(in the case of the flux correlation functipn
tory integrands due to uncontrolled phase cancellation. Theghe yse of a symmetrized form with a smoother integr¥nd.
so-called “sign problem” is also prevalent in fermion equi- Forward—backward semiclassical dynami¢EBSD)
librium path integral calculations. methods}* > originally developed in the context of influ-
Time-dependent semiclassical thébhprovides one of  ence functionalé-*2 have recently emerged as a way of al-
the viable alternatives for approximating quantum dynamicaleyiating the problem associated with the oscillatory semi-
quantities and offers a potentially practical way for addingg|assical phase. This idea is implemented by combining the
quantum mechanical effects to classical molecular dynamicgard and backward propagation steps that appear in
simulations. The semiclassical approximation is based 0gnsemple-averaged quantities into a single time evolution
cIassica] trajectqries and _their stabilifcy properties, which canyose dynamics are approximated by the semiclassical
be obta|r3ed by inexpensive calculations even for very largenethod. The semiclassical propagator constitutes the station-
systems” These characteristics make sermclassmal methodgry phase limit of the fully quantum mechanical path integral
very appealing, as they can account for important quanturjescription of the dynamics. The forward—backward treat-
mechanlcall features of a system, wh|Ie4offer|ng an intuitiveant is equivalent to approximating an additional integral
understanding of dynamical processEs? In recent years, (that associated with the trajectory coordinates at the end of
the forward evolution stepby the stationary phase method
dElectronic mail: nancy@makri.scs.uiuc.edu for all (or just some degrees of freedom. By doing so, the
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oscillations originating from time propagation are minimizedwith a small number of path integral beads. The dramatic
and the resulting integrand is sufficiently smooth, allowingreduction of the number of path integral variables achieved
evaluation by Monte Carlo techniques. The neglect of interthis way greatly facilitates convergence. In addition, the use
ference between distinct forward and backward trajectoriesf an imaginary time step that can be chosen much larger
implies that at least some aspects of quantum interferenddan that allowed by primitive propagators also leads to a
will be lost. Generalized forward—backward treatmehts considerable reduction of the oscillatory character of the in-
make use of a filtering factor with an adjustable weight,tegrand. In many cases the PP approximation is sufficiently
thereby allowing a partial cancellation of the semiclassicakccurate to allow an adequate description of the coherent
interference term. These developments hold promise fostate density with a single bead, thus eliminating entirely the
treating molecular systems with tens of atoms via semiclasescillatory phase. The resulting methodology becomes appli-
sical techniques. cable to dynamical calculations in quantum liquids.

To date, methods that completely eliminate the semiclas- We illustrate the PP-FBSD methodology by studying the
sical phase provide the only practical choice for simulatingself-diffusion of liquid para-hydrogen. The diffusion con-
condensed phase systems with several hundreds of couplétint at several thermodynamic state poiméging from a
degrees of freedom. These include the Wigner metf8t, high-temperature liquid af=25 K to a liquid near the triple
which has been rederivé&fby linearizing the semiclassical point atT= 14 K under nearly zero external pressuiseob-
initial value representation of a time correlation function, andtained by calculating the corresponding velocity autocorrela-
the derivative-FBSD method developed in our gréuff  tion functions. It is well known that liquighara-hydrogen in
Through different procedures, each of these methods elimihis temperature range cannot be characterized by classical
nates the semiclassical prefactahose evaluation scales as liquid state theory due to its low molecular mass, and a quan-
the third power of the number of degrees of freeglamd the ~ tum mechanical treatment is essential to the understanding of
semiclassical phase, and thus attains a quasiclassical forli§ properties. The experimentally observed self-diffusion
where the dynamical observable of interest is averaged witGonstarft® at T=25 K was found to be almost three times
respect to an appropriate phase space density. larger than the value predicted by classical molecular dynam-

The present paper deals with the derivative-FBSDICS simulations, an effect attributed to quantum dispersion
formulation®546 A number of recent calculations have dem- effects. Further, collective coherent excitations, which are
onstrated the ability of this methodology to accurately de-2bsent in purely classical liquids, have been observed re-
scribe important dynamical processes in polyatomiccently by neutron scattering experimefits® In addition to
systemg®495253An important step in this FBSD methodol- experimental studies, extensive theoretical calculations have
ogy is the evaluation of the coherent state transform of af€en also performed under these conditions. These include
operator related to the initial density. This quantity providesSimulations based on centroid molecular dynarﬁjrc‘;é?
the weight of the classical trajectories, and its accurate deteflu@ntum mode-coupling theo_?§/,77 and the maximum en-
mination is essential. While semiclassical approximations td"Py numerical analytic contlnqatldﬁ.The PP-FBSD re-
the Boltzmann operator are possiBfahe most accurate and Sults compare well with experimental measurements and
versatile tool available for this purpose is the use of the dis®ther theoretical predictions. _
cretized path integralPl) formulation of quantum statistical | NS Paper is organized as follows: In Sec. Il we review
mechanic€® A PI-FBSD procedure for evaluating time cor- Priefly the FBSD method at finite temperature in conjunction
relation functions has been described in recent papers by olffith the imaginary time path integral representation of the
group*®52 The numerical difficulty that still persists in this Boltzmann operator. Then we introduce the pair-product ap-
scheme is the presence of an oscillatory factor arising fronProximation for the coherent state density and discuss its
the coherent state representation of the initial density wheffPlementation in the FBSD expression for the correlation
multiple path integral “beads” are required for an accuratefunction. In Sec. IIIiwe descrlbe. the computatlongl qetalls for
representation of the Boltzmann operat Even though the calculation of time correlation functions of liquzhra-

this factor is slowly varying, its presence becomes a serioudydrogen and present the results of the PP-FBSD calcula-

problem when applying this method to systems with hunions. Comparisons with experiments and other theoretical

dreds of degrees of freedom. At present, the PI-FBSD rnethc_alculations are also presented in this section. Section IV
odology developed in our group is practical for systems ofcONtains the conclusions of this work.
10-20 atoms over a wide range of temperatifrasd also

for systems with hundreds of atoms at reasonably high
temperatures® II. METHODOLOGY

In this paper, we develop an improved approximation for |, his section we review the FBSD methodology in con-
the coherent state density that makes the FBSD method 3Rinction with an imaginary time path integral evaluation of

plicable to simple fluids with significant quantum effects. We e Boltzmann operator in a coherent state representation and
adopt the pair-produdiPP) approximation of the imaginary - gerive the pair-product form. Our focus is on time correlation

: 6,67 - : _ " ;
time propagatof>’ a technique that amounts to & superiorciions at finite temperaturéwhich generally assume the

factorization of the Boltzmann operator, and apply it t0¢5m
evaluate the coherent state density. Because the pair propa-
gator is accurate over a large temperature range, its use leads _ E “BHA aiHtAR A iHtE

to an accurate representation of the coherent state density Cas(V ZTr(e AerBe ): @D
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HereH is the Hamiltonian of the systerA andB are arbi- ~ Sical propagator in the coherent state representation, the
trary operators=1/kgT is the reciprocal temperature, and Heisenberg operator can be brought into the following
Z=Tr(e ") is the canonical partition function. The three- prefactor-free fornf

dimensional Cartesian position and momentum vectors for

_ : N : 1 9 i
the jth atom are denoted” andp!”, while the coordinates g t)=—i _J d f dP exr{— = )
and momenta of all the particles are collected in the He (2mh)*" du Qo 0 exp 77 S(Qo.Po)

3n-dimensional vector§) and P, respectively. The Hamil-
tonian for a system ofi particles(atoms or rigid moleculgs X[G(Qy,P)){G(Qo.Po) (2.6)
is written as =0
H=Hy+V(Q), (2.2 Here Qy and P, are the initial phase space variables for

. o classical trajectories that evolve according to the classical
whereH, is the operator for the total kinetic energy of the equations of motion corresponding to the product of three
system. exponential operators ar@;, P; are the phase space vari-
a2 ables at the end of the forward—backward evolution. At the

. (2.3 end of the forward propagation trajectories experience posi-
i tion and momentum jump$ (originating from the exponen-

We also define the correlation function for the inner productial of the operatoB) according to the relation
of two vector operatoré andB:

1 J
c (t):lTr(e*BﬁAeiﬁt/ﬁ.Be*”:”/ﬁ) 04 5Qt:_§hﬂa_PtB(QtyPt)v
A-B Z . . (27)
The present work aims at obtaining an accurate approxi- 5Pt:£h/~lviB(Qt P).
mation for the coherent state representation of the Boltzmann 27 9 '
operator entering the derivative-FBSD expression for a time R
correlation function obtained by Shao and MdRrf® We  HereB(Q,P) is the classical analogue of the operasort is
note, however, the coherent state pair propagator that wiportant to not that the position and momentum jumps in
develop is not linked specifically to the derivative-FBSD for- Eq. (2.7) are equal tone-halfof the values dictated by the
mulation and can also be used in conjunction with any otheglassical equations of motion, while the action is incre-
semiclassical representation of a time correlation function irmented by the full amount
a coherent state basis.
0S5 =huB(Q,Py) + Py 6Q;. (2.9

It has been showi“® that this rescaling of the position and
momentum jumps compensates for the contribution of the
The key idea in the FBSD formulation is to combine the semiclassical prefactor. The elimination of the prefactor im-
forward and backward time evolution operators into a singleplies that evaluation of the full stability matrix is avoided,
propagator, which is then evaluated using the semiclassicégading to a scheme that scales linearly with the number of
approximation of time-dependent quantum mechanics in aegrees of freedorff.
coherent state representation. Unlike the case of influence The ket in Eq.(2.6) represents arg-dimensional coher-
functionals, the FBSD representation of E@.1) is not ent staté® i.e., a product ofn three-dimensional coherent
unique. The FBSD formulation of Shao and Makif® states for each particle, and is described in the coordinate

which uses the derivative identity for the operabm con- ~ representation by the wave function
junction with the coherent state representation of the semi-
classical propagator developed by Herman and Khogfers  (QIG(Qo.Po))
a rigorous approximation of the correlation function in the n
limit of 72— 0 that is also practical for application to systems = (r(j)|g(r§,” ,pé,”))
with hundreds of atoms. Below we summarize the derivation =1
of the derivative form of the FBSD approximation. o\ 3n/4
In the derivative FBSD formulation the Heisenberg op- :(—) (detI‘)l""exp{ —(Q—Qp)-T'-(Q—Qy)
erator entering the correlation function is written as m

A. Forward—backward semiclassical dynamics

i
B, (1) = eVBe AU — i gifthgiuBg- iRt + 3P0 (Q=Qo) |, 2.9

Ip

u=0

29 wherel is generally a 8X 3n matrix. Throughout the rest
By combining all three exponential operators into a singleof the paper we express this matrix as a diagonal matrix with
time evolution for an appropriate Hamiltonian along aelementsy; representing the width parameter of the coherent
forward—backward time contour and applying the semiclasstate for theith particle.
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In the u—0 limit the difference between forward and sential to capture the effects of zero-point energy and repro-
backward trajectories is infinitesimal. This means that interduce the imaginary part of a correlation function. An accu-
ference between distinct forward and backward trajectories igate evaluation of these matrix elements is possible by using
neglected. Because of this, the derivative version of FBSDmaginary-time path integral techniques for the Boltzmann
cannot account for long-time quantum interference effect®peratof® This procedure was developed recently in our
such as wave packet rephasfiigSuch long-time quantum groug®°2and we describe it briefly here, as it relates to the
interference is, however, often suppressed in systems withpproximation explored in the present study. A similar imagi-
many degrees of freedom, and thus the FBSD method camary time path integral representation of coherent state ma-
provide a very accurate description of quantum dynamics irrix elements has been described by Yamansaital *°
condensed phases. The starting point is expression of the Boltzmann opera-

The above remarks can also be used to arrive at gre~AH as a product oN exponential operators with imagi-
derivative-free form with a quasiclassical appearance. Aftehary time steps of length 8= 8/N
performing some algebra, the Heisenberg operator is brought
into the form®*°’ . .

i 1 e Al=(e AN, (2.13
BH(t):WJ onJ dPoB(Qy,Py)

By implementing the Trotter factorizatiBhof the exponen-

3
X[(1+ 2M[G(Qo,Po))(G(Qo.Po)l tial operatore™ A" for sufficiently smallAg,

—2I" (Q— Q)| G(Q0,P0) )(G(Qo.Po) (Q— Q) 1.
2.10 e ABH_ g~ ABHo12g~ABVg—ABHo 12 (2.14

Here dynamical information enters exclusively via the clas-
sical functionB at the phase space point reached by a trajec
tory at the timet of interest. Using Eq(2.10 the correlation
function for scalar operators becomes

and using the closure relation, one arrives at the following
expression for the first coherent state term in &y11):

CAB(t)=(2wﬁ)’3”Z’lf onf dPB(Qy,Py) <G(QO,Po)|e*ﬁ'3A|G(QO,PO)>
X[(1+ $n)(G(Qo.Po)le #"A|G(Qo,Py)) - [ 4o [ apy [ dq, [ a0,
~2(G(Qo.Po)[(Q—Qp)-e AT A
RN % | d0u(G(Qo Pole o0y
(Q—Q0)|G(Qq,Po))], (2.19 )
while the correlation function for the inner product of two x e ABVQD(Q,|e 4AM0|Q,)...e APV

vector operators takes the form CAgl A
X(Qule M0 PAIG(Qqg,Py))- (2.19

CA.B(t)z(zwﬁ)—3“z-1f onf dPy(1+ 2n)
Below we refer to Eq(2.15 as the Trotter-discretized path

x(G(QO,PO)|e‘BHA|G(QO,PO))- B(Q:.P;) integral representation of the coherent state transform of the
Boltzmann operator. The path integral variab@s can be

_2(27Tﬁ)*3n2*1f onf dP, thought of as fictitious classical particles that collectively
describe the given delocalized quantum partiélén the

A —BHrA. . conventional Pl representation of a partition function these
X(G(Qo.Po)l(Q~Qo)e™ ™ [A-B(Q:.P)]-T fictitious particles form the “beads” of a closed neckl&@e.
(O—-Q0)|G(Qp,Py)). (2.12  In the present coherent state representation the ends of the
) ) “necklace are attached to the coherent state ceQtgrsvhich
According to these expressions, one must propagate classicgfine the initial position of a classical traject8Py>>*The

trajectories selected from a distribution obtained from thecoordinate representation of the kinetic energy part operator
coherent state transform of an operator related to the initigj, Eq. (2.15 has the form

density. We use this form throughout the rest of this paper.

B. Trotter-discretized path integral representation | _AB':|0| _ ﬁ j 32
of the coherent state density (Qule Qk“)_j:l Zwﬁ?AlB
The next step to consider is the evaluation of the coher- m: _ '
ent state(Husimi) transform of the operators appearing in Xexp{— ZhZJA,B|r(k')—r(k'll|2 :
Eq. (2.11), both of which involve the Boltzmann operator. A
fully quantum treatment of this time-independent part is es- (2.19
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and the first coherent state matrix element is given analyti; 5 P(O—0.).eARAT. (O— G =
cally by the expression {G(Qq,Po)[(Q—Qo)-€ (Q—Q0)[G(Qo,Po))
:fonf dpof dQlJ' dQy -

Qle 44102 G(Qq,Py) A
« Qo o) x f dQu(G(Qo.Po)[(A—Qp)e*#02Q,)

el

XGXP[ L;{mr‘”—rg’ﬁ X (Qule™ M0 PAr (Q=Qo)|G(Qo.Po)). (219
m;+A ARy The coherent state factors in this expression are also easily

m, 312
mj+4°A By, ) X e AAV(Q(Q,|e2AM0|Q,)...e~ 2AV(QN)

AB i . _ evaluated. Combining these expressions, the Trotter-
+ —|P(J)| - %p8)~(r(l)—r8)) : (217 discretized path integral representation of the FBSD correla-
tion functions considered earlier takes the form

The other coherent state matrix element depends on the form CAB('[):(ZW}’L)*MJ onf dpof dQ- -
of operatorA. If A is given by a simple polynomial, this
matrix element can be expressed in a form

XJ dQNO(Qp,Pg,Q1,...,.Qn)
X Aag(Qo,Pg,Q1,---.QnN)»

(Qle A0 ZAIG(Qo,Po)) (2.20
:a(QOIPO!Q)<Q|e7AB|:|0/2|G(QO1P0)>! (21& CA'B(t):(zﬂ-h)73nJ dQOJ dPOJ dQl”'
wherea(Q,,Py,Q) is a function that depends on the form of X f dQnO®(Qo.Po,Q1,-...Qn)
operatorA.
The second coherent state term in E2j11) can also be X Aa8(Qo,Po,Q1,....Qn)-

described in the discretized path integral representation asIn these equations

®(Q0,Po, Q.- Qu)=Z X G(Q,Po) e 202 Q, ) e~ 4AV(Q1(Q, |~ 44H0|Q,)- e~ VI (Qyle~2AH02 G(Qy, Po)

=Z*11_n[ 2y, 30 m, 3 m 3(N=1)12
j=1 T mj+ﬁ2A,871 ZWhZAB

n
. . AB
I (1 _ () 24 U, (rG) (D) )
Xexp{ D T At R R U e
n N N
-3, s 2, M-8, Vi@, 220
]:1 k=2 k=1
|
is the integrand in the Trotter-discretized path integral repre(Q,,P,,Q;,Q5,....Qn)
sentation of the coherent state transform of the Boltzmann
operator, and the functions gz and A 5.5 depend upon the —(G(Qp PO)le—A,BI:IOIZ|Q1>e—A,BV(Q1)
form of the operatoA.
The multidimensional integral appearing in Eg.20 is x(Q |e*A/’;'0|Q )o@~ 2BV(QN)
usually performed by Monte Carlo methods. We use the ! 2
modulus of the entire exponential part as the sampling func- A an
tion: X (Qnle™ 412G (Qg,Po))|. (2.22
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Since the integral of this sampling function is not necessarilypara-hydrogen afl =25 K gives a kinetic energy equal to 62

proportional to the partition function, one has to perform aK/particle under zero external presséfayhich differs sig-

separate Monte Carlo calculation to obtain normalized renificantly from the classical estimate of 37.5 K/patrticle. It is

sults. These procedures are detailed in Ref. 52. A moleculasbvious that quantum effects such as zero-point energy are

dynamics sampling technique that provides efficient samprevalent under these conditions and that use of only one

pling of initial phase space and path integral variables wagath integral bead is not adequate in this case. Since a finer

recently developed in our grodp. discretization of the Boltzmann operator based on multiple
As has been seen thus far, the FBSD method sidestefdsotter steps is impractical in condensed phase systems due

the problem associated with phase cancellation arising fronto severe phase cancellation, we turn our attention to supe-

the action entering the semiclassical propagator and thusor single-bead approximations.

makes Monte Carlo evaluation feasible. As demonstrated by

several recent calculatiod$>?3this method is robust and

practical for systems with at least several tens of degrees &- Pair-product approximation

freedom. However, the presence of a mildly oscillating factor  oyr aim here is to devise a good approximation for ma-

arising from the path integral representation of the coherenﬁix elements of the typéQ|exp( 7‘|:|)|G(Q0,Po)> that al-

state density, lows a larger value of imaginary time stegompared to that

n i m, required for convergence of the primitive form obtained with

H F{ 7 Wp(” rP—rP)|, (223  the Trotter factorization. If this could be made accurate

! enough forr= /2, one would be able to use a single path

can become an obstacle. Although this is a slowly varyingntegral bead and avoid serious phase cancellation. The prob-
factor, it can prevent convergence of Monte Carlo methods imem of constructing improved propagators for use in path
simulations of condensed phase systems that often involviategral calculations has been discussed extensively. Several
hundreds of particles, because the phase cancellation protmethods have been proposed toward this direction, including
lem becomes worse at an exponential rate as the system sittee use of exponential power series expansformulant
increases. One of the strategies to circumvent this problerapproache& harmonic reference methofisand propaga-
may be to use sufficiently large valuesgfin order to damp  tors based on an adiabatic splitting of the Hamiltori&@ur
this oscillatory factor. Experience from simulations of simpleapproach in the present study employs the pair-product ap-
liquids in our group indicates that Monte Carlo evaluation ofproximation developed mainly in the context of liquid he-
the multi-bead PI-FBSD expressions presented in the previium at low temperature®®’ This approximation leads to
ous subsection can converge only if the value of the cohererthe most efficient method for a system with pair-wise addi-
state parameter is orders of magnitude larger than that sugjve interactions, which we investigate in this work.
gested from the time scales of the interaction potential. HowThroughout the rest of this paper we focus on isotropic flu-
ever, the FBSD approximation has been shown to degradels.
when the coherent state parameter exceeds significantly its Consider a pair of two atoms, with coordinates and mo-
optimal value®® In addition, the coherent state parametgrs mentar™®), p andr®, p®, respectively. Defining center-
determines initial momentum distributiofisee Eq.(2.21)], of-mass and relative coordinates

a_md a large value of; corresp_ond_s toa very wide distribg— RUD_1(rW4 @) and D= O_ @) (2.24
tion in momentum space, which in turn introduces a serious 2 '
numerical problem. and performing a canonical transformation, the Hamiltonian

The phase cancellation problem associated with the cdor this pair of atoms
herent state functions disappears in the single bé&&d X) |p(1)| ||0(2)|
limit. This limit provides an accurate representation of the ~ H(®2d=—_——— 4+ v1I(|r(D)—((2)]), (2.25
Boltzmann operator under nearly classical conditions, i.e., if
the Trotter factorization with an imaginary time stgf2 is  is rewritten in the form

sufficiently accurate. The sing_le-bead highjte.mperaturg limit HU2 2 H(12) 4 (12 (2.26
of the PI-FBSD methodology is appealing in itself, as it can trans® ©Tint :
account for nonzero imaginary components of correlationvhere
functions even within this nearly classical treatment. This |p(12)2
feature is a consequence of the use of a coherent state ren{la) — ,
resentation of the densitg:>® 2M

The validity of applying the single-bead approximation |p12)2

depends of course on the thermal de Broglie wavelength of & {(:9=———

particlé® and becomes inadequate under conditions where "

guantum effects are large. It can be easily shown that thare the Hamiltonians describing the center-of-mi@smsla-
expectation value of the kinetic energy obtained from thetional) and relative(interna) motion, respectively. In Eq.
single-bead PI-FBSD expression coincides with the result 0f2.27) P2, p(*2 are momenta conjugate to the coordinates
classical mechanics. It is well known that the kinetic energyR*?, r(2) respectively, andM =2m, u=m/2. Using Eq.

of quantum liquids exceeds the classical estimate. For ex2.26 the coordinate matrix element of the Boltzmann op-
ample, a path integral Monte Carlo calculation for liquid erator for an arbitrary imaginary time stejis factored into a

+Vv(12(|r(12)) = T(12)+ v32(|r(@2)y, (2.27)
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free-particle part corresponding to the motion of the center o( (1) (2)|exp( |_|(12))|g (r(l) (1))9 (r(Z) (2))>
mass and the matrix element of the Hamiltonian describing 7 ’
internal motion:

:f d?‘(l)J’ A7 expl — 7AIE) [FD)

X (ri@|exp( — AP [F@)exp — o(r{1? 712)))

><(~(1)|g (r(l) p(l))><'r(2)|g (r(2) (2))> (2.39

. 2
(rr@lexp — 712 [rGr2)

=(RM™Jexp( — T2 |RG?)

tran

X (r®exp( = AGA)|rG?). (2.29

A change of integration variables to center-of-mass and rela-
Application of the same transformation to the Boltzmanntive coordinates, along with EqE.29 and(2.33 brings the
operator for the total kinetic energyH{?=(|p"|>  desired matrix element to the form

+|p@)|?)/2m for the same two-atom system gives the result
(rPr@lexpt — A g, (rfY i) g, (rl? pi))

(r®Or@)exp(— A [rDr Dy
= (REZlexp~ A2IIRG?) - [ 4R [ area(rE2lexs - E2HIR02)
X(rdPexp( = FTE) ). (2.29 x (r{1|exp — 7T(12) [r12))
Use of Egqs(2.28 and(2.29 leads to the result X exp( — o(r? '7(k}2)))<§(12)|92y( R{12) 2p(12))y
- 1).(2
(ririPlexp(— 7)) X (F02)g (r2), 1pii2)). (2.35
(1) — @y Dy p(2) — @)@
= (rilexp—7HG re )(rilexp(—Hg ) This can be written as a product of two integrals, and use of
X exp( — (P(r(lz) r(12))) (2.30 Eq. (2.3 leads to the expression
where (rir @) exp — TH(12))|g (rD, (1))g (r® pd)
(rdexp — AL [r(2) _f dR2(R(1D (12))| R(12)
= RY(Ry|ex —7-H R
eX[i—(p(I’(lz) r(lZ))) (R |exp( s)| )

(r{?|exg — 7T 12y

int ~
(2.30) x (R1?|g,,(R§,2P(12))
The first two factors in Eq(2.30 are matrix elements of the % J dF(12)<r(12)| exp(— 7_|:|_(12)) |’r“(12)>
Boltzmann operator for two noninteracting particles. Poten- k int
tial interactions are taken into accouexactly through the _
function ¢. x(T12g_,(r§?, 3p52)). (2.36
Consider now the coherent state function for a single
particle It is easy to show that the first integral in the last equation
can be written as
3/4
(1) (1) (1) (1) _ (1)
r r ex r re
(rg |g'y( 0 )= ( l{ yIrk |2 <R(k12)|exq_Tnglazn)S”gzy(R(lz) 2P(12)))
+ fl—ip(()l)'(rﬁl)—l’gl))>. (2.32 =(riPexp(— A |g,(r§Y i)

| . x(riexp( = HE)|g,(r(? . pi?))
It is easy to show that the coherent state for the two-particle

pair can be brought into the form X(rexp — 7TE)g,2(r§2, 3p52)) 71 (2.37)
(1) (1) (1) (2) (2) (2)
(ric’lgy(re IN19,(re”ps ™)) Using this expression, the desired matrix element is written
in the final form
=R 92,(RE™.2PG2) )(rP] 9,06, 3p62)).

(233 (rMr@lexp— 1) g (r§) pig,(r?,pP))
The first factor in the right-hand-side of E®.33 is a co- = (rM]exp( — A1) g, (r pi))
herent state for the translational motion of the pair, while the K 716 19T
second one describes internal motion. Insertmg a complete ><<rf<2)|exp(—rﬂgz))|gy(r£,2) (2))>
set of position states for each atom and making use of the

pair propagator relation in the coordinate representation, Eq. xexp( —u(rt?,r{t? plt2y), (2.38
(2.30, the matrix element for the two-particle system be-
comes where
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12 12 12)\ |52(12)\ /(12 12 12
expl (1 {12 02 02 JdrC2r{E exp( — AT [FO2)(F g, o(r§?), 30§ >>> (239
(riPlexp— 7T 9,262, 3p62))

The mixed coordinate-coherent state matrix elements of thategral as shown in Eq2.39. From a computational point
free particle Boltzmann operator that appear in the Eqsof view it seems beneficial to consider fitting or constructing

(2.38 and(2.39 are given by the expression a table of this effective potential prior to the start of Monte
1) ~ (1) 1) 1) Carlo sampling. Unfortunately, this term depends on six vari-
(rlexp(=HG ) g,(rg” . pg ) ables even if symmetry is exploited to reduce dimensionality,
2|34 m 312 m aqd one r_nus_t also evaluate _the first and sec_ond derivatives of
= ?) m) x;{ - m this function in order to obtain relevant matrix eleme(sise,

e.g., the next paragraplrhese facts lead the conclusion that
T i explicit construction of a table is inappropriate in this case.
{7’|f(l)—r(l)| m|p(()l)|2— gp(()l)'(fﬁl) Additionally, fitting to some functions is not straightforward
in this case. Another option is to reduce this three-
1) dimensional integral to a one-dimensional one by transform-
“ro)( | (2.40 ing to spherical polar coordinates and expanding the various
By definition, the pair propagator given by Eq2.39 and terms in spherical harmonics. However, the advantage gained
(2.40 is exact for a pair of particles.
By employing this interaction ternu(r,rqy,py) for a

this way is offset by the need to sum over terms whose
expansion coefficients are related to vector-coupling coeffi-
pair of particles, we approximate the matrix element of the
Boltzmann operator for the total Hamiltonian as

cients. At large values qﬁ‘lz) many terms are necessary to
€achieve convergence.
After some investigations, we conclude that direct evalu-
<Q|eXp(_T|:|)|G(QO’p0)> ation of this three-dimensional integral during the Monte
Carlo procedure is both accurate and efficient. Because the
_ 0 0 0 o) integrand of Eq(2.39 contains a Gaussian factor, it is effi-
H (rOlexp(— 7HE) g, pb))) ciently evaluated using a Gauss—Hermite quadrature. For
this task we define a Carte?ia)n coordinate syst&¥,7)
with origin at (mr*2+2427yr{?)/(m+ 2#27y) with thez
XIE[ exp(—u(ri, r(Il) p(u))) (2.41 axis pointing alonga(lz) With this choice the integrand has
: a constant phase at a fixed valueZond thus is a smooth
This interaction term can be seen as an effective poterfunction ofx andy, allowing integration with a small num-
tial. In the high temperature limiti(r,ro,po) approaches per of quadrature points along these coordinates. Evaluation
7V(r) and thus the PP reduces to the standard Trottepf the derivatives oti(r?, r(12) p(12)) is performed by dif-
product™ However, as will be seen later, this method cap-ferentiating Eq.(2.39 and evaluatmg the resulting integrals
tures nontrivial quantum effects such as zero-point energy ify 3 similar manner. While primitive, this procedure is accu-
a satisfactory manner even if only a single path integral beaghte and the entire FBSD calculation can be done within
is used. It is worth noting that this effective potential moderate CPU time.
u(r,ro,po) is complex valued, but the magnitude of the  As has been shown in several applicatf§¥é (and will
imaginary part of exptu(r,ro,po)) is normally very small 3150 be demonstrated through the numerical calculations pre-
compared to that of the real part. The oscillatory feature okented in the next sectipnthe use of the pair-product ap-
the above matrix element comes mainly from the matrix elproximation allows accurate determination of the imaginary
ement of the free-particle part. time propagator with time steps that are between one and
The intra-pair density matrix element two orders of magnitude larger than those necessary in the
(r®exp(— H{L?) [F12) appearing in Eq(2.39 needs to be  primitive Trotter approximation. Thus, the use of the pair-
evaluated in order to obtain an effective potentialproduct approximation in the discretized path integral form
u(r®,r{t2 pl2) If the interaction potential between par- of the FBSD correlation function should dramatically reduce
ticles is isotropic, one can expand this three-dimensionathe required number of beads, facilitating calculations in sys-
density matrix in terms of partial waves. Each partial wavetems with several tens of particles at very low temperatures.
component is the one-dimensional density matrix with anFurther, because the high accuracy of the PP approximation
additional centrifugal term, which can be evaluated effi-allows the use of a larger imaginary time step, the oscillatory
ciently by the matrix-squaring meth8dThese techniques to character of Eq(2.40) is reduced significantly compared to
obtain the density matrix for a pair of particles are explainedhe Trotter expression. In the present paper, however, we
in detail in Ref. 67. The coordinate matrix element is evalu-develop the PP-FBSD formulation of time correlation func-
ated once and stored in memory. tions in the most practical single bead limit and demonstrate
Further, in order to evaluate an effective potentialits ability to model fluids at low temperature where quantum
u(r®,r{t? pl12) one needs to perform a three-dimensionaleffects are dominant.
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Below we use EQg(2.41) to obtain a single-bead PP- TABLE |. Parameters of the Silvera—Goldman potential fara-hydrogen
FBSD expression for the momentum correlation function formeecule. All values are in atomic units.
an iso;ropic fluid. Inserting a complgte set of coordinate Parameter Valuéatomic unit3
states in Eq(2.12), the correlation function for the total mo-

mentum vector becomes ; 11-5761731
v 0.009 93

Cp. (t)=(27-rﬁ)’3”Z’lf dQ fdP fdQ Ce 12.14
rP 0 ° ! Cq 215.2
3 Y C1o 4813.9

X[(1+ $n){G(Qq,Py)|e” Q) Co 143.1

re 8.321

X(Qule PH2P|G(Qy,Py)) - Py

—2(G(Qo.Po)| (O~ Qo)ePH2Q,)(Qy e #H"2

X (P-PYT- (Q—Q0)|G(Qp,Py))]. (2.4  temperatures lower than the rotatio.nal temperature Qf. H
molecule T=85 K). The H, molecule is considered to be in

The various matrix elements in this expression can be writteits rotational ground stateJ&0) at the temperature of the
in terms of matrix elements of the Boltzmann operator alonepresent study.

For example, The Silvera—Goldman potential has the form
(Qile™P"2PIG(Qo.Po)) V(r)=expla—&r—yr?)
(9 ~
=ifh — —BHI2 Ce Cg Cio Co
Iﬁ&QO<Q1|e |G(Qo,Po))- (2.43 ~| 75+ gt o)+ g felr), (3.
After some algebra, the PP-FBSD expression for the momen-
tum autocorrelation function becomes where
B —(relr —1)?
Cpp(t)=(27h) 3”f onf dpP, fn=l® (r<rp) 32
¢ 1 (r>ry).

Xf dQ10(Qo,Po,Q1)Ap.p(Qo,Po,Q1)- The first term on the right-hand side in E§.1) corresponds
(2.44 to short-range repulsive interactions, while the second one
' describes long-range attractive interactions. The last term is
The function® is the pair-product analogue of E(.21), an effective two-body approximation to the three-body
which depends on the effective potential and App is a  AXelrod—Teller—Muto triple dipole dispersion interaction.
nonexponential factor that contains the first two derivativesl Ne functionfc(r) is used to damp the effects of attractive
of u. The Monte Carlo sampling function is chosen as thelnteractions at short distances. The potential has a well depth

absolute value of the exponential factor, of 31.7 K at the minimum, which occurs at 3.44 A. The
values of parameters used in the interaction potential are
P(QO'PO!Q1)2|(QO'P01Q1)| listed in Table I.
=|(Q1le " G(Qo.Po))|?. (2.49

B. Computational details
Ill. APPLICATION TO LIQUID para-HYDROGEN

A. Interaction potential between  para-hydrogen
molecules

Since the interaction betwegrara-hydrogen molecules
is assumed to be isotropic, we use the same value for the
coherent state parameterfor all degrees of freedom in-

Our calculations employ the Silvera—Goldman volved.
potential®® This potential has been used widely in quantum  The calculations were performed under minimum image
simulations of liquidpara-hydrogen to study thermodynamic periodic boundary conditions, where each cell consists of
properties, transport, and density fluctuations. The results df08 para-hydrogen molecules, at several thermodynamic
such Monte Carlo path integral calculatihssing this po-  state points betweei=25K (a high temperature liquid,
tential are in very good agreement with experimental data. with molar volumev =31.7 cni mol™ 1) andT=14 K (a lig-

In the Silvera—Goldman potential the,Hnolecule is  uid near the triple pointy =25.6 cn? mol~!). These values
treated as a spherical particle. As a result, potential interaare taken from the results of the path integral Monte Carlo
tions between K molecules in liquidpara-hydrogen depend calculations under roughly zero external presSuemd are
only on the distance between them, allowing application olsummarized in Table Il. The results were obtained using two
the PP-FBSD methodology described in the previous sectiofat T=25 K) to five (at T=14 K) million trajectories. The
The spherical approximation is known to be very accurate agquations of motion for classical trajectories were solved us-
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TABLE II. Kinetic energies and molar volume of liqughra-hydrogen under nearly zero external pressure. The
values of molar volume are taken from Ref. 84.

TemperaturgK) Kinetic Energy(K/particle) Molar volume (cri mol™?1)
Pair-product PIMC Classical PIMC Classical

14 68.6 63.2 21.0 25.6 16.6

17 66.5 62.0 255 26.9 17.0

20 65.1 62.0 30.0 28.1 17.3

25 64.0 61.9 37.5 31.7 20.2

ing the velocity Verlet algorithiif with a time step of 0.5 fs. nary time step that is well over an order of magnitude larger
All calculations were performed on a PC cluster configuredhan that employed in the PIMC calculations, this agreement
with 16 nodes. is satisfactory. It is seen that the dependence of the kinetic

Standard imaginary time path integral Monte Carloenergy on temperature is very small, indicating that zero-
(PIMC) calculations were also performed under the sameoint energy is dominant under these conditions. The coher-
conditions in order to assess the accuracy of the single-beaht state density is described reasonably well by the pair-
pair-product approximation employed in the FBSD schemeproduct form, and quantum effects such as zero-point energy
The Trotter factorization was used for a short-time propagaare adequately accounted for.
tor and the number of slices was chosen large enough to Next, we investigate the pair distribution functigr)
yield converged resultee.g.,N=30 atT=25K andN=50 by setting
at T=14 K). n

A=1, B=—> o(r—[p0—p0)). 3.3

C. Results and discussion n=is

First we examine the accuracy of the pair-product apfigure 2 shows thpara-hydrogen(center-of-masspair dis-
proximation by comparing the expectation value of the ki-tribution funct.lon along with that of the PIMC E?Iculatlon
netic energy at=0 with that obtained by the PIMC calcu- @nd the classical one &t=25K (v=31.7 cmimol™t). The
lations. The expectation value of the kinetic energy can b&lassical calculation is performed under zero external pres-
obtained simply by settind.=p/2m, B=p. The calculated Zurg W'lth tTe thermodynamic pfr;lrameters shown n Tab(lje Ik:
results usingy=1.5 a.u. are shown in Fig. (see also Table S 1S cear;l/ s;aep, q“ahr?g?m; ects a;e prorn:negt, an 'It'he
II), along with that of numerically exact PIMC calculations g_“af.‘;“m ca (;u at|pn exnl ':]S ecr_eased spatial or ering. The
and the corresponding classical estimateskgl%. In the istribution - function i the pair-pro uct apprOX|_mat|o_r1
case of high temperature, one observes a good agreemesfﬂOWS very good agreement with the PIMC calculgtlon. Fig-
with the PIMC results. This pair-product approximation ure 3 displays tf:g resﬁullts of qyantum calculatlonsTat
tends to overestimate the kinetic energy as the system ter-++ K (v=25.6 cmrmol™). At this temperature, classical
perature decreases. Considering that we use a single imagi-

3 T T T T T T T
80 T T T T T T
25|
_eor ; 5|
=)
& -
& T 15}
] 20
5 40t e
2 T
‘g - T 1+
- a= - _
20 05|
0 . <
Y 0O 1 2 3 4 5 6 7 8
14 16 18 20 22 24 26

r (&)
T (K)

FIG. 2. Theparahydrogen(center-of-magspair distribution function for
FIG. 1. Kinetic energy as a function of temperature for liquidra liquid para-hydrogen afl =25 K under nearly zero external pressure. Solid
hydrogen fromT=14 K to T=25K. Solid circles: Results by the pair- line: Result by the pair-product approximation for the coherent state density
product approximation for the coherent state density. Hollow squares: Patfv =31.7 cn? mol™1). Dotted line: Path integral Monte Carlo calculation
integral Monte Carlo calculations. Hollow triangles: Classical estimates(v=31.7cnimol™!). Dot-dashed line: Classical result v (
(1.%gT). =20.2 cni mol™Y).
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3 —— becomes worse. A similar trend is observed in the calculation
of the pair distribution functiorg(r). The sensitivity of the
results toy is more pronounced at lower temperatures than at
higher temperatures.

The accuracy of the pair-product approximation depends
roughly on the coefficientny/(m+2427y), which appears
in the exponent of the matrix element of a free-part[clee
Eq. (2.17 with the replacement=A 3/2], in a similar man-
ner that the quality of the short time propagator is deter-
mined by its time step. This can be rationalized if we con-
sider the Gaussian part of the coherent state representation as
an imaginary-time propagation and the above coefficient is
given as a combined propagation of an imaginary tinaad
an additional one originating from the coherent state repre-
sentation. Therefore, the pair-product approximation be-
comes more accurate as the above coefficient increases in the
FIG. 3. Thepara-hydrogen(center-of-magspair distribution function for same \_Nay as the shprt time propagator peco_mes more accu-
liquid para-hydrogen aff = 14 K under nearly zero external pressure. Solid fate With a shorter time step. Also, considering that the ef-
line: Result by the pair-product approximation for the coherent state densitfective potentialu(r,rq,pg) approachesrV(r) in the high
(v=25.6 cnt mol’i). Dotted line: Path ir_ltegral Montt_a Carlo calculation temperature ||m|t, the approximation becomes more accurate
(:”1:622’?"?”;;‘91') ). Dot-dashed line:  Classical result v (595 decreased when is fixed. These considerations are

' ' completely consistent with the obtained results. The stable

results obtained withy=1.5 a.u. are, therefore, reasonably

simulation predicts thgtara-hydrogen is in an ordered solid accurate.
state, rather than liquid, and several peaks are observed in the Another consideration concerning the choice pfis
distribution function in Fig. 3. Compared with tie=25K  sampling efficiency. Small values of the coherent state pa-
results, agreement with the exact PIMC result become&meter lead to numerical problems, as the force constant
somewhat worse and the distribution function in the pair-associated with the springs that connegtwith the path
product approximation is slightly less structured, but stillintegral bead-; becomes small. This is seen most transpar-
good overall agreement is obtained. This discrepancy frongntly from the Trotter-discretized path integral representation
the PIMC result at low temperature is also seen in the calcuof the FBSD expression. The presence of the Boltzmann fac-
lation of the kinetic energy and can be attributed mainly totor exp(~ABV(ri,r{?,...)) guarantees that the path inte-
the neglect of three- and higher-body correlations. The pairgral beads of different atoms remain sufficiently far from one
product form can be regarded as the lowest order densitgnother due to repulsive interactions. Since the coherent state
expansion of the coherent state density matrix elements andariabler is not subject to the system potential, special care
causes a substantial error when three or more particles are inust be taken to limit the space accessed by this variable to
close proximity. This probability depends on the density.  the vicinity of r;. By forcingr{ to remain close ta{"’ for
Finally, we comment on the choice of the coherent stateeach atom one ensures that the coordina§Bsr(?,...r{"
parametery. The optimal choice of this parameter is not (which define the system configuration at the start of a clas-
entirely straightforward, in particular in the case of liquids. A sical trajectory are well separated, avoiding unphysical ini-
reasonable value can be inferred from the harmonic fretial conditions corresponding to near-collision events. These
qguency around the equilibrium internuclear distance usin@rguments apply qualitatively to the PP representation of the
the relationy=muw/2%. There is ample evidence that values coherent state density.
of the coherent state parameter in the range suggested by this Finally, as argued in Sec. Il B, large values of the coher-
relation minimize the error in the coherent state representaent state parameter lead to the sampling of unfavorably large
tion of the semiclassical propagat8r®>¢®in a linear con- momentum values and are to be avoided. In the present case
figuration where threg@ara-hydrogen molecules are placed we have found the valug=1.5 a.u. was sufficiently large to
at intervals equal to the equilibrium nuclear distance theavoid the sampling of unphysical arrangements of the H
above formula gives approximatefy=0.52 a.u. for the cen- molecules but not too large to lead to the selection of ex-
tral molecule by using this effective harmonic frequency. tremely large momentum values. The results of our simula-
In the pair-product approximation, the effective potentialtions were insensitive to an increase of the coherent param-
u(r,rq,po) depends on the coherent state parametes well  eter by a factor of two.
as the imaginary time step As a result, there is dependence Figure 4 shows the normalized velocity autocorrelation
on y even in calculated static propertiegt=0). To clarify  function obtained at =25 K. The real part of the correlation
this, we examined the dependence of the kinetic energy ofunction exhibits a smooth and monotonic decay without
the coherent state parametgiand found that stable results negative parts. The correlation function obtained via classical
are obtained fory=1.5a.u. (These converged results are calculation8"? (not shown decays much faster and has a
shown in Fig. 1 and Table )lAs y is decreased the kinetic minimum around 0.17 ps with a depth of about 15% of the
energy increases and agreement with the PIMC calculationmaximum value at=0. As can be seen in the figure, the

25
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FIG. 4. The normalized velocity autocorrelation function of liquudra- FIG. 5. The normalized velocity autocorrelation function of liqudra-
hydrogen atT=25K (v=31.7 cni mol™?%), calculated by the PP-FBSD hydrogen atT=14 K (v=25.6 cn¥ mol™!), calculated by the PP-FBSD
method. The solid and dotted lines are the real and imaginary parts of thmethod. The solid and dotted lines are the real and imaginary parts of the
correlation function, respectively. correlation function, respectively.

maximum of the imaginary component amounts to about half ) o )

of the maximum value of the real component at0, which these methods involve approximations that are particularly
clearly indicates the quantum nature of liquidra-hydrogen well-justified at short time; specifically, the quantum mode-
atT=25 K. We find that both the real and imaginary parts ofcoupling theory is exact to ordéf; the statistical error in the
the correlation function are in very good agreement withMaximum entropy analytic continuation method is small at
those obtained by the quantum mode-coupling apprééch.t'mes near zero; and the quality of the PP-FBSD resuitt _at
The correlation function obtained by the centroid molecular—0 depends on the error of the single-bead PP approxima-
dynamics (CMD) method-®® decays somewhat faster in tion, which was seen to be very small. The position and

comparison to the PP-FBSD result. depth of the first minimum in the correlation function differ
We have calculated the diffusion constant according to3ightly from that obtained in the quantum mode-coupling
the following Green—Kubo relatioff: approach and the maximum entropy analytic continuation

method. The position of the first minimum by the FBSD
D= 1 f” ReCrn(t)dt (3.4) method is rather close to the results of the CMD mettod.
3m?n Jo PP ' ' The maximum of the imaginary component is higher, reach-

. . o .
The calculated value of the diffusion constant by the FBSDIng a height equal to about 60% of the maximum of the real

method is 1.68 Alps, in excellent agreement with the experi- part att=0. This mag'nitude is consistent'with 'the re;ults of
mental valué of 1 6, Aps and other theoretical calculations quantum mode-coupling approach. Classical simulations pre-

X : SN dict that para-hydrogen is in a nondiffusive ordered solid
(see Table Ill. Again the classical prediction is 0.5%s, . . :
; tate. Therefore, th cl I It t
more than three times smaller than the PP-FBSD. state eretore, a comparison with classica’ Tesufts canno

At T=14 K th lation functiorsh i Fi be made at this temperature. The calculated diffusion con-
q f_t dehcorrea lon unct: forls tpwn mt llgh 5. i s'tant by the FBSD method is relatively lar¢e 75 Azlps),
ecays faster and has a prominent negative part. fhe ini I%ompared to experiments and other theoretical calculations.

decay at sthor_ttrt]lr?ﬁ until |t|tcrosfses zetreQ.l p(sj) IS n g|9°d This can be attributed primarily to the relatively small con-
agreement wi € results of quantum mode-coupling aPg.p, o of the negative part of the correlation function, in

proach_and the maximum entropy analytic continuation ddition to its higher value at=0, which arises from the

78 Thi ; ;
method.“This agreement is to be expected, since all three o mall overestimation of the kinetic energy by the single-bead
PP approximation.
TABLE IIl. Diffusion constant for liquidpara-hydrogen atT=14K and Figure 6 shows the diffusion constant as a function of
T=25 K under nearly zero external pressure. temperature, along with experimentally measured vdities.
In the high temperature limit where a system is expected to
be nearly classical it has been shown that the result of the
T=14K T=25K FBSD method agrees with that of a purely classical
treatment?® This observation appears to remain valid in a

Diffusion constant (&/ps)

PP-FBSD 0.7%0.07 1.68-0.05 . N

Quantum mode-coupling 0.30 1.69 regime where quantum effects become quite sizable, as long
method(Ref. 77 as the coherent state density is evaluated with sufficient ac-

Maximum entropy analytic 0.28 1.47 curacy. BelowT=20K the single-bead PP-FBSD results
continuation methodRef. 79 show a larger deviation from the experimental values. These

g;”;;?c'gl '\:A%((F;Z? ZZ gjii %)'24 differences are likely to arise form the less accurate descrip-

Experiment(Ref. 69 0.4 16 tion of the density offered by the single-bead PP approxima-

tion when applied with a larger imaginary time step. Still, the
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2 T T T T T mension of the multi-bead path integral expression, prohibits
] convergence in condensed phase systems. The severity of
phase cancellation in the path integral representation of the
] coherent state density with multiple beads depends on the
1 coherent state parametgrand the imaginary time stefg.
The PP approximation allows the use of a much larger imagi-
nary time step compared to the primitive Trotter form and
thus phase cancellation can be diminished to a large extent.
This fact, along with the dramatic reduction of dimension
] achieved by the more accurate PP propagator, extends the
05F 7 : feasibility of FBSD calculations to much larger systems.
An accurate and practicéle., without severe phase can-
] cellation treatment of the coherent state density is an impor-
0L L L - - - tant component of the FBSD procedure in order to be appli-
14 16 18 20 22 24 26 cable to large quantum systems at finite temperature. The
T(K) present PP development makes the FBSD method one of the
FIG. 6. The diffusion constant as a function of temperature for ligaice ~ MOSt practical and versatile methods for obtaining a quanti-

hydrogen fromT=14 K to T=25 K. Solid circles: PP-FBSD results. Hol- tative description of chemical dynamics in low-temperature
low squares: Experimental results. quantum fluids.

D (A%fps)
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