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Forward-backward semiclassical dynamics (FBSD) has emerged as a practical quasiclassical methodology
for including important quantum mechanical effects in the initial state of a system, while retaining a classical
description of the subsequent dynamics. FBSD expressions for time correlation functions or expectation values
constitute rigorous stationary phase limits of the corresponding quantum mechanical quantities but can be
evaluated with relatively little computational power. While allowing the inclusion of important effects such

as zero point energy, the mixing of a quantum mechanical representation of the initial condition with a classical
treatment of the dynamics is at least in principle inconsistent. In this paper we investigate various manifestations
of this issue. Specifically, we examine the classical evolution of the quantized FBSD phase space density and
the validity of the detailed balance condition in model systems. Our findings indicate that the practical
consequences of the inconsistent quantum-classical treatment generally are of minor significance and suggest

specific tests for checking the accuracy of FBSD calculations in polyatomic systems.

I. Introduction has been developed for the calculation of correlation functions

In recent years there has been renewed interest in the use oft f|n|tg temperaturé7.57’58_v5° _ _ _
time-dependent semiclassical thebtas a practical way of In this paper we examine some properties of quasiclassical
including quantum mechanical effects into classical molecular FBSD correlation functions employing a quantized initial
dynamics simulation&:5¢ The semiclassical approximation density. We study the behavior of the quantized phase space
provides an attractive method because it is based on classicafistribution under classical evolution and the consequences of
trajectories, allowing one to obtain an intuitive understanding the apparent violation of stationarity caused by the classical
of the dynamical process being investigated, as well as taking Propagation of this function. We also investigate the validity
advantage of the efficient and well-developed molecular dynam- of detailed balance relations that connect the real and imaginary
ics technology. parts of a time correlation function and identify sensitive tests

The use of semiclassical methods has, however, been plaguedor assessing the accuracy of FBSD calculations in many-particle
by some serious difficulties. Perhaps the most severe of theseSystems. Finally, we comment on optimal choices of the
is the so-called “sign problem” that arises from the rapidly Coherent state parameter that enters FBSD expressions.
oscillatory semiclassical phase. A practical way to sidestep this  Section Il reviews the theoretical framework of FBSD for
problem and allow the calculation of correlation functions for time correlation functions. Section Ill discusses theoretical issues
complex systems, albeit with the loss of some quantum associated with the use of classical mechanics to propagate a
mechanical information, is the use forwardackward semi- quantized density. The question of detailed balance preservation
classical method®.30.32,33:3640425758The hasic idea of forware is introduced in section IV. In section V we address the above
backward semiclassical dynamics (FBSD) is to combine the two issues by analyzing limiting cases and presenting numerical
time evolution operators present in the expression for the calculations on a strongly anharmonic one-dimensional oscil-
correlation function int@ singlesemiclassical propagator, which  lator. Section VI discusses practical considerations related to
is equivalent to an additional stationary phase approximation the optimal choice of the coherent state parameter and to
in all (or just some) of the degrees of freedom involved. This devising tests for checking the convergence and accuracy of
approximation reduces the oscillatory character of the integral the FBSD results. Finally, section VII presents some concluding
substantiality at the expense of eliminating (at least partially) remarks.
quantum interference effects. In condensed phase systems the
effects_of such interference are usually insignificant because of || raview of Forward —Backward Semiclassical
extensive decoherence. In such cases the fornaadkward
semiclassical approximation is both well-justified and accurate.

Recent work in our group has concentrated on a quasiclassical The goal of semiclassical methods is to yield reasonably
expression for the correlation function, derived from a particular accurate approximations to time-dependent observables (or
formulation of FBSD developed in our groégp3®5°By com- functions that are related to observables). Our emphasis in the
bining this with a fully quantum mechanical imaginary time present paper is on expectation values or time correlation
path integral description of the density operator, a methodology functions of the type
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whereH is the Hamiltonian operator and the density operator form of B is expressed as

po specifies the initial condition. For simplicity we use one-

dimensional notation throughout this article. The multidimen- I:%(t) —

sional versions of the FBSD expressions have been given in

other publications by our grouf3:>8¢ o o .
The full semiclassical representation of eq 2.1 is obtained The derivation of the derivative-FBSD expression has been

by expressing each of the forward and reverse time evolution described in detail in previous publicatighd®3"-%%%%and we

operators by their semiclassical approximation. The most ONly give a brief summary here. )

convenient representation in terms of coherent states takes the Afterinserting eq 2.5 into eq 2.1 and using the coherent state

€ € e I—€ € ¢

itk _juB_—ifvh _ - 0 ifivk juB —iAith
I v I - au I o I |;¢=O (25)

formd representation of the semiclassical propagatorthe product
of the three exponential operators, eq 2.2, the Heisenberg form
o AU of B, become¥:30:38:59
-1 iS(Xo,Po)/h o . _10 i
(2.7Th) f dXO f dp0|gx(’p[|]D(X0! pO) € @XO"%' (22) B(t) — _|(23Th) l@j‘ dXO f dpo eX[{ES (X01 po))|g(xfy pf)D
Here x, p: are the phase space coordinates of a trajectory [9(xo, Po)l 4=0 (2.6)

originating atx, po, Sis the corresponding classical actidn, _ o -
is an appropriate prefactor that depends on the stability Here the phase space variabkgspo specify initial conditions

characteristics of the trajectory, amg,,, are coherent states  for classical trajectories, which are first integrated forward to
described by complex-valued Gaussians the timet. At that time the trajectories incur position and
momentum jumps given by the relations

g, (27 exd —rix =07 + pox =0 23 T
W\ h 0% =~z Bk p)

which are centered in phase space about the coordirgtes

As is well-known, the semiclassical phase in eq 2.2 oscillates op = lhﬂiB(Xv o) 2.7)
rapidly, and this behavior causes severe problems for Monte A0S

Carlo integration methods.

The basic idea of the forwarebackward formulation is to
combine the time evolution operator and its adjoint in eq 2.1
into asinglesemiclassical propagator that describes the evolution 0§ =huB(x, p) + pox,
of the system to time and back again to zero time. This can
be achieved if one is able to take account of the effect oBthe
operator at the end of the forward evolution part. To date, two
exponential representations Bfhave been used: the Fourier
method of Miller and co-workef§%? and the derivative : ) ,
formulation developed by Shao and Mak#° Thoss et af?® The notable feature of eq 2.6 is the absence of the semi-
have developed a generalized forwatthckward methodology, clas_smal_p_refactor._ EI|m|n§t|on of the latter has beer_1 ac_hleved
which interpolates continuously between the full (double phase PY linearizing the final trajectory values and the action in the
space integral) semiclassical result and its forwerdckward ~ Infinitesimal parameterx and rescaling the position and
(stationary phase) limit. The presence of an oscillatory factor MOMentum jumps to compensate for the prefactor. For this
in these methods generally makes computation more demanding’€2S0n the trajectory increments given in eq 2.7 are equal to
but Yamamoto et &l have recently shown that application to one_—halfof the values dictated by the classical equations of
a particular symmetric form of the flux correlation function Motion thzat correspond to the product of exponential operators
(whose integral yields the rate constant of a bimolecular N €d 2.5:%% _ _
reaction), along with appropriate stationary phase filte¥frgan The infinitesimal charact_er of_ the trajectory jumps at the end
sufficiently smooth the integrand, allowing calculations in Of the forward propagation implies that the cross terms between
systems with more than 100 degrees of freedom. The derivativedistinct forward and backward trajectories hgve been neglected.
formulatior?3° and also an approximate (linearized) version Thus, eq _2.6 cannot account for quantum interference effects.
of the full semiclassical expressfdriead to appealingjuasi- As stated in the Introduction, such effects are strongly q_uenched
classical expressions that are free of the rapidly oscillating " SyStems of many degrees of freedom. Because of this natural
semiclassical phase. (Note, however, that the siowly varying decoherence, FBSD can provide an accurate approximation to
phase of the coherent state functions remains in the derivativec®ndensed phase dynamics.

FBSD expression, eq 2.10 below; this phase is important for The above structure also allows transformation of eq 2.6 to
certain quantum féatures of the d;/namics.) a derivative-free form that involves trajectories only in the

In this work we use the derivative FBSD formulatiai#.59 forward time directiorf®>°Thus, the Heisenberg operator takes
which makes use of the identity the form

while the action increments by the amount
(2.8)
Subsequently, each trajectory is integrated back to time zero

following the classical equations of motion, reaching the phase
space poink;, pr, and the total accumulated action has the value

B(t) = (27h) " [ dx; | dpg B(x, p) x
3 .
(E‘gxo'po[[@xwpo' —2y(x - Xo)lgxoxpo[l@xolpo

D — _i iuB
B i 8ﬂe =0 (2.4)

&) 29)
to bring the second operator into an exponential form. Thus,

the time-dependent part of the correlation function is repre- whereB(x(t), p(t)) denotes the classical analogue of the operator.
sented by three consecutive exponentials, and the HeisenbergJse of this form leads to the following FBSD expression for
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the time correlation function: approximation of the semiclassical correlation funcﬁbme
density is the Wigner transform of the same operatéx.
Cag(t) = (271) ™ [ dxy [ dpo B(X, Py) x

(38 oAIG 20, (X~ XBAK — 301,
(2.10)

. . 1
W; A(o: Po) = (27h) 1 f dxe X’fﬂo + X

f’oA‘Xo - %XD
(2.13)

) The first term in the phase space density entering the FBSD
The coherent state transform of the Boltzmann operator in the correlation function is proportional to the Husimi distribution

FBSD expression determines the weights of the initial conditions (j e the coherent state transform) of the operdigk. This

shown that it is possible to evaluate this object using the gistribution for the same system. (For certain choices of the
semiclassical approximatihor the path integral (Pl) repre-  coherent state parametgrunder nonclassical conditions, the
sentation of the Boltzmann operaf8f:*>"585These approaches  Hysimi distribution is broader than the Wigner function along
allow inclusion of important quantum mechanical effects such poth phase space directions.) The second term in eq 2.12 adds
as zero point energy and quantum dispersion. These effectSpegative components to the wings of the distribution. The
which are faithfully captured by PIFBSD treatments, can  compined function is considerably narrower than the Husimi
amount to significant corrections to the system's partition density. With suitable parameters to be discussed in the next
function and, in some situations, can have even greatersection, the FBSD phase space density of eq 2.12 appears in
consequences for the calculated time evolution, leading to largegeneral similar to the Wigner distribution. It has been pointed
imaginary component$ and spectral asymmetriés signifi- out that the Wigner and FBSD phase space densities are related
cant frequency shift®) or (in the case of indistinguishable  py 5 Taylor expansioff The appealing feature of eq 2.12 is its
particles) effects associated with Bose condensation and supercompact expression in terms of coherent states.

fluidity.®3 Evaluating eq 2.11 att and applying Liouville’s theorem,

. . . . the correlation function is rewritten in the form
Ill. Quasiclassical Evolution of the Quantized Phase

Space Density

o - _ _ _ Cas(—8) = [ dx_, [ dp_ Zu(X, POIB(X 1, P-))

Quasiclassical approximations to time correlation functions
or expectation values integrate the relevant dynamical observable = f dx, f dpy Za(% PYB(Xo Po) (2.14)
at the time of interest, weighted by an appropriate phase space
density. The latter is derived from the corresponding quantum Taking the complex conjugate of both sides leads to the
mechanical operator that specifies the initial statistical distribu- following alternative expression for eq 2.11:
tion and may be complex valued. In many cases of practical
interest, the density operator describes either a pure state Cus(t) = f dx f dpy La¥ (X P)B(Xp Py)  (2.15)
(typically, the ground state of the system or a Gaussian wave
packet) or a thermal ensemble. Because the density operatolFrom this it is seen that the correlation function can also be
does not require real-time propagation, it is desirable and often determined by evaluating the phase space density at the phase
possible with modest computational effort to calculate its phase space point reached at the time of interest by a classical
space transform by accurate quantum mechanical methodstrajectory. If the operatopoA that determines the phase space
taking into account zero point energy and other quantization function /4 commutes with the Hamiltonian generating the
effects. dynamics, the phase space density should remain stationary and

The benefits of a quasiclassical or forwatshckward the value of the integral should remain equal to its initial value.
semiclassical treatment derive precisely from the possibility to This is the case for an expectation value £ 1) when the
accurately include quantum mechanical effects in the phaseoperatorpo specifying the initial density describes either an
space function that determines the weights of the classical eigenstate of the same Hamiltonian or a mixed state corre-
trajectories. At the same time, the combination of a quantum sponding to Boltzmann statistics. The last statement is valid
mechanical treatment of the initial condition with a subsequent within a purely classical treatment, and also for a fully quantum
classical propagation is inconsistent. Its most obvious short- mechanical description of the initial condition and subsequent
coming is the suspected loss of stationarity of the phase space&ime evolution, since the operators involved commute in the
distribution and possible violations of the detailed balance guantum mechanical or in the classical sense. However, when

condition at finite temperature. the initial distribution and the dynamics are treated at different
The particular FBSD expression under consideration, eq 2.10,levels of approximation, the phase space distribution can change
takes the form of a phase space average, with time. In an open system that can reach thermal equilibrium,

any (quantized) phase space density will eventually deform to

Cas(t) = 7)™ [ dx, [ dpy Zu(% POB(%, p)  (2.11)  the corresponding classical distribution. These facts imply that
the expectation value of a quantum mechanical operator obtained

where the phase space “density’s is a complex valued  from FBSD treatments may exhibit spurious time dependence.

function given by the expression We note that Kapral and Ciccotti have developed a mixed
3 guantum-classical evolution schethehich, while more cum-
RZACAE NI A|g [~ bersome and expensive, rigorously satisfies the long-time
A% Po 2 7ok A X"'pf . properties described abofe.
2y18 o |(X = X9)PoAX — X918, 5,1 (2.12) The severity of this apparent flaw of quasiclassical ap-

proximations depends on the particular system under consid-
Other quasiclassical approximations to time correlation functions eration as well as the value of the coherent state parameter
also assume a similar form. For example, in the linearized The latter defines the properties of the Gaussian functions. When
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y — oo, these functions become position eigenstates, while for  In situations where the FBSD correlation function is very
y — 0 they reduce to momentum eigenstates. Thusn be accurate, it will obviously obey detailed balance. However, since
viewed as an interpolation parameter between the position andthe FBSD result is in most cases an approximation, it is not
momentum representations of the semiclassical propagfator. clear a priori whether the detailed balance relation will be
As the semiclassical propagator is, in general, not equally satisfied, i.e., whether the errors introduced by the FBSD
accurate in the two different representations, the accuracy ofapproximation affect the real and imaginary parts of the
the results obtained is dependent upon correlation function equally.

The influence ofy, the coherent state parameter, upon the  To test if this detailed balance holds for the FBSD correlation
accuracy of semiclassical calculations has been previouslyfunction we define two new quantities
examined by several group&8”-%8although never specifically
in reference to FBSD. In general it was found that there is a ERit) = 1 o Gyw)coswt
relatively large range of values gfover which the results are ® an*°°tanh6wh/2)
accurate. This range is usually concentrated around the point
where the ratig//y,, is close to one, wherg, is defined ag/,, and
= mw/2h, w being the harmonic frequency obtained from the
second derivative of the potential energy function at some Ay L oo
reference geometry for the system being studied or, more cO= 2nf ~Sint Gyw) tanh fwh/2) do (2.25)
generally, the frequency that best characterizes the dynamics. _ ) o _

It was also observed that the convergence properties of theThese functions are obtained by combining eq 2.22 with egs
calculation, although not its accuracy, get worse as the ratio is 2-20 and 2.21. If detailed balance is obeyed, one should have
increased”

do (2.24)

CRy=c¥r), Co=cC (2.26)
IV. Detailed Balance L y
o for all values oft. Therefore by examining if these equalities
For the accurate prediction of observables, such as spectrenold we can assess whether the real and imaginary parts of the
or relaxation rates, it is essential that correlation functions obey FgSD correlation function contain the same information, i.e,

detailed balance, i.e., whether detailed balance is obeyed.

G(—w) = e °G(w) (2.16) V. Model Studies

In this section we investigate the issues discussed in the
previous section on model systems. Numerical calculations are
presented on a one-dimensional anharmonic oscillator with a
potential given by the form

whereG(w) is defined as the Fourier transform of the correlation
function,

Glw) = 2%1 [ clye dt 2.17)

V(X) = %mwzxz — 0%+ 0.1% 2.27)
By separating the correlation function into its real and imaginary

parts with m = 1 andw = /2, and also on a condensed phase

model employing the same anharmonic oscillator coupled to a

— R al
Cy=Cc+ic@ (2.18) 20-dimensional harmonic bath,
G(w) can be split into two components, ) |E)2 ) 20 f’i n cx\?
1 o g H:_+V(X)+Z_+_mwqu__ (2.28)
Cfw) =5~ J~.C(tcoswt dt (2.19) 2m &l2m 2 mo?
1 e g The one-dimensional system in eq 2.27 was considered in earlier
Cylw) = Z_ﬂf—ooc (sinwtdt (220)  \work by our grou®3 It represents a particularly challenging
system for FBSD, as the strong potential anharmonicity
so that introduces sizable quantum interference effects to the dynamics.
The system-bath Hamiltonian in eq 2.28 is designed as a model
G(w) = G(w) + G(w) (2.21) for condensed phase processes. The frequencies and coupling

constants of the bath are distributed according to an Ohmic
SinceCR(t) andC!(t) are symmetric and antisymmetric functions ~spectral densif with w. = 4w. Although the 20 degrees of
of t, respectively,G{w) and G4w) are both real and are freedom of the bath are not enough to provide a true dissipative
symmetric and antisymmetric functions of. The detailed environment, the observed dynamics resemble those in an
balance condition shows th&yw) and G4(w) are not inde- environment with a continuous spectral density over several
pendent of each other but are connected by the ref&ti6h periods, certainly long enough for the present purposes.
We use an equilibrium initial condition corresponding to the

_ 1 Boltzmann operator for these model systems and report numer-
Gylw) = tanl‘(zﬂ a)h)GS(a)) (2.22) ical calculations of the following quantities: (a) the time
evolution of the quantized FBSD phase space density, (b) the
This implies thatCR(t) and C'(t) are also related® expectation value o%? (corresponding to the choick= 1, B

. = %9, (c) the position correlation function (corresponding to
Iy — oo (B0 d) R the choiceA = B = ), and (d) eq 2.26 assessing the validity
O ta 2 dt)C ® (2.23) of the detailed balance condition.
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As discussed above, the first two of these quantities should 3 w . w .
remain stationary under propagation, and thus any deviations i
observed below arise from the quasiclassical evolution of a 2.5 ji - e e .
quantized distribution in the FBSD formulation. In the case of HivA ittt
the one-dimensional model, results free of statistical error are 2 [ ) _
obtained for this one-dimensional system by using an expansion h
in terms of the system’s eigenstates to evaluate the relevant w15k il
matrix elements of the Boltzmann operater?™/Z (wherep = v
1/ksT andZ is the canonical partition function). The Sctioger )
equation for this system was solved using the sinc-DVR
method’® The calculations on the system-bath Hamiltonian were
performed using the PIFBSD methodolology’>7:60 At the 0.5 - ]
lowest temperature considered, the-PFBSD calculation em-
ployed six path integral beads. % 5 10 15 20 25 30

(a) High Temperature. At high temperatures the Trotter
splitting of the Boltzmann operator, ot

Figure 1. Expectation value of?, eq 2.27, for the one-dimensional
e*ﬂﬂ ~ e*ﬂﬁz/4me*ﬂ\7e*ﬂr32/4m (2.29) anharmonic oscillator at the temperatidt® = +/2/10. Solid line:

ylv., Short dashed liney/y, = 1/8, Long dashed liney/y, = 8.
may be used to bring the matrix elements into the form of an
integral. It is useful to consider the off-diagonal coherent state
matrix element of the Boltzmann operator. The first term
entering the FBSD expression, eq 2.10 becomes

this matrix element becomes

B, |(&— x)e ™ (&= x)lg, , -

II»leo,p |e_ﬁﬂ|gx0,p O 2 & — B214m, a— BV(X) | o BB2/4M
: 2 W om, [ dx@, , | P Mxe NV Oxe P g, | 1(2.35)
2y m ﬂ/4 /-2 2 )
~ ex + 2.30 : - , ,
\/;m +h? By ‘{ m+ k2 5V‘p 1 TP (2:30) :Je?;r;%gcgufésl and substituting = p, = po we find at high

m 2
x [ dxex ——(Zy(x — X))+ N B0 e
f F{ m—+ hzﬂ’y XO |]Jxﬁ,pol(x - XO)e G (X - XO)|gx0,p0Dﬂ%0
| .
=(p; — X— — BV(X 1
H1 = P — %)) — V( )] . p(_ zﬁ 2 ﬁv(xo)) 036
m
At sufficiently high temperature, the potential factor in the 4
integrand of the above expression varies very slowly compared Substituting egs 2.31 and 2.36 into the original FBSD expres-
to the Gaussian factor. As a result, the integral can be sion, eq 2.12, we obtain
approximated via the steepest descent method, giving if§ the

— 0 limit 3 2 ;
Z Fp\(% Po) ~ (_ - _) eXF{__pzo - ﬂV(XO)) ~
) Ie_ﬁﬂlg e exr{—ﬁ(pz PP - ~0\2 4y 2m £—0
R e exp(—gnpzo - ﬂV(Xo)) 2.37)
i
Sh_zy(pl —p)’ - ﬂV(Xo Ty 143/ 2)] (2.31)

Note that the agreement with the classical result comes from
and settingd; = p2 = po one recovers the classical expression cancellation between the first and the second terms in the FBSD

for the Boltzmann density, density. o ,
From the above it is seen that the coherent state factor entering
i B, the FBSD expression for an expectation value reduces to the

[0, ple "9 p B~ exg ——p° — AV(X)| (2.32) classical Boltzmann factor in the high-temperature limit. This

Xo:Po Xo:Po -0 2
b m fact implies that the FBSD formulation for the time-dependence

To evaluate the second term entering the FBSD expression of an expectation value reproduces in that limit the classical
eq 2.10, we apply the Trotter approximation to the off-diagonal Mechanical result,

generalization of the desired matrix element: » o
BOG =2Zy" [ dx [ dpye " MB(x, p) (2.38)

~ _ppRam, BV _ peelamy e where Z; is the classical partition function. This conclusion
J @, , (X = xp)e Ixe "7 xje (X = %)Ig,p,l  applies to FBSD correlation functions as well, as long as the
(2.33) form of the operatorA is such that the steepest descent
approximation to the integral of eq 2.30 remains valid. (This
Using the relation condition is satisfied for linear operators. For arbitrary operators
the steepest descent condition is valid for sufficiently layge
0 (2.34) in which case the Gaussian factor in the integrand is sharply
peaked.) Under these conditions the FBSD correlation function

B,/ — X (X = X0)Ig,

AR/ A A ;| e
Xle Bp /4m(x _ X0)|gx0,p0D= _Iha_poﬁue ﬁp2/4m|gx0,p0
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ReC_ (1)
ImC_ (t)

Figure 2. Dependence of the correlation function for the one-dimensional anharmonic oscillator given in eq 2.27 on the value of the coherent state
parameter atiw = +/2/10. Solid line: yly, = 1. Short dashed liney/y, = 8. Long dashed liney/y, = 1/8.

reduces to the classical form @) 5 oool 8 375 © =50
Cult) =24 [ dx; J dpg e M PIAGK, pB(x, p)  (2.39) & 0 0 0

The FBSD methodology becomes exact in the case of a 5 s s
harmonic oscillator, provided an accurate description of the -5 0 5 -5 0 5 -5 0 5
density is used. In this case one recovers the quantum mechan- 5 7724 ° 5od ° 1573
ical result for the position correlation function, ’ ’ ]

C. O cotf(ihwﬁ)coswt + i sinwt (2.40)
-5 -5 -5
The Taylor series expansion of this function through first order -5 0 5 -5 0 5 -5 0 5
in hwp is ° 2250 ° 262§ ° 30.0d
Col) ~ (-2 + Zhwp) coswt + i sinwt  (2.41) o 0 0 0
ol (ha)ﬁ 3 ) ' '

In the high temperature limit, the above expression reduces 5S¢ P 5 s P 5 Os 0 5
to the classical result. One observes that the lowest order X, X, X,
quantum correction (the term of ordgy to the real part of the
correlation function vanishes with increasing temperature faster (b) ° 000 ° 75| ° 7.50
than the imaginary part of the correlation function. This simple
model shows that at moderately high temperatures the correla- a” 0 0 ‘ 0 ‘
tion function may have a non-negligible imaginary part, even
though _its real part may be well reproduced by a classical 5 5 5
calculation. -5 0 5 -5 0 5 -5 0 5

Figure 1 shows the expectation valueséfobtained by the 5 724 ° 1500 ° 18.73
FBSD methodology for the anharmonic model described by eq
2.27. Only very small fluctuations with time are observed when & 0 0 ‘ 0 ;
yly, = 1. Whenyly,, is changed above and below the optimal
value by factors of 8, much more substantial fluctuations occur,
although the asymptotic values are still rather close to each other. 55 0 5 25 0 5 5 0 5
As shown in ref 37, the FBSD approximation to the position 5 5 5
correlation function is essentially exact at temperatures that 2250 26.25 30.09
correspond tdiwf < +/2/10. Even though the dynamics are & 0 ‘ 0 ‘. 0
nearly classical at this temperature, the imaginary part of the '
correlation function is non-negligible, with a maximum value
approximately 10% of the maximum value of the real part. The -§5 o 5 -§5 o 5 -§5 o 5
weak dependence of the position correlation functionyas X X X

shown in Figure 2, where the coherent state parameter is ' ' t

changed above and below the optimal value by factors of 8. L8 0 e ot various
h de SGSSItIVItnyf ttl’tle r'estltj]lts to Ehe Cg htiremjt?t% ptaramdeter Iftimes. The coherent state parameter has the “optimal” vahug= 1.
reduced even further in the system-bath model (but we do no The temperature BwfS = 3V2. (a) The Husimi function alone (first
show these results). Also, because the FBSD results aréerm in eq 2.12). (b) The entire FBSD distribution given in eq 2.12.
essentially exact at this temperature, the detailed balance condiContours are plotted at 64%, 32%, 16%, and 8% of the maximum

tion is implicitly obeyed, and we do not examine this issue here. amplitude. The time is indicated in the top right corner in unite)of.
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5 5
0 10 5 0.00 5 5 7.50
25 25 a 0 @ 0 0 @
a” 4] o 0 \2)/
-5 -5 -5
-5 0 5 -5 -5 0 5
—-2.5 -2.5
5 5 5 YT
-5 -5 o~
-5  -25 0 25 5 -5 =25 0 25 5 a0 0 0
XI XL'
-5 5 -
5 5
20 20 -5 0 5 -5 0 5 -5 5
5 5
55 25 22.5(Q 26.25 30.04
a 0 0 0 @
o 0 o [}
_ _ -5 -5 -5
29 25 s 0 5 5 0 5 5 5
Xt Xt X!
P s 0 25 5 5 s 0 25 5 Figure 6. Contour plot of the function defined in eq 2.12 calculated

X X usingyly,, = 8 for the temperaturbwf = 3+/2. Contours are plotted
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Figure 5. Contour plot of the function defined in eq 2.12 calculated
using yly, = 1/8 for the temperaturdwf = 3+/2. Contours are
plotted at 64%, 32%, 16%, and 8% of the maximum amplitude. The
time is indicated in the top right corner in units @f *.

despite this spurious evolution the expectation value of linear
or quadratic operators is conserved for this system.) However,
if v =a, eq 2.42 becomes

(b) Low Temperature. As the temperature is lowered, the

Fopea (X P) =
ion i i i i X, — 3_Ywe +-L 2l (243
phase space function in eq 2.15 begins to differ substantially F{ a 4h2(x ) ( 4h2ap t)] (2.43)
from the classical Boltzmann density. The evolution of the phase

space density function depends on the value of the coherentBy virtue of energy conservation, the particular combination
state parameter. This behavior is evident from the harmonic of phase space coordinates entering the above expression is
oscillator model. At zero temperature, for example, wh@&re  preserved, and thus the density remains stationary in this case.
= |PollPo|, the phase space function entering the FBSD  Similar trends are observed in the case of the one-dimensional
expression is found to be anharmonic oscillator. In this case, the phase space density tends
to develop a spiral pattern over time, as seen in Figures. 3

) 2\/(1)/ 2(1)/ 1 P The deformation is minimal for the choice = mw/24, for
Fpea (%0 P) = p%| x ; ! o = moreh
AR a+t+y t 2h2(a + ) t which the FBSD density appears nearly invariant (Figures 3b
5 and 4), but quite pronounced when the coherent state parameter
4

differs substantially from the above “optimal” choice (Figures
5 and 6). The role of the negative term in the FBSD density, eq

et

2.42
(o +y)? ]( :



Forward-Backward Semiclassical Dynamics J. Phys. Chem. B, Vol. 108, No. 21, 2008823

0.4

0.3

Re Cxx(t)
o
Im Cxx(t)

Figure 8. Dependence of the real (a) and imaginary (b) parts of the correlation function for the one-dimensional anharmonic oscillator given in
eq 2.27 on the value of the coherent state parametenAt= 3+/2. Solid line: yly, = 1. Short dashed liney/y, = 8. Long dashed liney/y,
= 1/8. Dotted Line: exact results.
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Figure 9. Real (a) and imaginary (b) parts of the position autocorrelation function for the one-dimensional anharmonic oscillator given in eq 2.27

for hwp = 3+/2. Dashed line: FBSD results. Solid line: results obtained from applying the detailed balance transformation defined in eqs 2.24 and
2.25.

2.12, is seen from Figures 3 and 4. Although the negative (not shown) are almost indistinguishable from those with,
regions of the combined function are too narrow to be discerned = 1, showing that as long ag'y, > 1 there is a reasonably
on the contour plot of Figure 3b, the total FBSD density is wide range of values af/y,, for which the FBSD calculations
substantially narrower than the Husimi distribution shown in are stable and accurate (within the confines of the FBSD
Figure 3a. Itis seen that the broader positive Husimi distribution approximation).
(Figure 3a) develops small spiral wings even with the optimal  Figures 9a and 9b show the detailed balance comparison
choice of the coherent state parameter. outlined in egs 2.24 and 2.25 for the anharmonic one-
Figure 7 shows the expectation valuexdfor the same one-  dimensional system defined in eq 2.27 calculated using the
dimensional system. The observed fluctuations of this quantity FBSD position correlation function at the lowest temperature
arise from the mild evolution of the FBSD density, which occurs w8 = 3v/2. The detailed balance relationship is satisfied at
mostly at the wings of that function whe#@ is particularly all times within the numerical accuracy of the calculation and
sensitive. It is interesting that the fluctuations diminish in shows that even though the FBSD approximation is breaking
amplitude as the time progresses and the expectation valuedown, the correct relationship between the real and imaginary
settles to a practically constant value after three or so periodsparts of the FBSD correlation function is maintained. This
of motion. This is a consequence of the extensive fragmentationobservation is in contrast to the result obtained recently by Shi
of the wings of the FBSD density at longer times, which leads and Gevd/ who found that the detailed balance relation is not
to considerable cancellation. satisfied exactly for the Wigner quasiclassical approximation
The dependence of the FBSD results for the time correlation to the correlation function implemented within a local harmonic
function on the coherent state parameter is shown in Figure 8.approximation to the Boltzmann density.
In contrast to the high temperature results, a much larger Results for the time correlation function of the system-bath
dependence on the value ¢fy, is observed. This is not  Hamiltonian given in eq 2.28 are shown in Figure 10. As with
surprising, considering the degree of non-stationarity that is the one-dimensional example, if the value/f,, is significantly
displayed in Figures 6 and 7. It also shows that more care mustless than unity the results are qualitatively incorrect. However
be taken in choosing the value offy, when the initial in this case, in contrast to the results shown in Figure 8, as
conditions are strongly quantum mechanical. However, it should y/y,, begins to increase the sensitivity of the results to this
be noted that the results obtained wjtty, = 2 andy/y,, = 4 parameter is, by comparison, greatly reduced.
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0.4 . . . T The results generated in this paper provide a better under-

standing of FBSD time evolution and give us confidence to use

03 the FBSD method to continue to explore dynamical processes
in the condensed phase that exhibit significant quantum me-

02 chanical effects.
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